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KOMBUHATOPUKA U TEOPUS YUCEJ

1. Kombunaropuka m Teopus UmCeJI

VK 519.179.1
BBK 22.174.2
A 95

IloHOIIBETHBIE pacKpacku runeprpados

M. B. Axmeazkanosa
MockoBckuit (hpU3UKO-TEeXHUYECKUIT HHCTUTYT, J1IAOOPATOPUS IIPOJBUHY TOI
KOMOMHATOPUKH U ceTeBbIX npuiozxkennii, Mocksa, Poccns

Annomauus. Packxpacrxa sepuwun eunepepada Ha36IEAEMCA NOAHO-
usemmoti, ecau 8 Kancdom pebpe ecmv sepuiums, 6cex usemos. Mu, do-

kazaau, wmo npu r < /n/(2lnn) ecarutd n-epad H ¢ wuciom pebep

r—1 _
|E(H)| < %4 (#) " (Ti—l)n ! donyckaem noAHOUBEMHYIO PACKPACKY 6
T yBemos.

Panchromatic colorings of hypergraphs

M. B. Akhmejanova
Moscow Institute of Physics and Technology, Laboratory of Advanced Combinatorics
and Network Applications, Moscow, Russia

[Cuneprpadom nasvisaercs napa H = (V, E), tue V = V(H) — HEeKOTOPOE MHOZKECTBO,
Ha3bIBAEMOE MHOYKECTBOM BepiinH runeprpada, a F = E(H) — npou3BojibHas COBOKYII-
HOCTh TTOJMHOXKECTB MHOYXKecTBa V', HazpiBaeMbIX peOpamu rumneprpada. ['nneprpad wa-
3bIBaeTC N-rpadoM, eciim KaxKaoe ero pedbpo cojepzKuT poBHO 1 BepiiuH. OTMeTHM, 4TO
B YaCTHOM CJIy4dae n = 2 Mbl B TOYHOCTH IOJIy9aeM KJIACCHYIECKOe OIpejiesieHue rpada.

Packpacka pepriud runeprpada Ha3bIBaeTCs MOJTHOIBETHOM, €CJIN B KayKI0M pedpe ecThb
BEPINHHBI BCEX IIBETOB. [lepBoe JocTaTOvHOe YCJIOBHE CYIIeCTBOBAHMS MOJTHOIBETHON pac-
Kpacku runeprpada 6bi1 moaydeHo dpjenieM u JloBacom B ux crarbe [1|. Ouu mokazanu
CYIIIeCTBOBaHME TAKOH PAaCKpacKH, KOrma Karxkaoe pebpo mepecekaer He Gosee, 4em

,r,nfl

4(r— 1)

apyrux pebep.Caenyromee 0600menne npobaembr Ob110 chopmyaupoano B 2002 romy
Kocroukoit [2], KOTOpBIit mOCTaBUI BOIPOC: KaK060 MUHUMAABHO 603MOHCHOE HUCAO pebep
6 n-zpage, Komopwili He JONYCKAem NOAHOUBEMHOT PACKPACKY 6 T UBEM08 Y

JTumepamypa

[1] P. Erdgs, L. Lovasz. Problems and results on 3-chromatic hypergraphs and some
related questions.—Infinite and Finite SetsColloquia Mathematica Societatis Janos
Bolyai, Amsterdam: North Holland. — 1975. — 10 — P. 609-627.

[2] A. Kostochka. On a theorem of Erdos, Rubin, and Taylor on choosability of complete
bipartite graphs — Electron. J. Combin. — 2002. — 9, Nel.
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Cesedenus 06 asmopax

AxmenmzykanoBa M.B. acnupant, MockoBckuit (pu3nko-reXHu4ecKuii HHCTUTYT, Jabopa-
TOPHUsSI TPOJBUHYTON KOMOMHATOPUKHU U CETEBBIX Tpuaokenuit, mechmathrita@gmail.com,
007acTh HAYIHBIX MHTEPECOB: KOMOMHATOPUKA, TEOPUs BEPOATHOCTeH, paCKpPacKU THIIep-

rpados.

VIIK 519.854.3
BBK 22.183.4
B 81

Pacno3naBanue 11€JI09UCJIEHHOCTA Ha PeJIaKCAITMOHHOM
MHOTOTPAHHUKE TPEXWHAEKCHOW aKCUAJbHOI 3a1a49m O
Ha3HAUYEeHUAX

B. A. Bonnapenko, A. B. Hukonaes
fApocnaseknit rocynapcTBeHHbIM yEUBepcuTeT uM. 1.1 Hemumosa, fdpocnasiab, Poccus

Anrnomauus. ia peaakcayuonto20 mMuo202pantukas mpéxundercroli
AKCUAANLHOT 3a004U 0 HAZHGYEHUAT ycmanasausaemcsa NP-noanoma
3000 PACNO3HABAHUA CAedyrouLe20 suda: onpedesums, Jdocmu2aemcs
AU MAKCUMYM AUHETHOT Uyeaesol PYHKUUY 6 Uuesoth sepuumne MHo20-
2PAHHUKQ.

Integer recognition on the relaxation polytope
of the axial 3-indexed assignment problem
V. A. Bondarenko, A.V. Nikolaev
P. G. Demidov Yaroslavl State University, Yaroslavl, Russia

PaccmarpuBaerca TpEXuUHIEKCHas (TpEXMepHas) akCHaJbHAs 3314493 O HA3HAYEHUSAX
(3-A3H): naiiTu MUHUMAJIBHOE 3HAUEHUE TeTeBON DYHKINH

n n n

i=1 j=1 k=1
IpU yCJOBUU, ITO

n

Zixiﬂ?k:l’ Vk=1,...,n, (1)

i=1 j=1

SN wige=1 Vi=1,....n, (2)

i=1 k=1
n

Zixm,k:L Vi=1,...,n, (3)

j=1 k=1

Ii,j,k € {071}7 VZ7],]{;: 17.“771_ (4)
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Tpéxungekcuag 3a1a49a O HA3HAYCHUSIX HUMEET MHOXKECTBO IPAKTHYCCKHX IPUMEHE-
muit. B wactrnoctn, 3-A3H ucnonbsyercs npu MIAaHEPOBAHUM JOJTOBPEMEHHBIX MHBECTH-
it [13], MapmpyTusainuu Tpacdhuka CIyTHUKOBBIX CHCTeM CBsi3u [6] u cocraBieHun pac-
mucanus 3anaruit [10].

B orsmune or o0bIUHOMN (ABYXMHIEKCHON) 33/a9u O HA3HAYEHUAX, U3BECTHO, YTO 3-
ABH asnsercsa NP-tpynuoii [9].

VcenenoBanus IOIM3APAIBLHBIX XaPAKTEPUCTUK TPEXUHICKCHON 381291 O HA3HAYCHH-
AX MPOXOJIAT TI0 JIBYM OCHOBHBIM Hampasienusim. C oIHOlN ¢TOpoHbI, B paborax |7, 8, 14|
ONHMCHIBAIOTCSA KJIACCh (paceT, T.e. JUHEeHHBIX OrpaHMYeHUIl BO BHEITHEM OIMCAHHH, HEJI0-
anc/ieHHoro Maororpanauka 3AP(n), Koropsiiil mosyyaercst Kak BbITIyK/aas 000J09Ka BCEX
[EJOUNCIEHHBIX perennii cucrembr (1) — (4).

C Apyroil CTOPOHBI, €U 3aMEHUTh OrPAHWYEHHe MEeJOUHCIeHHOCTH TIepeMeHHbIX (4)
OrpaHHYeHHEeM HEOTPUIATEILHOCTH

xi?jyk Z 07 \V/Z.aj; k — 1, e,y (5)

TO MHOZKECTBO PeIleHuil mosryausineiicst cucremsl (1) — (3), (5) onpemesser peakcannon-
HBIX MHOTOTpAHHUK 3AP[p(n) TpéxunaekcHoil 3a1aun 0 HaszHadeHusax. CTpyKTypa MHO-
JKECTBA, HENEJIOUNC/IEHHBIX BEPIIUH PEJIAKCAIMOHHOrO MHOrorpanuuka 3APpp(n) uccie-
Jlyercsi, B 9aCTHOCTH, B paborax [4, 5.

O0bEKTOM HCC/IeI0OBaHNS BBICTYACT 3a/1a9a pacino3HaBanus nesouncaenunoctu (3PIL),
KOTOpasd 3aKJI0YaeTcs B caeyiomneM. PaccMaTpuBaeTcs BRITYKIIBIH MHOTOIDAHHUK M, 3a-
JAHHBI THHEHHBIMA OTPAHUYCHUSIME, U JuHelnas byuknus (c, ). Tpebyercs BHISICHUTH
JOCTUTACTCST T MakcuMyM QyHKiun (¢, £) Ha MHOrorpaHuuke M B ero mesoil BepiimHe.
B onpenenénnom cmbicae 3PII 3arnMaeT mpoMe:KyTOUHOE MECTO MEZKIAY KJIACCHUYECKAMHE
3aja9aMu JuHeiHoro mporpammuposanus (JIIT) u mesouncaIeHHoro JHHEHHOTO TPOrpam-
muposanus (LLJIIT).

3yuenne 3P1I 66110 peAnpuHATO (MO0-BUIMMOMY, BIIepBbie) B pabore 1], riae, B yact-
HOCTH, ObLJIa JOKA3aHa €€ MOJIMHOMHUAJIbHAS PA3PEITUMOCTD JIjI KOPHEBBIX HOJIYyMeTPHIe-
CKUX MHOTOTDAHHWKOB, CBSI3aHHBIX C 3a1adamMu OysieBa KBaIPATHIHOIO MTPOTPAMMUDPOBA-
HUSI ¥ MaKCHUMAaJIbHOrO paspesa. Caemayer 3ameruth, uTo 3ajaada LIJII wa stux mHOrO-
rpanaukax NP-tpyaaa [12].

C npyroii cTOPOHBI, W3BECTHO, YTO JIJI KJACCOB METPUIECKUX MHOTOTDAHHUKOB H pe-
JIAKCAIMOHHBIX MHOTOTPAHHUKOB 331491 3-BbINOJHUMOCTH 00¢e 3aga4au 3PI u LIJIIT siBsisi-
torcst NP-nionawsivu |2, 11]. Boustee Toro, 3aada pacno3HaBaHust IeJI0YNCIEHHOCTH OKa3bl-
Baetrcsa NP-1moiHOI HA MHOTOTPAHHUKAX, KOTOPBIE IO Ty Ial0TCsl, €CJIH OTPAHUIEHUST KOPHe-
BBIX MOJIyMETPHIECKAX MHOTOIPAHHUKOB, JOMOJHUTH OJTHUM JHHEHHBIM ypaBHeHueM [3].

B pannoit pabore uccaenyercs 3PLl ma kjiacce peakCalmOHHBIX MHOT'OTDAHHUKOB
TPEXUHIEKCHON aKCHAJbHON 3aJa9l O Ha3HAUCHUIX.

Teopema 1. 3agaua pacno3HaBaHUs MEJOUNCIEHHOCTH IS KIACCA PEJIAKCAIIMOHHBIX
MHOTOrpaHHUKOB 3A P p(n) TpEXUHIEKCHON aKCHATBHON 381291 0 HA3HAYEHUSAX SIBJISIETCST
NP-noanoii.

[Mpuuamnexxuocts 3PI] Ha 3APp(n) kraccy NP ycramaBamBaercs mpocTo: HCHOJb-
3yd IOJHHOMHAJBHBIA aJITOPUTM I 3a/Ia9d JUHEHHOrO0 IPOrpaMMHPOBAHUS HAXOIMM
MaKCHMYM JinHeitHol dbyuKImu (¢, x) Ha 3APLp(n) n 3a noMnHOMHUAIBHOE BpeMs YOexK 1a-
eMCsI, UTO Ha MPeIbsIBICHHON OPAKyIOM IeJIOf BepIInHe 2 3HAUYEHHe (C, Z) PABHO ITOMY
MaKCUMYMY.

Jlokazkem Terepb, uTo NP-11o/1Hast 3a7a49a 0 TPEXMEPHOM COYETAHUH MOJTMHOMHUAIHHO
csogurcs K 3PII na 3APrp(n).
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TPEXMEPHOE COYETAHUE [9]. Basansl koneunsie MuOKecTBa X, Y, Z, cojeprkariue
0 7N 3JEMEHTOB, a TaKxKe MHOxKecTBO Tpoek T C X X Y x Z. CyuiecTByeT Jii Takoe
noamuoKecTBO M C T (TpéXxMepHOe cOYeTaHue), YTO KaXKIbIH 3aeMeHT MHOKeCTB X, Y
u Z BXOIWUT POBHO B OJiHY TPOiKy u3 M?

PaccMmorpuMm vHAMBHIYAIBHYIO 33149y O TPEXMEPHOM COYETaHUU, MOPOKJICHHYIO Ha-
6opom tpoek T = {(i,7,k)}, rme 1 < i, 7,k < n.

JLng 9Toit 3aa4n MOCTPOUM WHIUBUIYA/IbHYIO 33/1a4y PACIO3HABAHUS 1EJT0YUCTEHHO-
crn Ha 3AP1p(2n) ¢ neaesoit dyuxuumeit ¢ = (¢p 4,0 1 < p,q,7 < 2n), vae

® C9i9jor = 1 AJ1s Beex Tpoex (4,7, k) € T
® Coi12i—-12i—1 = €2;—1,2i,2i = C€2,2i—1,2; — C2{2{2i—1 = 1 nra Beex i =1,...,n;
® OCTaJ/IbHbIE 3HAYCHUS Cp 4, LOJIAIAIOTCA DABHBIMU HYJIIO.

[Ipumep nocrpoenus meJsieBoit hyHKIUU ¢ MpuBeacéH Ha Puc. 1.

s
7 = = =z
z z o o o
= o z Vs Ve
z - & = 7
4 o o o o
= o o Vs Ve
p \ o 7z o o
(1,1,2), T e 77
o o o o ==
(172’ 1)7 o V4 o o
T=<(211), p=
o o o o
(27272)7 o o o z /.,
((2,1,2). oo o
o o o z
o o o o
o z o o
=
o o o z
o z z z

Puc. 1: Tlpumep mocrpoenus BeKTOpa ¢

[Ipexkae Bcero, OTMETHM, YTO

max (¢, x) = 2n.
2€3APLp(2n)

HeficTBUTe/ IbHO, BEKTOP ¢ cocTouT TOJbKO u3 0 u 1, ciaegoBare/ibHO, Jijist JIOOOI0 pelie-
nus cucremst (1) — (3), (5), rae 1 < i,7,k < 2n, 3nadenne nejaesoit dbyukunu (c,r) He
npeBocxomuT 2n. [Ipwaém, MakCcUMyM JTOCTHUTAeTCsS HA HENeJ0YNCJIeHHO! BepInHe BUIa

1

T2i—1,2i—1,2i—1 = L24—1,20,2s — L24,2i—1,2¢ — L24,2{,2i—1 — 57 Vi=1,...,n.

[IpeanosozkuMm, 9to Tpéxmeproe coderanme M C T cymecrsyer u | M| = n. Pacemor-
pUM TEIYIO TOUKY 2z MHOororpaunuuka 3APyp(2n) caenytomero Buga:

® 2992k = 1 i Beex Tpoek (1,7, k) € M;

9
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® 29i-1,2i—1,2i—1 — 1 AJ1d BCeX 1= ]., B N
® oCTaJIbHbIe KOOPAUHATHI Z; j ) PABHBI HYJIO.

Torma, Mo mocTpoeHuIo,

(c,zy =2n=max (c,z),
IE?)APLP(Q’IZ)
1 33J1a49a paclo3HaABaHUs IEJOUNCIeHHOCTH Ha PeJaKCAIuOHHOM MHOTOTPaHHUKe TPEXUH-
JEKCHOM aKCHAJIbHOMN 33Ja9d O HA3HAUYEHUIAX UMEET OTBET «Aa».
g npumepa na Puc. 1 umeem

M={(1,2,1),(2,1,2)} 1 2040 = 2404 = 2111 = 2333 = 1.

Temepb NpemnoJoOKIM, 4TO TeaeBas GYHKIWs (¢, X) TOCTHraeT MAKCHMyMa B IEJIOi
Bepiiuie z MHororpannuka 3APyp(2n):

max (c,z) = (¢, z) = 2n.
x€3APLp(2n)

PaccemorpuM cion BepHmimHbl z 10 uHAEKCY k. B Kak10M cjioe z mMeeT poBHO ojHy 1.
B meuérHBIX Ci109X BEKTOPA C, TOJDbKO [IBE KOOPAMHATDBL C2;—12;—1,2i—1 M C2; 2 2;—1 HE PABHDbI
ay10. CIe0BaTeIbHO, 22i—12i—12i—1 = 1 WIH 29;2i92;—1 = 1. B 00oux ciaydadx mosydnm,
9TO 29;-1,2i,2i = <24,2i—1,2 — 0. Takum 06pa30M, B 4ETHBIX CJI0gX 1 MOT'YT CTOATDH JIMIIIb Ha
KOOPAMHATAX BUIA 22;2j2k, TAe (1,7,k) € T

Pacemorpum MuOXKecTBO Tpoek M C T

(i,7,k) € M Torma m TOJIBKO TOT/A, KOTAA 2922k = L.

[To mocTpoeHnio, TAKMX KOOPAMHAT (TPOEK) POBHO N W HUKAKOil U3 MHJEKCOB HE ITOBTO-
pstercst aBaxk sl (orpanmdenus (1) — (3)). Crenosarensno, M — 9T0 HCKOMOE TPEXMEPHOE
cOYeTaHHE.

CII0:KHOCTh PACCMOTPEHHOIO CBEJEHUS 3aJa4id O TpPEXMepHOM codetanun K 3PII Ha
MHororpanuuke 3APp(2n) momuHOMAATBHA, T.K. PA3MEPHOCTH TPOCTPAHCTBA paBHa, (2n)3,
U CBEJCHUE COXPaHseT oTBeT. TakuMm 06pa3oM, 3a/a4a Pacno3HaABAHUS NEJIOYHCIACHHOCTH
Ha pejakcalmOHHOM MHOTOTPAHHWKE TPEXUHAEKCHOW aKCHaJIbHON 3a7a9n O HA3HAYEHHUSTX
apasgerca NP-moHoi.

Buoaromapaoctu.
Pabora BeinosiHeHa mpu 9acTUIHOM HomaepxkKe rpanTa IIpesuaenta Poceniickoit Penepa-

mun MK-2620.2018.1.
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OneHka XpoOMaTHUYIECKOTO YMCJIa TPEXMEPHOU CJIONKMN

B. A. Boponos
Anpireiickmii rocymapcTBeHHbI yHUBepcuTeT, Majikomn, Poccus

Annomauus. Ilpedcmasiervt NPOMENCYMOUHBIE PESYADLMAMBL 6 3a-
daue 06 oueHKe TPOMAMUYECKO20 YUCAL MHOMHCecmea R X [0,8]6 npu
e — 0.

An estimate of chromatic number of three-dimensional
infinitesimal thin layer
V. A. Voronov
Adyghe State University, Maikop, Russia

N3BecTHO, UTO M1 pa3MepHOcTeil 1, 2 m 3 crrpaBe I/ TUBBI CJAeIYIONINE OMEHKN XPOMa-
THYECKOTO YUCIa mpocTpancTsa [1, 2|:

X(R) = 2;
5<x(R?) <T;
6 < x(R?) < 15.

B pabore [3] paccmaTpuBasiach 3aada 0 XpOMaTHICCKOM YHC/Ie MHOZKECTBA BHJIA
R? x [0,¢]?, € — 0, n GBLIO MOKA3AHO, ITO

: 2 2 >
ll_l)Iéx(R x [0,e]7) > 6.

B macrosinem jok/iajie mpeacTaBIeHbl TPOMEXKYTOYHbIE PE3YIbTaThl, MOJyYeHHbIE B
Xoae pa60TbI HaJ OIECHKaMH AJIgd XPOMATHYICKOI'O YHCJda CJI0A, ITOJTYIEeHHOT'O KaK JeKapTOBO
[IPOU3BE/ICHIE TPEXMEPHOI0 IMPOCTPAHCTBA HAa MHGMUHUTE3UMAJIbHLIN KyO. V3 onenku [2]
CJIeIyeT, 4TO

lim y(R? x [0,e]*) < 15.

e—0

W3 anasorum ¢ ABYMEDPHBIM CJy4Ya€M BO3SHHUKAET CJIEAYIOIa.d

I'mmoreza 1.
lim y(R® x [0,¢]°) > 10.
e—0
[IpoMezKyTOYHBIM Pe3yJIbTaTOM, HEOOXOAUMBIM JIJ15 JIOKA3aTe/ILCTBA ITOIO YTBEPZK Ie-
HUs, SIBJISIETCS 00IIast

Teopema 1. Ilyctp 7' € R™ — npaBuJbHBIN CHUMILIEKC, BBICOTA KOTOPOIO OOJIbIIE
2. Torpa upu npousBobHON npaBu/ibHOM packpacke R"™ cumiuiekc T’ cojepKuT TOUKY,
MPUHAIEZKAIY 0 3aMBIKAHUSIMU 110 Kpaitaeit mepe n + 1 u3 muO)kecTB C; TOUEK, PacKpa-
TMEHHBIX B IIBET C HOMEPOM 1.

JloKazaTeIbcTBO OCHOBAHO HA PACCMOTPEHHHM KOMIIOHEHT CBA3HOCTH MHOXKecTB Int C;
W TPUMEHEeHUH KJACCHYECKOTO Pe3yJibTara O TONOJOTHIeCKONH pa3MepHOCTH 7-MepHOIO
KOMTIAKTa.
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ITouck rpadoB e JTMHNYIHBIX PACCTOAHUI C XPOMATHYIECKIM
YHUCJIOM D, BJIOKEHHBIX B IIJIOCKOCTh

E. A. Jleprauen
A pireiickmit rocytapcTBeHHBIN yHUBepcuTeT, Maiikon, Poccns

Annomauus. B dokaade paccmampusaemes aszopumm noucka ou-
CMAHYUOHHLT 2PaPo6 € TPOMAMUECKUM YUCAOM 8, 0CHOBUHHBIT HG
NOCMPOEHUY, HEKOMOPO20 MHONMCECTNEA MOoYek Kak cymmb, Munkosckozo
u nepebopa sHaMerUl Yena, HA KOMOPHT NOGOPAMUSAEMCA 00HA KONUAL
MHOICECMEA NO OMHOUEHUIO K Opy20Ti. JAs narosclenus rpomamume-
CKO20 “UCAA 2pada NPUMEHACMCA NPeobpasosarue 3a0a4u 0 PACKPUCKE
epapa x 3adave svinosnumocmu bysesox opmys. Hatidennoie npumepor
OMAUNAIOMCA 0, PAHEE USBECTHBLET, HO JOCTAMOUHO OAUSKU K HUM.

Search for 5-chromatic distance graphs embedded in R?
E. A. Dergachev
Adyghe state university, Maykop, Russia

[lmockuM aucTaHIMOHHBIM TrpadoM HasbiBaeTcsd rpad, BEpHINHBI KOTOPOTO — TOYKH
IJIOCKOCTH, & peOpPaMH COeIMHEHBI BEPITHHBI, HAXOIATINECS Ha eBKJIUI0BOM PACCTOSHIH 1.
Xpomartudeckoe 9ucao rpada — 3T0 MUHAUMATBHOE YUCIO IBETOB, B KOTOPOE MOYKHO TO-
KpPacUTh BEPIIUHBI 3TOro rpada Tak, 4roObl BEPIIUHbI, COEJIMHEHHbIEe peOpamu, ObLIH
MOKPAIIEHBl B Pa3HbIe I[BETA. XPOMATHYECKOE YHUCJIO IJIOCKOCTH — MHHUMAJIbBHOE YHC-
JIO TIBETOB, B KOTOPOE MOXKHO TOKPACHTh IJIOCKOCTH TaK, YTOOBI TOUKH HA paccTodHUN 1
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OBLIM TOKpAIeHBl B pPa3Hble IBeTa. 1aK KaK BEPIIUHBI IJI0CKOTO JUCTAHIIMOHHOTO I'Da-
da TpuHATEXKAT TIOCKOCTH, TO XPOMATHIECKAM YUCIOM Tpada MOYKHO OIEHUTh CHHU3Y
XPOMATHYECKOE YUCTIO TIOCKOCTH [1].

B 2018 r. 61t HafiIeHbl TIEpBBIe TIPUMEPHI [2]| MIOCKUX JUCTAHITMOHHBIX TpadOB ¢ XPo-
MaTHdecKuM ducyaoM 5. B crarbe [3] Obu1 Hailnen rpad ¢ MUHUMAIBHBIM U3 U3BECTHBIX
HAa JIAHHBIH MOMEHT "ucsioM Bepiiud n = 553. B pabore [5]| 6bl1a mpeiioxkeHa IpUHITATA-
aJIbHO MHAasl KOHCTPYKIus rpada. Apyrue npumepbsl, KpoMe HEPEUUC/JEHHbIX, HA TeKY Uil
MOMEHT B JuTeparype He omnucanbl. X HaxoxjaeHme MOXKeT NPUBECTH K JAJbHEHIITIM
MIPOJIBUKEHUSAM B 33J1a9e O XPOMATHIECKOM YHCJIe TJI0CKOCTH.

PaccmorpuM 060e Baoxkenne G B R2, 1pu KoTopoMm HaiilyTcd JBe BepIIMHBI C pa-
[UOHAJIbHBIMU KOOp/uHaramu. [lycrs, nanpumep, u ~ v u u = (0,0), v = (1,0). [ycrs
KOOP/IMHATHI OCTAJBHBIX BEPIIMUH ONPEIEIeHbI OJHO3HATHO. DTO OyIeT BBHITOIHEHO, €CIN
rpad G spasercs xecrkum (rigid graph) — Torga cooTBeTcTBYIOIAS CHCTEMa aaredpan-
YeCKHAX YPaBHEHUH UMeeT KOHeYHOe YHUCJIO PelleHUuH.

[Iycrs K(G) = Qlav, . .., ] — MEHAMAJBbHOE M0 BKJIIOYEHHIO ajredpanvecKoe pac-
mmpenne Q, comepzkamee Bece KoopauHaThl Bepmua G.
[Ipumepsr:

1. Bepeteno Mozepa u rpad omoméa: K(G) = Q[v3,V11];
2. de Grey: K(G) = Q[v3,V5,V7,V11];

3. M. Heule: K(G) = Q[v3,V/5,V11];

4. G. Exoo, D. Ismailescu: K(G) = Q[v/3,V/11,/247].

B mamHOM moKIaje TpeIozKeH aJArOpUTM HMOUCKA JAPYTHUX IJIOCKUX IACTAHITHOHHBIX
rpacoB ¢ XpoMaTudeckuM ducJIoM 5. ByneMm mociienoBaTe/bHO CTPOUTH MHOZKECTBO BEK-
TOPOB, BEPIIMHBI KOTOPHIX OYIYT BEPIIUHAMHI AUCTAHIIMOHHOTO Tpada.

1. Tycts e = (1,0) - eMHAIHBIE BEKTOD;

U = pa(e) Upa(e)U...Upu_1)ale), r1e ¢, — HOBOPOT Ha YTOI (v IPOTHB YACOBOIL
crpesiku. B crarpax |2 u 3| B kadecTBe (v Gepercst 110JI0BUHA yIVIA IIPU BEPIIUHE
paBHOGEIPEHHOIO TPEYTOIbHIKA CO CTOpoHaMu /3, v/3 1 1.

2. TosopauuBaem U Ha BCEBO3MOXKHBIE YTJIbI, KpaTHbIE T. Takxke nobasisem HyIeBoit
sekTop (0,0)

V=UUgpz(U)U..U cp%w(U) U {(0,0)}
3. W =V4V+..4V, rae 3nak + oznagaer cymmy Munkosckoro. Ha npomeskyTounbIX

arax MOXKHO OTOPOCHTH 9acTh 9JIE€MEHTOB MHOYKECTBA, HALpUMep, oupeneaus W
Kak w,(V+V)+V+ .. +V, e w. (M) ={v:veMl|v|<r}

4. Y = WUQO@(W)

B craree |3| BeIOpano 3HAavYeHuHe [ = 2arcsin%. BepmuHb BEeKTOPOB MHOXKECTBA
Y aBisioTcs BepIIMHAMEH UCKOMOI'O JTUCTAHIIMOHHOIO rpada. BrocaeacTBuun MoryT
OBITH OTOPOIIIEHBI BEPINUHBLI B pedpa, He BJIHUSIONNE HA XPOMATHIECKOE TUCTIO.

[Ipepnosioxkum, 4To Bee napaMerpol maros 1-3 ¢pukcuposanbl. Torja cyiecTByer Ko-
HEYHOE MHOZKECTBO 3HadYeHuii [, mpm KOTOPOM B JHUCTAHIMOHHOM Tpace, TOCTPOSHHOM
Ha BepIINHAX U3 MHOXKeCTBa Y, MPUCYTCTBYIOT JOMOJHUTETbHBIE peOpa, CBA3BIBAIOIINE
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seputuibl u3 W u Bepumunsl u3 pg(W). OcyrecTsisas KOHeUHbL mepebop, MOKHO HANTH
BCe CJIyYad, KOIJIa XPOMATHIeCKOe JWCJIO JUCTAHIMOHHOTO rpada Oyaer pasHo 5. Han-
OOJBINUI UHTEPeC MPEICTABILIIOT Te CJIy4Yau, KOrjia MUHUMAJIbHOe aaredpandeckoe pac-
umpenne nosist (Q, cogeprkaliee 3aeMeHTh /3, sinqy, cosc, sin 3, cos 8, OTIHYAETCS OT
COOTBETCTBYIOIETO PACIIMPEHNST B U3BECTHHIX MPUMepPax.

[Ipu nomomm OHUCAHHOIO BbIIIE AJIOPUTMA OblJl HAJIeH JUCTAHIUOHHBIA rpad Ha
3877 BepmuHAX ¢ XPOMATHIECKUM YUCJIOM D, OTJHYHBIN OT PACCMATPUBABIINXCS paHee.
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On the (p, q)-property of Hadwiger and Debruner for lines and
planes

V. L. Dol'nikov, M. A. Didin, M. A. Grigorev
Moscow Institute of Physics and Technology (National Research Institute), Moscow,
Russia

Abstract. We discuss a problem of Ramsey type for configurations of
lines and points and its connections to the (p,q)-problem of Hadviger
and Debrunner.

Definition. Let V' be a finite set of points in the plane, let m, n be integers with m,n > 3.
Denote by RL(m,n) the minimal number N such that if a point set V' in the plane has at
least N elements, then V' contains either an m-element subset in one line or an n-element
subset in general position (every three points of the the subset do not belong to one line).

Let us note that R(m,n;3) > RL(m,n), where R(m,n;3) is the Ramsey number for
triples.

The notion of a (p, ¢)-property was initially introduced by Hugo Hadwiger and Hans
Debrunner (1957) for families of convex subsets in R? in connection with the investigation
of the Helly and Helly—Gallai numbers of these families.

Definition. Standard (p, q)-property| Let p and ¢ be integers such that p > ¢ > 2.
We say that a family of sets F has the (p, ¢)-property provided F has at least p members,
and among every p members some ¢ have a common point.

It is possible to give a dual definition for points and lines:

(p, q¢)-property for collinearity| Let p and ¢ be integers such that p > ¢ > 3. We say
that a point set V has a (p, ¢)-property provided V has at least p points, and among every
p points some ¢ points belong to a single line.

Let us note that a point set V with |V| > p does not contain p points in a general
position if and only if V' has the (p, 3)—property.

We start from proving the following:

Theorem. Suppose p > 3 is an integer and a family of points V has the (p, 3)-property,
then

o If p = 4 then we can delete one point so that the remaining points are on one line.
e If p=>5 and |V| > 17 then all points of V' belong to some two lines.

o If p =6 and |V| > 56 then we can delete one point so that the remaining points
belong to some two lines.

Theorem. (Dual theorem) Suppose p < 6 is a positive integer and a family of com-
binatorial lines F has the (p,3)-property. Then there exists a point set U such that
Ul <p—2and £ NU # ( for all lines ¢ € F.

Theorem.

o If m > (2k — 1)(2k® — 5k + 2) + 3 then RL(m,2k) = (k— 1)(m — 1) + 2.
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o If m > k(2k —1)(2k —3) + 3 then RL(m,2k+ 1) =k(m —1) + 1.

VIIK 519.179.1
BBK 22.174.2
K 44

IIBeTHBIE MapocoveTaHnd B k-10JIbHBIX rurieprpadax

C.T. Kucenes
MockoBckuit puznko-rexundeckuit mnctutyT, Mocksa, Poccus
A.Bb. Kynascknit
MockoBcknii puzuko-rexuudeckuit uHcTuTyT, Mocksa, Poccusi;
IAS Princeton

Annomauus. B dannoti pabome moul doxasanru caedyrowutl pe3yno-
mam: Ilyemo n > s > 470 u k noaoostcumenvroie uesve wucaa. Eeau
Fi,...,Fs C [n]* ydosaemsoparom min, | F;| > (s—1)n*"1, mo natioym-
caFy € Fy, ..., Fs € Fs makue, wmo F;NF; =0 dnaecer1 <i < j<s.

Rainbow matchings in k-partite hypergraphs

S. Kiselev
Moscow Institute of Physics and Technology, Moscow, Russia

A. Kupavskii
Moscow Institute of Physics and Technology, Moscow, Russia; IAS Princeton

[Iycrs [n] := {1,...,n}. B cBoeit paGore Aaponu u XoBap/ BBIIBHHYIIU CJIeJLYONLYO
runoresy [1]:

Tunotesa 1. [lycts n > s u k nomoxkuteababe eabie aucta. Bean Fi, ..., Fy C [n]k
ya0oBAeTBOPAOT min; |[F;| > (s — 1)n*~!, 10 maiigyrea Fy € Fi, ..., F, € F, Takue, 4To
F,NF; =0 pna mobsix 1 <i < j<s.

B cBoeii pabore Aaporu 1 XoBap/1 MOKa3aIH, 9TO THIIOTE3a BHIMOIHAETCS 11 k = 2, 3.
Barem, JIy n 1O [3| nokazanm eé qyisi n > 3(s — 1)(k — 1). B nannoii pabore mMbl g0Ka3ain
runoTesy 1 Jijisg BceX s > Sg.

Teopema 1. ['unoresa 1 Bepna s Beex s > sg = 470.

JlokazaTeabcTBO TeopeMbl 1 OMHpAeTCs Ha HIEK, YTO pasMep MepecedeHus JH0ro
ceMeiicTBa €O CJIYYalHBIM IapOCOYETAHHEM CHJIBHO CKOHIIEHTPUPOBAH PAIOM ¢ MaTOMKU-
JAHUEM. DTOT MOJXO0/ ObL IPUMEHEH BTOPBIM aBTOPOM B paboTe [2| B KOHTEKCTe MUIoTe3bI
Dpaéira 0 TapoCOIETAHMSIX.
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Kourpnpumepsl Kk runore3e Bopcyka Ha cdepe

0. A. Koctuna
MockoBckuii (bu3MKO-TEXHUIECKUH WHCTUTYT (TOCYIAPCTBEHHBIN yHUBepcuTer), Mocksa,
Poccusa

Annomavus. Kaaccuueckasn eunomesa Bopcyxa cocmoum 6 ymeep-
orcdenuu, wmo ecaxoe muosicecmeo duamempa 1 6 npocmparcmee RY
Mootcem bumob pasbumo na d+ 1 wacmv menvuiezo duamempa. dannas
2unomesa Oviaa onposeperyma oan d > 64. B nacmoswedi pabome pac-
emampusaemces obobwenue 2unomesv. Bopeyka na cayuati cepor ST
B wacmmnocmu, usyuwaemes sesununa fr(d), onpedeasemasn xax munu-
MAADHOE KOAUMECTNEO wacmell duamempa menvwe 1, Ha Komopoe Mo-
orcem 6vimab pasbumo ecaxoe muoscecmeo A C ST duamempa 1. B
pabome noAYHEHbE HOBBLE HUNCHUE 0UEHKU 0GHHOT BEAUNUHDL, 0CHOBGH-
HOLE HA NPUMEHEHUY AUHETHO-0A2e0PAUNECK020 MEMOOG U YAYHUWAIOULUE
OUEHKU NPEILLOYULUT A8MOPOE.

Counterexamples to Borsuk’s conjecture on a sphere
0. A. Kostina

Moscow Institute of Physics and Technology, Moscow, Russia
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Opny u3 Haubosiee N3BECTHBIX MPoOieM B KOMOMHATOPHOM reoMeTpun ¢hOpMYIAPOBAT
B 1933 rony K. Bopcyk (em. [1]-[3]), moctaBus caemyonmuit BOIPOC: BEPHO JIH, UTO BCIKOE
vuozkecTBo A C R? Konednoro muameTpa MOyKHO pasOHTh Ha dacTtu A, ..., Az cTporo
MEHBIIEro Auamerpa’

B 1993 Kan un KaJsau onposepriin Jannyto runoresy s d = 2015 u jaxke nokasa-
am medro Gombmee (cum. [4]). Bremem crenytomme omnpemenenns. Jlns Besxoro A C RY
pacemorpiM BesmanHy f(A), TOKa3bIBAIOIIY IO, HA KAKOE HANMEHbBIee KOJTHMIeCTBO dacTei
MEHBIIIEr0 JHaMeTpPa MOYKeT OBITh Pa3OUTO IMPOU3BOJILHOE MHOXKECTBO A:

f(A) =min{f: A=A U...UA; diam A; < diam A},

u pennuuny f(d), KOTOpasi TOBOPUT O TOM, HA KAKO€ MUHUMAJIbHOE KOJIMYECTBO JacTeil
MEHBIIIEI0 JuamMeTpa MOxKeT ObITh Pa30UTO BCAKOE MHOXKECTBO juamMerpa 1:

f@= max  f(A).

ACR?, diam A=1

B rakux repmunax runoresa Bopcyka dopmysupyercs coscem npocro: f(d) = d + 1.
Kak 6n110 ckazamno Boie, Kan u Kasman He TOJBKO OIPOBEPIIN JAHHYIO THIIOTE3Y, HO U
nokasaJin, 9o Beananna f(d) pacrer cyGIKCIOHEHIMATLHO TIpH d — 00:

F(d) = (1.203... + o(1))V%

B HacTosiIuii MOMEHT M3BECTHO, YTO I'MIoTe3a Bopcyka HesepHa mpu d > 64 (cMm.
[5]) u, kak 6BLIO yKaszaHO BBIME, BepHa npu d < 3 (TOYHAs IPAHUIA, KOTJA THIOTE3a
nepecraer ObITh BEPHOIL, 10 cuX mop He Haiijena). Uro ke kacaercs Beaudunbl f(d) npu
d — 00, TO 3a30p Me€XKJy HUKHEIl U BepXHEH OIEHKAMU MO-NPEKHEMY KOJIOCCATEH (CM.
[6]. [8]):

(1.2255 ... + o(1))VE < f(d) < (1.224... + o(1))".

[IpakTrdeckn Bce KOHTPHPUMEPHI K THIIOTEe3e Bopcyka cTposiTcs Ha OCHOBaAaHWH MHO-
JKeCTBa, Jiezkalero Ha cdepe paguyca, 61u3Koro K 1/ V2. T109TOMY J0BOJIBHO €CTECTBEH-
HBIM 0600IIeHHeM runoTesbl Bopeyka Gyzer ee nepenecenne Ha cdepy S nmpoussoiin-
HOro pajuyca r B npocrpanctse RY. Ilo anamorun ¢ senmuunoil f(d) MBI MoxKeM BBeCTH
pesqmanny f,(d):

fld)=  max  f(A).
ACSf_l,diamAzl
Januoe 0600mmeHne Gbl10 paccMoTpeHo B pabore |7]. B a1oii pabore 610 mokazaHo, 4To
Jig cpephl runore3a bopeyka Takzke MOzKeT ObITh OIIPOBEPrHYyTa, U, 60J1ee TOro, MOPSI0K
pocta Besuuuibl f,.(d) TakKe CyOIKCHOHEHITHATBHBIN.

Teopema 1. /lnsa Bcakoro r > 1/2 cymectByior k = k(r) € Nyc = ¢(r) > 1 u
dbyukmus 6 = §(d) = o(1) rakue, aTo

fr(d) = (c+68) Ve (1)

Xors janHast TeopeMa oKa3biBaer, 4To Bejuduna f,.(d) pacrer cylnecTrBeHHo ObicTpee,
gem d + 1, KOHCTAHTa B OCHOBaHUU ONEHKH (1), MO-BUAMMOMY, JaJeKa OT ONTHMAIBLHOTO
snadenus. Hartrreit nesibio 6y1eT yaydinenne OneHKu TeopeMbr 1.

Haubosee npocras mjiesd yaydrienus orneHkn KymnaBckoro—Paiiropoackoro coctouT B
caenytorieM. B okazaresbcrBe TeopeMbl 1 ucnonb3yoTcs (—1, 1)-BeKTOpBl ¢ PaBHBIM

19



KOMBUHATOPUKA U TEOPUS YUCEJ

KOJIMYECTBOM IIOJIOZKUTEIBHBIX U OTPUNATETbHBIX KOOD/JMHAT, II09TOMY JIOTHIHBIM MPe/I-
CTaBJISIETCS UCIOJIb30BATH MPOU3BOJIBHBIE O €JMHUIL U MHHYC €JINHMAII.

[Ipex e dem chopMyInpOBATH MOTYICHHBIH HAMU PE3YIbTAT, BBEJEM Dsi/T HEOOXOTH-
MbIx oboznauenuil. [lycrs 7 > 1/2 — paguyc cdepbl. 3agagaum JedcTBATE/IbHBIE YHCIA
Ky > k', ynosaersopsiomue coornorennio k] + k' | = 1, npon3BosbHOE JIefiCTBATENIBLHOE
queno o, a takxe dyakmuo ¢ (k) = 1/2 — (k) — k' )?* /2 (cuanras wncna k) u k' | dbukcn-
POBAHHBIMHU, MBI OIYCKAEM 3aBHCHMOCTD OT THX HapaMeTpos). OmpeaeuM HaTypaIbHOe
YUCJI0 k M3 COOTHOIIEeHUs

_ 2 /(1.1 /
l{::min{k'GN: (o = 17 + dag'(K) + 2k <7’2}.

8k
Jammnoe onpe/iesienne sBIseTCs KOPPEKTHBIM, TOCKOJIBKY 7 > 1/2, a BbIpaskeHue, CTOsIee
B JICBOIl YAaCTH HEPABEHCTBA, cTpeMutTcd K 1/4 mpu k' — oo. Bagamnm
2k
n=max{m: m=0 (mod 4), ZC’,’H <d}
i=0
O6osnaunm ky = [kin], k-1 =n — k.
Hanee, pacemorpum dbyHkimo u(a):

(o +1)%g' (k) + (a0 = 1)*(1 — g'(k)) + 2ka*""
2+ 4ka?* 1 4 (4k — 2)a?* '

u(a) =

Bamernm, uro naxuas (GyHKIUA HempepbiBHA Ha oTpeske [0, 1], mpu 9TOM B CHIIY Ompe/ie-
JieHUs napamerpa k

(@ —1)? +4ag'(k) + 2k
3k <Tr.
Bamerum, uaro u(0) = (o — 1)? + 4ag'(k), n gonycrum, aro u(0) > r?. B Takom caydae
ypasuenue u(a) = r? uMeer 110 MenbIeii Mepe ojHo pentenue. O6oznauum ag € (0,1) Mu-
HUMaJIbHOE pellenune JaHHOTI'O YpaBHCHH. HaKOHeH, IyCTh ¢ MUHUMAJIbHOE HAaTypPaJIbHOE
q1CsI0, GOJIBIINEE agn, TPU KOTOPOM p = a/4+mn/4 aeasgercs npocthiM dncaom. Obo3HaInM
P = apg/4+ 1/4. dcuo, aro p ~ p'n.
Tenepb MBI MOXKEM IepeiTH K (hOPMYJIHPOBKE TEOPEMBI.

u(l) =

Teopema 2. I[Tycrs r > 1/2 — paauyc cdepor S¢1, a seuaunn k), k' | k u p’ onpe-

x
jestensl Boite. [Ipu 0 <y < o < 1 onpejenum Beipazkenue ¢ = W (3ech mpu
Yy —=y)m

neobxoaumoctu dpopmanbio 0° = 1). Torna ga Jmoboro € > 0

2k (2!
K k/d-(2k)

frie(d) = Cp +o(1)

3amernm, 910 OT € B (POPMYJUPOBKE TEOPEMBI 2 MOXKHO M30ABUTHCSA, HO 3TO Tpedyer
3HAYUTEILHO 00Jiee TPOMO3IKHX (DOPMYJIUPOBOK, & Ha YUCACHHBIX pe3y/JbTaTax He OTpa-
3UTCH.

Crenyiomast ujes yJIydIIeHnsT 3aKJII09aeTcad B TOM, YTOOBI PACIIUPHTL KJIACC BEKTO-
POB, HA KOTOPBIX CTPOUTCS JOKA3aTeIbCTBO, & HMEHHO, HCIOJIb30BaTh (—1, 0, 1)-BeKTODHI.
N nes nokazaTebCTBa COOTBETCTBYIONIETO Pe3y/IbTara OJIM3Ka K UJee J0Ka3aTe/ILCTBA Teo-
peMEI 2.
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Teopema 3. Ilycts 7 > 1/2 — pammyc cdeper S¢1, mapamerp s € [0,1/2] (nanmbrit
mapaMeTp COOTBETCTBYeT cymme k) + k', = 2k}). OnpenesnM HaTypasbible aucia n u k
U3 COOTHOIIEHUN

n=max{m: m=0 (mod 4), Z chc < d},

i1+2i2<2k o
k2K ok K
k=min< k' € N: < r? 2
i { SR TETE + 4kk + (4k — 2) " } 2)

1 BBeJeM (PYHKITHIO
k2* 4+ 2kka® T

ula) = 2%k + dkka? -1 + (4k — 2)a®s’

[ToBTopsisi coobparkenusi, npejBapsioiire (GOPMYJIUPOBKY TEOPEMBI 2, I10J1y4aeM, 4TO YpaB-
nenue u(a) = r? umeer 1o MeHbIIeil Mepe oJuH Kopenb Ha orpeske [0, 1] (ormerum, uTo
B jganHom caydae yciosue u(0) > r? peimosingercs apromarudecku). OGo3HAYUM MUHU-
MaJIbHBIH cpe/in TaKUX KOopHeil ag. OupeenuM a KaK MEHIMAJIbHOE YUCI0, OOJIbIINee agn,
IpU KOTOPOM P = @ + Kn SABJISAETCS TPOCTHIM YUCJIOM, U 0003HauUuM p' = ag + k. SlcHo,
910 p ~ p'n.

Torna
P 2k /d.(2k)!
fo(d) > 1 o(1) , (3)
max ¢ ‘e’
(i m}) B’ 1
rue

B = {(my,mq): my +my <1, my +2my < p'}.

OTtMeTuM, 9TO y JAHHON TeopeMbl ecTh bojiee obias (popMyaupoBKa, cxoxKas ¢ hop-
MYJIHPOBKO# TeopeMbl 2. MBI Ke m1aeM ee B YIIPOIIEHHOR (hopMe, KOTOpasi COOTBETCTBYET
ONITUMAJILHOMY BBEIOOPY MapaMeTpoB.

Pazymeercs, HanbGosiee BazkKHBIM HapaMeTPOM B IPUBEIEHHBIX BBIIIE PE3YIbTATaX B-
nsercst byuknus k(r), TOCKOJIbKY HMEHHO OHA OTPeesseT MOPsIoK pocTa ornenku. [o-

k
BOJILHO 04eBUAHO, 4TO ecan ki(r) < ko(r), To dyuxmus (c; + 5)2 Vi pacrer GoicTpee

2k
byukmm (cy +0) ¥d 1pu d — 00 A1s1 JIOOBIX 3HAMEHHH KOHCTAHT ¢ U Co. DyHKImS k(r)
B JIOKA3aTebCTBE TEOPEMBI 1, HAIIPUMED, OIPEJIEIAETCS CIEAYIONUM 00Pa30M:

/
k= k(r) :min{kleN: r? > %—+1}

8k’
JIerko BUAETH, YTO NpH \/% < r mannas dyskims Oyger pasaa 1, pu /5/16 < r <
\/% MBI oy M k(1) = 2, u Tak nasee. [Ipu 5TOM KOHCTAHTHI B OCHOBAHUH SKCIOHEHTHI
B OIIEHKaX KOPPEKTHO CPABHUBATH TOJBKO Ha OJNHAKOBBIX “‘yuacTKax’ (TO ecTh MpH O/IH-
HaKOBBIX k), u, Gojiee TOro, JIOBOJBHO JIOTHIHBIM KAazKeTCsl TIPEJIIOIOKEeHHe, 9TO BOIU3H
“crynenex” Buna /(2k' + 1)/(8K'), tne k' € N, Mbl nosyunm majienue KouctanThl c. OKa-
3aJ10Ch, YTO B OLEHKAX TeopeM 2 u 3 BejuuuHa k(r) coBuajgaer ¢ nogo0HON DyHKuueh B
¢gopmyupoBKe TEOpeMbl 1, TOITOMY JI/Isi CDABHEHHUS OTEHOK JAHHBIX TEOPEM J0CTATOTHO
CPaBHUBATH KOHCTAHTY B OCHOBAHWU SKCIOHEHTHI.

B pesy/brare 4ucjaeHHON ONTUMHU3ANMKA Mbl BBISCHUJIN, 9TO B OIEHKE TEOPEMbl 2 OII-
THMAaJIBHBIME Tapamerpamu spistiores o = 0 u k] = k', 9T0 B TOYHOCTH COOTBETCTBYET
caydaro TeopeMmbl 1. llpu sToMm, onHako, HaM y/Ja10Ch YAYYIIUTH JTAHHBIA pe3yJbTaT 3a
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cyeT OOJIee TOYHOTO MOJCYeTa Pa3MepPHOCTH cdephbl, Ha KOTODOH JeXKHUT COBOKYIHOCTH
BEKTOPOB, JAIOIIasd KOHTPIPUMED.

B Tabsuiie Huke MpUBE/IEHO CPABHEHNE KOHCTAHT B OCHOBAHUM JKCIIOHEHTHI U3 OIEHOK
teopembl Kymnasckoro—Paiiroposckoro n HoBeix Teopem 2 u 3. CTpokn TabIUIbl OTBEYAI0T
SHAYeHHsIM pajuyca r B npegesax or 0.51 go 1/ V2, mpudem 06acTh GOJBITHX PaIHy-
coB geranusupoBana. OtmeruM, uTo 3uadenus GyHKnuu k(r) B GOpMyTAPOBKAX JAHHBIX
TeopeM COBIAJAIOT MPH ONTHMAJBHOM BBIOOPE TMapaMeTpPOB, MOITOMY Mbl YKAa3bIBAEM ee
3HAYEHMeE JIUIIb B OJHOM cToJi0ne. B mocjeineM cTo/idie Mbl TaKzKe YKa3biBaeM 3HaYeHUe
ONTUMAJILHOTO MapaMeTpa K u3 TeopeMbl 3. ZKupHbIM MIpudTOM BbijeIeHA HAUIYYIIasd
JLJIS JAHHOTO 3HAYeHN 1 olleHKa. V13 9T0i TabanIlsl BUIHO, 9TO TEOPEMa, 2, NCTIOIh3YIOIIast
(—1, 1)-BeKTOpBI, BCEryia TPEBOCXOAUT ONeHKY KymaBckoro—Paiiropockoro Bo3BeIeHueM
B crenenn X/(2k)!. Ilpu sroMm B6m3M © = 1/4/2 OKa3bIBAETCA CTAHOBHTCH BLITOJIHEE HC-
nosibzoBarh (—1,0, 1)-BeKTOpbI, U TeOpeMa 3 OKa3bIBACTCH CUJIbHEE TEOPEMbI 2.

r k(r) | Teopema 1 | Teopema 2 | Teopema 3 | OnrumasnbHoe K
0.510 | 13 1.0000005 | 1.0000052 | 1.0000000 —
0.520 7 1.0000140 | 1.0000845 | 1.0000000 —
0.530 5) 1.0000766 | 1.0003468 | 1.0000000 —
0.540 4 1.0002384 | 1.0008978 | 1.0000000 —
0.550 3 1.0002980 | 1.0008924 | 1.0000000 —
0.560 2 1.0000043 | 1.0000094 | 1.0000000 —
0.570 2 1.0004968 | 1.0010999 | 1.0000000 —
0.580 2 1.0016989 | 1.0037642 | 1.0000000 —
0.590 2 1.0034858 | 1.0077317 | 1.0000000 —
0.600 2 1.0057660 | 1.0128070 | 1.0000000 —
0.610 2 1.0084779 | 1.0188611 | 1.0000000 —
0.620 1 1.0006819 | 1.0009645 | 1.0000000 —
0.630 1 1.0035464 | 1.0050190 | 1.0000000 —
0.640 1 1.0085262 | 1.0120792 | 1.0000000 —
0.650 1 1.0155692 | 1.0220889 | 1.0000000 —
0.660 1 1.0247235 | 1.0351425 | 1.0000000 —
0.670 1 1.0361867 | 1.0515566 | 1.0000000 —
0.675 1 1.0429135 | 1.0612237 | 1.0051568 0.49
0.680 1 1.0504288 | 1.0720547 | 1.0211042 0.49
0.685 1 1.0588895 | 1.0842866 | 1.0391555 0.49
0.690 1 1.0685623 | 1.0983206 | 1.0603233 0.47
0.695 1 1.0799356 | 1.1148892 | 1.0861596 0.49
0.700 1 1.0941122 | 1.1356430 | 1.1189050 0.43
0.701 1 1.0975025 | 1.1406228 | 1.1267955 0.43
0.702 1 1.1011791 | 1.1460302 | 1.1353528 0.43
0.703 1 1.1052291 | 1.1519956 | 1.1447820 0.43
0.704 1 1.1097975 | 1.1587355 | 1.1554241 0.43
0.705 1 1.1151616 1.1666639 | 1.1679301 0.43
0.706 1 1.1220065 1.1768039 | 1.1839439 0.42
0.707 1 1.1397535 1.2032138 | 1.2127397 0.42
1/\/5 1 1.1397535 1.2032138 | 1.2255790 0.42

Tabauna 1: CpaBuenue omeHoOK TeopeM 1, 2 u 3
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O xpomaTumvecKnx 4dmciiaxX rpadon, MHIYIITPOBAHHBIX
pa3ouenuamu cdepbl Ha obysactu BopoHoro

N.TI. Mopo3zos, B. A. Boponon
A pireiickmii TocymapcTBennbiii yausepcutet, Maiikon, Poccust

Annomayus. ycmov S*(r) — deymepnas cepa ¢ mempurot, undy-
yuposannoti eaoscenuem 6 R® u x(S%(r)) naumenvuieee wucao ueemos,
8 KOMOPoe MONMCHO PACKPACUMb CHEPY NPu Ycaosuu, 4mo Aobve dee
MOYKU, HATOOAUUECA HaA COUHUYHOM PACCMOAHUY Opye om dpyea, ume-
tom pasubie yeema. B pabome nokasano, wmo HAUAYHUAL 603MOHCHA
OUEHKA CBEPTY, OCHOBAHHAA HG PACKPACKE HEKOMOpwLLT obaacmet, npu
docmamouno Goavwom v umeem eud x(S?(r)) < 8.

I. P. Morozov, V. A. Voronov
Adyghe State University, Maikop, Russia

B kiaccuueckoit 3agade Hebcona-Opaénia-XaaBurepa 0 XpoMaTHIeCKOM IUCIE TI0C-
KOCTH OIICHKa CBEPXY OCHOBAHA Ha PACKPACKE 3aMOIICHHUS ILIOCKOCTH MIECTHYTOJIbHUKAMH.
MO’KHO JIM TIOCTPOUTH AHAJOTHYHYIO PACKPACKY cephl T0CTATOYHO OOJILIIOTO pajgnyca’
B 1annoM I0K/Ia1e PaCCMATPUBACTCSA CeMEeHCTBO PACKPACOK, IOIYYeHHBIX KaK pasbuenne
cdeprl Ha obstactu Boponoro mig pemenuii 3agaun ToMcoHa 0 MUHUME3AIUA TOTEHIIAAA,
cuctembl Touek. Ilycts S?(r) € R® — cdepa paguyca r, m pacCcTOsHEE MEKIY TOUKAMH
T,y € 52(7") HHIYITEPOBAHO eBKIMI0Boil MeTpukoii B R3. Bo Bcex caywasx, Korma Tpe-
OYIOTCS HENOCPEeJICTBEHHbIE BLIYUCACHUS, MbI MOJaraeM, 9To MeHTp chepbl HAXOIUTCI B
nauane koopauuat. Ouesnano, aro S?(r) sapucur ot r: ecam v < 1/2, 10 }(S?%(r)) =1, B
10 ke Bpema S%(1/2) = 2 (moxxomut Jmobasg packpacka, B KOTOPOH JTHaMeTpaIbHO TPOTH-
BOIOJIOYKHBIE TOUKH UMEIOT pas3Hblii nBet). HeTpyaHo BujeTh, uTo npu r > 1/2 BBITOJIHEHO
x(S%(r)) > 2 (B camom jieJie, coorBercrByiomuii Konrunyaabhbiii rpad G(S%(r); 1) conep-
JKUT HEYeTHBIH MUK, JJIsl pACKPACKH KOTOPOTO HEOOXOIMMbI 1O KpailHeil Mepe 3 1Bera).
B crarbe [2|, kpome TOro, NpuBeIeHbl CIeYIONHe Pe3yIbTaTh:

(=) -

X(S*(r)) >4, r>

Ells

3 mepasencrra Y (R3) < 15 ciemyer, uro
Vr >0 x(S*r)) <15,

HO pa3yMeeTcsd, 3Ta OIEeHKA ABJILAeTCs CIUIIKOM I'PyOOii.
[IycTh 1, Ta, . . ., Ty € S*(r), ¥ 3ama00 paszbuenne Ha obaactu Boponoro
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Vi={yeS(r) : ly—all = ly—all. 1<j<n j#i},

71 Kotoporo BeinosHero Diam V; < 1, mo Diam(V;|JV;) > 1 (r.e. mbl HE paccmar-
puBaeM pazbueHue Ha 06JIaCTH, KOTOPBIE MOTYT OBITH OObEIUHEHbI ¢ coceqHuMHE ). Kpome
TOrO, JJIst JIOOBIX ToYeK U, v € S?(r) Takux, 4ro0 |u — v|| = 1 BBIIO/IHEHO yCIIOBUE

c(u) # c(v), (1)

riae ¢(u) — nBer TOYKU U.

Ob6oznauum G rpad Tpuanryasinun lemoHe, ABONCTBEHHOI K JAaHHOH JaMarpamMme.
[Ipeamosoxkum, 9T0 Kazkaasa u3 obsacTeii BopoHOro mokpalieHa B HEKOTODBIH IIBET, U
9Ta packpacka yaowaeTsopsier yeiaosuio (1). Packpacum Bepimuabl G B IBETa COOTBET-
CTBYIOIIUX 00J1acTeii.

YrBepkaenune 1. [[Beta cMexKHBIX BepiinH (G PA3TUIHBL.
YrBepxkaenue 2. [Iera epmmn (G, HAXOIAIIUXCS HA PACCTOSTHUU 2, PA3TUIHEI.

[Tocko/ibky auaMerp J000i 00J1aCTH HE MPEBOCXOJAUT €JIMHUIBI, PACCTOSHUE MEKLY
obJracTaMu, UMEIOIUMI ODIIEero cocesa, MeHbIe e TuHUIb. [

[Tycrs G? — kBagpar rpada G, T.e. rpad, B KOTOPOM MHOXKECTBO BEPLIMH COBIAIAET
¢ MHO)KecTBOM BepiinH (G, a K pebpam u3 G jobas/ieHbl pebdpa, COeIUHSIIONINE BEPITHHBI,
KoTopbie B rpade G HAXOIWJINCh HA paccTosHUN 2 (B CMBIC/Ie JJIMHBI TyTH B Tpade).
Torna cmpaBeJInBO ciemyomIee

Yr1Bepxkaenue 3. J[jig cynecTBOBaHUS NPABUILHON pacKpacKu jauarpamMMbl Bopo-
noro B k uperon meobxoanmo, utobn x(GP) < k.

Eciaun paccrosuue mexuy V; u Vj, © # j MeHbllle eUHHUIbI TOLJA H TOJIBKO TOLJA,
KOTJIa COOTBETCTBYIONIHE BEPIIHHEI CMeKHB B (G2, TO HMOCIeIHEe YTBEPIKICHHE ABILCTCS
HEOOXOUMBIM U JIOCTATOYHBIM YCJIOBUEM CYIIECTBOBAHWS PACKPACKH.

Haszosem nedekrom Bepmunnt v € V(G) gucio §(v) = 6 — deg(v). CneacrBuem u3
dopmyabl Ditaepa s IaHAPHBIX IPpadOB SIBJISETCS CJIELYONee

Vreepxkaenue 4. > §(v;) = 12.

B wactrocTu, rpad G mMoxkeT comepkarh 12 BEPIIWH CTENEHU D U CKOJIb YTOTHO 60T
1I10e YHCJIO BEPIIUH CTerneHu 6.

MHuoxkecTBa TOUeK {;}, MIpUBOAAIINE K MOAOOHBIM TPHAHTYIISIIIUSIM, BOSHUKAIOT KaK
peIeHnst TPYJA0eMKHX 3a/ad MHOIOMEPHOil onruMu3anuu: 3aa4u ToMIIcOHa (0 MUHUMI-
3ali¥ OTEHIHAIa PACIPeIeeHus] TOYeTHBIX 3apsaIoB Ha cdepe) u 3a1aun o cepude-
CKHUX KOJIaX (MAKCHMU3AIMsi MUHUMATBHOIO U3 MOMAPHBIX paccTosuuii). Ocobblit uHTEpeC
IPEJICTABJISIIOT PellleHust, 00JaIaiolIne HKOCA3IpaIbHOil cumMeTpueii (puc. 1).

Takue perenns MOXKHO HapaMeTpU30BaTh Mapoil HATYPAJbHBIX YHCe] (P, (), Tae p u
¢ O3HAYaeT JIJIMHLI CTOPOH TapasLIe/IorpaMMa Ha TPEYTOJIbHON ceTKe, MPOTHBOIIO/I0ZKHbIE
(ocTpbie) yIbl KOTOPOTO PACTIONOZKEHbl B OIHKARIINX JAPYT K JAPYTY BEpIIHHAX CTEHeHH
5. O6oznaunm coorBercTytomuii rpad T'(p, q).

JlemmMa 1. Ilycts G comepKuT TaKyiO BEPITHHY U CTENEHHU D, 9TO KayK1asd U3 CMEYKHBIX
c Hell BepImWH uMeeT cTenedb 6. Torma X(G[Q]) > 8. B wactHOCTH, TP P > 1, ¢ > 1
BBITIOJIHEHO

X(T%(p, q)) > 8.
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Teopema 1. Ilycts r» > ry. Torma g packpacku objacteil jguarpaMvbl Boponoro
noTpebyercd 1o KpaiiHeil Mepe 8 IIBETOB.

CxeMa JoKa3are/beTBa:

0. ITpearmosioxkum, 9TO CyIIecTByeT packpacka B 7 npeToB. Torma HeT obJacTh ¢ 7 Win
GoJtee cTopoHaMHu (I PACKPACKH ee 1-OKpecTHOCTH NoTpebyercs 8 1BeTOB).

1. Torma w3 neMMBI cleayeT, YTO HE MOXKET OBITH H-YrOJBHUKA, OKPYKEHHOrO 6-
yrospaukamu. (Bepro Ji 970 guist Bepiims JgBoiictBenHoro rpada crenenu 3 u 47 B o6om
caydae, UX He MOYKET OKPyzKaTh MOJIOCA U3 6-yroJbHUKOB IMUPUHBL 4.)

2. PacemorpuM moarpadbl, odpa3oBaHHble BepIIMHAME CTelleHH MeHblne 6. Eciau 06-
it 1epeKT KOMIIOHEHTHI CBI3HOCTU MeHbIe 6, TO BOKPYT 9TONl KOMIIOHEHTH PACKPACKY
6-yrOJIbHOTO 3aMOIICHHs HEBO3MOYKHO “CKJIENTh” ¢ 000 (3TO BO3MOMKHO TOJILKO B TOM
cJIydae, ecyiu MOy YUTCsT TTHIHHID ).

3. Ecsim obmmuit nedekT paBer 6, TO OleHUBACTCA MaKCHMAJIbLHBINA pajguyc cepbl, Ipu
KOTOPBIM 9TO BO3MOXKHO (depes aymny “mosica” u3 6-yroibHUKOB).

[Tpu momoru KOMIIBIOTEPHOTO 1epebopa, OCHOBAHHOIO Ha IIPeoOpa30BaHUK K 3a/iade
6ynesoit BeinostauMocTH (Boolean Satisiability Problem, SAT), 6o mostyuens! ciieryo-
e pe3yaIbTaTh:

YVTBepkaeHue 5.
X(TP(1,1)) =

8;
X(TP(2,1)) = 9;
x(T?(2,2)) = 8.
Bompoc 1. Bepno jm, uro Vp > 1,Yqg > 1 x(T%(p,q)) < 97

Bompoc 2. Bepuo s, uro Vp > 1 x (TP (p, p)) = 8?7
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O mepeuwncijieHNU ABYAOJBHBIX U 4-XpPOMATUYIECKNX JIAMaHOBBIX
rpacdoB

A. M. Heomnpsaruas
A npireiickuit rocynapcTBennbiit yausepcuret, Maiikon, Poccus

Annomauusa. Pacemampusaemea sadava o nodcueme AGMAHOGHLT
(MUHUMAADHO dHcecmKUL) 2pados Ha N 6EPUUHAT ¢ MOYHOCVIO JO
usomoppuama. Hzeecmno, wmo rpomamuyeckoe 4ucio maroz2o 2pagpa
mootcem 6vmob pasHo 2, 3 uau 4. B pabome npusedernv, Hexomopuie pe-
3YALMAMBL 0 COOMBEMCMBYIOUUT NOOKAGCCAT AGMAHOBBLL 2Pap06.

On the enumeration of bipartite and 4-chromatic Laman graphs
A. M. Neopryatnaya
Adyghe State University, Maikop, Russia

B paGore paccMaTpuBaeTcs 3ajada O MOJCYeTe JhciIa JaMaHoBbIX rpados [1, 2, 3] ¢
TOYHOCTBIO JI0 H30MOPMU3MA U pa3dUeHUN dTUX I'PadOB HA TPH HOJAKJIACCA B 3aBHCUMOCTH
OoT XpoOMaTUY€CKOI'o 4uciia. OT,ZLeJIbeIIU/I uHrepec 1npeacrabjidior JJaMaHOBbDI I‘paCbe C Xpo-
MaAaTHYECCKUM YUCJIOM 4, JJ1d KOTOPBIX CyHIeCTByeT AUCTaHIUOHHOE BJIOZKEHHE, T.€. TaKOe
orobpazkenne MHOKecTBa BepiiuH V() B MJIIOCKOCTH, 9TO 00pa3bl BEPIIHH PA3JUYHBI, U
paccTosiHue MEXKJTy Mapoil BEpIINH, COeJIMHEHHBIX peOPOM, PABHO € IUHHIIC.

Onpenenenune 1. IIpocroit rpad G = (V, F) Ha n BeprinHax Ha3bIBAETCS JIAMAHO-
BBIM, ecn = 2n — 3 u jyrs ao6oro noarpada Gy = (Vi, Ey) C G BBIIOIHEHO HEPABEH-
crBo |Ey| < 2|V — 3. O6osnaunm Ly MHOKECTBO JIaMaHOBBIX IpacdhOoB HA 1 BepPIIHHAX;
nycth l, = | Lgl.

Onpenenenune 2. [lycts Ly, Lo, L3 ... — MHOZKECTBA MONAPHO HE U30MOP(MHBIX TPa-
o Ha n BepIIUHAX, ONpeIessieMble HHIYKTHBHO (DY TIOMOIIH KOHCTPY KUK XeHHebepra,
12])-

1. Ly =0, Ly = {K>).

2. llyects G € Ly. Torma Vu,v € V(G); G = (W, Ey), tae Vi = VU {z}, By =
EU{zv,zu}; 3H € Ly 0 Gy = H.

3. Hycrs G € L. Torna Vu,v,w € V(G), wv € E(G); G = (V1, Ey), tae Vi = VU {z},
E) = (E {uv}) U{zv,zu,zw}; 3H € Ly : G, = H.
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YrBepxkaenue 1. Onpejesiennsd 1 1 2 9KBUBAJCHTHHI.

Onpepenenune 3. [Ipocroit rpad, nosydennpiit uz Ko 1myreM MHOIOKPATHOIO J106aB-
JIEHUsI BEPIITMHBI, CMEYKHOI ¢ KOHIIAMH HEKOTOPOTro pebpa, Ha3hIBAETCS 2-1ePEBOM.

YT1BepxkaeHue 2. Beskoe 2-1epeBo sSBJIAETCS JJaMaHOBBIM I'padoM.

Onpepenenune 4. [Ipocroii rpad — ABYCBA3HBINA, €CJIH OH OCTACTCA CBA3HBIM ITOC/IE
yJlaJeHus JI000i BepITMHBI ¥ WHITUJICHTHBIX €if pedep.

YrBepxkaenue 3. JI06oii taMaHoB rpad ABISIETCS IBYCBAIHBIM.

[Tycts ), — ancsao 2-aepeBbeB Ha k BepIIHHAX [5]; g ok—3 — TUCIO IBYCBA3HBIX TpadoB

Ha k BepmuHax ¢ 2k—3 pebpamu [6]; l,[cl] — YHUCJI0 JAMAHOBBIX IpadoB, OTYyIaeMbIX TOJIBKO
IPU HOMOIIH T1epBOro npeobpasopanus Xennedepra [4].

YrBepxkaenue 4. llpu k > 2 cupaseyiuBbel HepaBeHCTBA

B <4 o
Ik < Crok-3 (2)
213141516 |7 8 9 10 11 12
lop {20100 1 |1 5) 19 123 871 8304
lsp [O[1 131268595 | 7101 | 108408 | 2008591 | 43531727
lap |O]0O]010] 0] 1 8 102 1601 29811 636686

Tabauna 1: Yucsio 1amanoBbix rpagos ¢ xpoMaTudecKkumMu ducjiamu 2,3.4.

Puc. 1: Jucrannuonnsiii rpad Ha 9 BepmMHAX, KOTOPLIA HEBO3MOXKHO
[OCTPOUTH MUPKYyJeM U JuHeiikoil (ciesa). I'pad Ha 10 BepumHax c
KoopauHATAMY BepiuH u3 pacmupenns Q(v/2,1/3) (ciopasa).

O6osznaunM lo i, I3k, l4 ) 9ucTO TAManoBBIX TpadoB Ha k BepIIMHAX C XPOMATHIECKAM
qucaOM 2, 3, 4 COOTBETCTBEHHO.

YrBepxKaeHne 5. XpoMaTudeckoe 9uc/io jirodoro rpada, morydaeMoro mepBbiM mpe-
obpasoBanueM Xennebepra, paBHO 3.
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YrBepkaenue 6.
lyp < 100,

[Ipu momoIu KOMIIBIOTEPHBIX BbIYMC/ACHUH Obl/IM Hail/leHbl 3HAYEHUSI, PUBEIEHHbIE
B 1abi. 1. Tlocnenosarensnoctu {loy}, {lsx} Obiin omybmmkosans: 38 OEIS (A328060,
A328061). B nasbHeiinem miaHupyeTcss MPUMEHUTH K 9TOM 3aade MeTOIbl MepedncIi-
TeJILHON KOMOHHATOPHKH [7].

Kpome Toro, ipu n = 8,9, 10 0661710 HailIeHO YUCIO 4-XPOMATUIECCKUX JIUCTAHIIMOHHBIX
JIAMaHOBBIX T'padoB, He coiepzKalux 4-XpoMaTHIecKuxX coOCTBeHHBIX moiarpados. [Ipu
n = 8 Takux rpadoB HeT; Ha 9 BepmuHax cymectByer 4 rpada; na 10 Bepmunax ux 15.
Ha puc. 1 npuBejensl jucTaHIMOHHBIE BJIOXKeHUs1 JABYX rpadoB. [lepBbiit u3 HUX ABJId-
eTcd MHHUMAJIbHBIM MPUMEPOM JIUCTAHIIMOHHOTO rpada, KOOpAUHATH BEPIIUH KOTOPOTro
He TpUHAIEKAT KBaApaTudabiM pacimpennsy Q, u, Takum oOpa3oM, He MOTYT OBITH
HOCTPOEHBI MUPKYJIeM U JimHefikoil. KoopauHaThl BepIIHH BTOPOTo rpada, HAIPOTHB, BbI-
PaXKaIOTCS CPABHUTEIBHO IIPOCTO, U HA €r0 OCHOBE, BO3MOYKHO, MOT'YT OBITH MOCTPOEHBI
JIMCTAHIIMOHHbBIE I'PAPbI C XPOMATUUYECKUM YUCJIOM D.
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On the general position problem on Kneser graphs

B. Patkés
Alfréd Rényi Institute of Mathematics, Budapest, Hungary,
Moscow Institute of Physics and Technology (National Research Institute), Moscow,
Russia

Annomauusa. In a graph G, a geodesic between two vertices x and y is
a shortest path connecting x to y. A subset S of the vertices of G is in
general position if no vertex of S lies on any geodesic between two other
vertices of S. The size of a largest set of vertices in general position is the
general position number that we denote by gp(G). Recently, Ghorbani et
al, proved that for any k if n > k* —k*+2k—2, then gp(Knnx) = (7-1),
where Kny,j, denotes the Kneser graph. We improve on their result and
show that the same conclusion holds for n > 2.5k —0.5 and this bound is
best possible. Our main tools are a result on cross-intersecting families
and a slight generalization of Bollobds’s inequality on intersecting set
pair systems.

Authors

B. Patkdés, PhD, senior researcher, patkos@renyi.hu, http://www.renyi.hu/ patkos/
scientific interests: Extremal combinatorics, probabilistic combinatorics.
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The book proof of a conjecture of Erdds and Purdy

R. Pinchasi
Technion, Haifa, Israel,
Moscow Institute of Physics and Technology (National Research Institute), Moscow,
Russia

Annomauusn. The following theorem was conjectured by Erdds and
Purdy in 1978:

Let P be a set of n > 4 points in general position in the plane. Suppose
that R is a set of points disjoint from P such that every line determined
by P passes through a point in R. Then |R| > n.

In a recent work with Alexandr Polyanskit we give the book-proof of this
conjecture. We will discuss also related results and many interesting open
problems.
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On a Frankl-Wilson theorem and its applications to Euclidean
Ramsey theory

A. Sagdeev
Moscow Institute of Physics and Technology (State University)

Abstract. We find a new analogue of the Frankl-Wilson theorem on
the independence number of distance graphs of some special type. We
give two applications of this new result to classic problems of Fuclidean
Ramsey theory.

First, we improve a lower bound on the value x (R";S2). x (R™; Sy) is
defined as the minimum number of colors needed to color all points of R™
such that there is no monochromatic set of vertices of a unit equilateral
triangle Sa. This bound is x (R™; S) > (1.0140 + o(1))".

Second, given m > 3 we improve the value &, such that for anyn € N
there is a distance graph in R™ with the girth greater than m and the
chromatic number at least (&, + o(1))".
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On the number of intersection points of lines and circles in R?

A. Sergunin
Moscow Institute of Physics and Technology, Laboratory of Combinatorial and
Geometric Structures, Moscow, Russia

Abstract. It is easy to see that n lines in R® can have a quadratic
number of intersection points. For instance, consider n lines in general
position in the plane. Another example is n lines on the surface of a
hyperboloid with one sheet: n/2 of these lines belong to one family of
generators, n/2 of these lines belong to another. But if there are no
Vn lines lying on a surface of degree at most two, then the number of
intersection points can be bounded by O(n*?), see [1].

We consider an analogous question about intersection points formed by
curves of two families in R3: A family of n lines and a family of n
circles. It is easy to find examples of families of lines and circles with
quadratic number of pairwise intersections: If all curves lie on a plane
or on a surface of hyperboloid with one sheet. Suppose that there are no
Vn curves lying on an algebraic surface of degree at most two. Under
this condition, we proved that the number of points lying on at least one
line and at least one circle is O(n3/?).
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MakcumaJsibHEbIe ToArpadbl ciaydaiitHoro rpada ¢ 3aJaHHBIM
KOJIMYEeCTBOM pebdep

A 1O. Ckopkun
A npireiickmit rocyapcTBeHHBIH yHHBepcuTeT, Majikon, Poccuns
M. E. ZKykosckmnit
Mockosckuit puzuko-rexundeckuit mncruryt, Mocksa, Poccus

B sToii pabore MBI M3ydaeM HEKOTOPLIEC HpPeIeIbHbIC XapaKTePUCTHKH CIIydaiHOro
rpada G(n,p), tae p € (0, 1) — npousBosbHOE (DUKCHPOBAHHOE TUCIO, HE3ABUCAIIEE OT 7.
HamoMHUM, 94TO MHOXKECTBO BeputuH 51oro rpada — {1,--- ,n} u Kaxaag mapa BepuIuH
coesmHeHa pedpPOM ¢ BEPOSITHOCTBIO P HE3aBUCUMO OT BCEX OCTATHHBIX.

B [1,2] mokazamo, 9T0 MAKCHMAJIBHBI pa3Mep MHOYKECTBA BEPIIUH, MEYKY KOTOPBIMU
HeT pebep, ¢ BePOSATHOCTHIO, CTpeMsielicss K 1 npuHuMaeT 0JlHO U3 JAByX 3HadeHuii: fo(n)
u fo(n)+ 1, roe

e
fo(n) =logy /1y n — 210gy 1_p) 10y /1y 1 + 21081 /(1) 3 +0.9

B Takux ciaydasx roBopsT, YTO YHCJIO HE3aBUCUMOCTH CKOHIICHTPUPOBAHO B JBYX TOYKAX.

Hac nHTepecyeT, ClipaBeJInBa JIU KOHIOEHTPAIIUA B ABYX TOYKaX MaKCUMaJIBHOT'O pa3-
Mepa MHOXKECTBa C 3aJlaHHBIM 4ucjaoM pedep. bosee dopmasbuo, nycrs t @ N — Z,
— Hekoropasi dbyHkiust. [Iycts Y, [t] — MakcuMaabHbIil pasMep k MHOXKeCTBA BEPIIUH B
G(n,p), namynupyiotrero noarpad ¢ posuo t(k) pebpamu.

k. Bamorom u M. 2KykoBckum B [5] 6b110 j10Ka3aHo, 910 1pH ¢, GJIA3KHX K p(’;),
KOHIIEHTPAIIUHU B JIBYX TOYKaX HeT. BepHa /i1 KOHIIEHTpAIUs IPHU t, 3HAYHTEIHHO MEHBITUX
“cpemnero 3uadenus’? Ham ymanoch yCTaHOE(?»IIC/ITII; CJIJIYIONIUI Pe3YyJIbTAT.

t(k+

Teopema. Ilycrs ¢ = t(k) = o(k*) u |W — 1| = O(1/k). Torna naiimercs takas

dbyukuuga fi(n), 910 ¢ BepoaTHOCTHIO, cTpemsameiics K 1, Y, [t] € {fi(n), fi(n) + 1}.
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HeonpeneaumocTs cBoOiicTB TpadOB B MOJAJIBHOM JIOTUKE

B. B. Ciarocapes
MockoBckuii (bu3MKO-TEXHUIECKUH WHCTUTYT (TOCYIAPCTBEHHBIN yHUBepcuTeT), MockBa,
Poccnga

Annomauus. Cemanmurxa Kpunke nossossem onpedesamv HeKOmo-
poie ceoticmea 2padhos Ha A3vike Mmodasvhotl Aozuku. Mu dokazanru, wmo
MHO2UE YACTNO UCTOALIYEMBLE CE0TCMBa 2pados, MaKue Kak noAHOMA,
k-packpawusaemocms, NAGHAPHOCTG U OPY2UE HE ABAAIOMCA MOJANLHO
ONPEIENUMBLMU.

Undefinability of graph properties in modal logic
V. V. Slyusarev
Moscow Institute of Physics and Technology (State University), Moscow, Russia

Teopust rpados obiagaer 6oraToil 1 rHOKO# TePMUHOJIOTHEH /11 OIMMCAHUS OTPOMHOTO
MHOZKECTBa CTPYKTYP, BCTPEUYAIONINXCS B pa3HOOOPA3HBIX 33/1a4aX. B To ke BpeMs oHa He
IPEIOCTAB/SIET YHUBEPCAJIHHBIX HHCTPYMEHTOB I PeIeHns 3TUX 3aaad. Kak mpaBuio,
JUUTsT KaK/IOTO CBOMCTBA rpada mpeiaraercs CHeHaIbHbIi aJTOPUTM, KOTOPBIH DPEIKO
MOKeT ObITh 00001IEH 151 DoJiee MMUPOKOT0 KJIacCa CBONCTB.

WuacTpyMeHTHI i1 060OIEHHOTO pellieHus 3a/1a9 TeOpun rpapoB MOTYT ObITH HaMie-
HBl B MaTeMaTUYeCKOH JIOTUKE M, B YACTHOCTHU, MOJAJBLHOM JIOTUKE U €€ pacIIHpeHusx.
Beibop B m0JIb3y MOJAIBHON JIOTHKH IO3BOJISET CAEIATh CeMaHTHKa KpHike, coryiacHo
KOTOPOI OpueHTUPOBaHHBIE TPadbl SIBJASIIOTCS MOJAEISIME JIJIsi MOJAJIbHON JIOTUKH.

[IpesncraBnsgsa rpad Kak mkKaay Kpuirke, Mbl MOYKEM BbIpayKaTh HEKOTOPBIE €r0 CBOIi-
CTBa IPH MOMOIIY MOJIAJbHBIX (hOPMYJI, OOIIE3HAYUMBIX B 3TO# IiKaJie. CBoiicTBO rpada
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HA3bIBAETCsl (MOJIAJIBHO) OMPEIeIUMBIM, eCJIU CYIecTByeT MHOXKecTBO dbopmyn I, Takoe
YTO HAJIMIHE 3TOro cBoficTBa y rpada G paBHOCHIBHO OOIIE3HAYUMOCTH BeeX DOpMyJT U3
I' B mkane Kpunke, coorBercrByomei G.

[Ipumenenus MOaIbHON JIOTMKM U OCHOBAHHBIX HA Hell THOPUJIHBIX JIOTHK I H3Y-
denust rpadoB paHee paccMaTpuBaIuch B paborax [1], [2], [3]. B crarwe [1], T1e Buepsbie
MOCTABJIEH BOIIPOC O PelleHn: IpapoBBIX 33724 Ha SI3bIKEe MOJAIBLHON JJOTUKH, TOKA3bIBa-
eTCsI HEeOIPEIEIMMOCTb HEOOIBIIOTN0 YUC/Ia CBOMCTB B MOMAIBHO JIOTHKE, & TAKZXKe IPe/I-
JIOYKEHBI TOJIHBIE W HEIMPOTHBOPEYUBBIE MOJAIbHBIE JOTHKH 1 TPadoB ¢ 3aTaHHBIMI
cpoiicTBamu (anmukandeckue, k-packparmuBaembie). OnpeaeuMoCcTh gajiee HCCIeayeTcs B
pabote [2], Tie aBTOPBI IPUMEHSIOT GoJiee CI0KHbIE MOJIATbHbIE SI3BIKU JIJIsT ONPe/IeJIeHIs
TaKUX KJACCHYECKUX CBOMCTB, KaK SMI€POBOCTh U TaMHUJILTOHOBOCTL. OJIUH U3 HamboJIee
3HAMEHATEeJbHBIX PE3YJILTATOB B JIAHHO} 00/1acT oty Yen B pabore [3]: qokazano, 4ro Bce
cBoiicTBa TPadOB ¢ 3aMAHHBIM YUCJIOM BEPIIHH 7, JeKAIlie B MOJUHOMHUAJBHON BBHIYHC-
JINTEJILHOW MepapXuu, MOTYT OBITH OMpPeJeeHbl B OJHOW THOPUIHOI Jloruke (hopMyJIOoi,
3aBUCAIIEH OT n.

[Tocsienanii pe3ysibTar JeMOHCTPUPYET MEePCIeKTHBHOCTD BHIOPAHHOTO MOIX0/a, HO HE
perntaeT 3ajady ¢ MPakKTHYeCKOW TOYKM 3peHusi. BoIOpaHHBIi g3bIK 00/13/aeT JI0BOJILHO
CJIOKHOU CTPYKTYPOH, U IPOBEPUTH OOIIE3HAYUMOCTL (POPMYJIBI U3 ITOrO dA3bIKa B I'pa-
de 3a moMHOMHUATIBLHOE BpeMs B 00IIeM ciydae HeJib3s. Takum obpa3oM, ImpeacTaB/isger
HHTEePeC TMOMCK AHAJOTHIHBIX Pe3yIbTaToOB s 0oJiee MPOCTHIX JIOTHYECKUX cucTteM. B
Ka4uecTBe MEePBOTO JTalla TOr0 UCCACTOBAHHUS Mbl HMOIYJIUIN BarKHBIH OTPHUIATEIbHBII
pe3y/IbTaT: MPAKTUYIECKH BCE CBOICTBA, paccMaTpuBaeMble B Teopun TpadoB, HEOMpe ie-
JIUMBI B «IIpocTeiinieii» MojgaabHoM Jjoruke. TakuM obpa3om, nHTEpecyolnee HAC PeIeHne
caelyeT UCKATh B CUCTEMAX, 3aHHUMAIOIIMX MPOMEXKYTOUYHOE MECTO 110 CJOKHOCTH.

HeomnpenemnmocTs ¢BOMCTB rpadha B MOAJBHON JOTHKE MOZXKET ObITh JOKA3aHa, MpH
IOMOIIIH HEOOXOMMBIX YCJIOBHUIT, KOTOPHIE JAI0TCs B CIeyomieil Teopeme [4].

Teopema 1. Ecin cBoiicTBO orpeesinmo, Kiaace 06J1a[alonmux STUM CBOHCTBOM I'pa-
OB 3aMKHYT OTHOCHTEJIHLHO B3ATUS HECBS3HOW CYMMbI, TOPOXKJIEHHON TOAIIKAILI U P-
MOpdu3Ma.

Ha »10 yrBep:KjieHue onupaercs OCHOBHON pe3yJibTar JaHHON padOThl: Mbl PacCMOT-
pesin Hanbo,/1ee 9acTo UCHOIb3yeMble CBOHCTBA TpadOB U pa3ubU/IN UX HA KATErOpuu, JijIs
KaxK A0l U3 KOTOPBIX MbI ITOKA3aJId HE3AMKHYTOCTh OTHOCUTEJIBHO OJIHON W3 Iepevuc/aeH-
HBIX ONEPaInid.

YrBepxkaenue 1. Cnenyromniue cBoicTBa rpadoB HE 3AMKHY Thl OTHOCHTETLHO B3ATHS
HECBA3HON CyMMBbIL:

® II0JIHOTA,
® CBSI3HOCTD,

® JIPEBECHOCTb,

® UICJIO HE3aBUCUMOCTH PaBHO K,

® YUCJIO KOMIIOHEHT CBA3HOCTHU PaBHO k
e IMaMeTp paBeH k,

® paJImyc paBeH k.
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YrBepxkaenue 2. Cjieayiomue CBOUCTBa I'padoB HE 3aMKHYTHI OTHOCHTEIBHO p-
Mopcu3Ma:

® OTCYTCTBHUE TETEJIb,
® AlUKJIMIYHOCTD,

® ILIAHAPHOCT,

e k-pacKpalinBaeMOCTbh,

e pébepHas k-pacKpalinBaeMOCTb,

® k-peryaspHOCTD,

® SilJICPOBOCTD,

® 'aMHJIBTOHOBOCTD,

e Ha/JMYUe TOYEK COUJICHEHHU,

® HAJHYNEe MOCTOB,

e KJIMKOBOE YHUCJIO PABHO k,

e obOxBar paBeH k,

e MHUHHUMAaJbHaY CTEIeHb BEPIIUHBI paBHA k,
e MaKCHMaJIbHas CTENeHb BEPIIUHLI PaBHA k.

Teopema 2. CpoiicTBa rpadoB, HepeducaeHnble B YTB. 1 U YTB. 2, He SABJLIOTCS MO-
JTAJIBHO OITPe e/ TMMBIMU.
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@) MHHHMaﬁBGPaX MAaKCHUMAJIBHOTO PAaCCTOAHMNA

4. 1. Temnnnkas
Jlaboparopus um. [1.JI. Uebnimena, Cankt-llerepbyprekuii rocyaapcTBeHHbBIIH
yuusepcurer, Caukr-IlerepOypr, Poccus

Annomayus. Munumatisepom MakCUMAAOHO20 PACCNOAHUE OAA OaH-
1020 komnaxma M u wucaa r > 0 Ha306aEMCA MUHUMANOHOE N0 OAUHE
CBAZHOE MHONCECTNBO, “bsA 3AMKHYMAA T-0KpecmHocmyd codeporcum M.
Hokazaro, 4mo MUHUMAGT3ED MAKCUMAALHO20 PACCMOAHUSL 8Ce20a 0040~

e

daem “xopowet” empykmypot, dasce 0an oueHv “naoxuxr’ mHoxrcecms
M.

On the maximal distance minimizers

Y. Teplitskaya
St. Petersburg State University,Chebyshev Laboratory, St. Petersburg, Russia

We study the properties of sets ¥ which are the solutions of the maximal distance
minimizer problem, id est of sets having the minimal length (one-dimensional Hausdorff
measure) over the class of closed connected sets ¥ C R? satisfying the inequality

ng}\:}( dist(y,X) <r
for a given compact set M C R? and some given r > 0. Such sets play the role of the
shortest possible pipelines arriving at a distance at most r to every point of M, where M
is the set of customers of the pipeline. For a history, see |2, 3|.

We prove [1] that each maximal distance minimizer is a union of finite number of
curves, having one-sided tangent lines at each point. Moreover the angle between these
lines at each point of a maximal distance minimizer is greater or equal to 27/3. It shows
that a maximal distance minimizer is isotopic to a finite Steiner tree even for a “bad”
compact M, which differs it from a solution of the Steiner problem (an example of a
Steiner tree with an infinite number of branching points can be find in [4]). Also we
classify the behavior of a minimizer in a neighbourhood of any point of X..

In fact, all the results are proved for more general class of local minimizer, i. e. sets
which are optimal in any neighbourhood of its arbitrary point.
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O mpobaeme Bapwara

T. A. Ilanem
Anpireiickuit rocyapcTBeHHBIH yHHBepcuTeT, Majikon, Poccus

Annomauyusn. Paccemampusaemen kaaccuveckan npobaema Bapunza o
NPEICMasuMoOCmu 6CExX dOCMAMOYHO OONDUUT HAMYPAALHULT “uces N
8 6ude CYMMuL PUKCUPOBAHHO20 YUCAG CMENEHET ¢ 00HUM U TEM HCE
PuKCUPOBAHHBLM NOKAZAMENEM .

About Waring’s problem

T. A. Panesh
Adyghe State University, Maikop, Russia

1. Beeaeumne. B 1770 r. anrmmiickuit Maremaruk KeMOpHIKCKOrO yHUBEPCUTETA D Iyap/I
Bapunr B cBoeii pabore «Meditationes algebraicaes («Aurebpandeckne paccysKIeHUs )
BBIJIBUHYJI THIIOTE3y O TOM, YTO /IS JIFOOOTO TIeJIOr0 1 > 1 CyIecTBYeT TaKoe IeJIoe TICIO
k =k (n) > 0, 910 KaxKm0e HATYypaJIbHOE YUCA0 N MPEACTABUMO B BHIE

N=al +25+ -+

C IeJIBIMUA HEOTPUIATEJLHBIME L1, L2, « .., L.

B tom xe 1770 1. ?Kozed Jlyn Jlarpam:k, mcrno/b3yo ajrebpandeckoe TOXKIECTBO
Jleonapma Ditaepa, cMOr JoKa3aTh YacTHBIH ciaydail runore3nl Bapunra, a uMeHHO, 9TO
KazK10€e HATypaJbHOE YHCJIO IPEJCTABALETCA B BHIAE CYMMBI 4-X KBaJIPATOB IEJBIX YH-
cest (910 yTBep:KIeHue HOCUT uMst Jlarpanuxka). [Ipuuem Jlarpau:k ykasai, 4To UM ObLIH
HCII0/IB30BaHbl paboThl Ditaepa. JlokazareabcrBa Teopemsl Jlarpamxka o cymme 4-x KBaJI-
paToB MOXKHO HaiiTh B |2, 5.

B naugajsie XX Beka B 1909 1. /laBuj ['mibbepT c10KHBIM KOMOMHATOPHBIM METOJI0M
JIAJT JT0Ka3aTesbeTBO mpobseMbl Bapuura [4]. B 1942 r. FOpuit Baagnmuposua Jlnaauk
NPeIOCTaBII IeMEeHTApHOe TOKA3aTeIbCTBO Mpobuembl Baputra, cm. [6].

Topdbpu Xaposig Xapau u Ixkon Naenzop JIlutasya npobsiemy Baputra paccmorpesn
B 00JI€€ MMUPOKOM CMBIC/IE, TIOCTABUB 33/1a9y MOJIYYeHUs] aCAMITOTHIeCKUX (DOPMYJT drcCIa
pelleHuii ypaBHeHnsd

oh o+ tap =N 1)

B 1I€JIBIX HEOTPHIATEIbHBIX qrcea. Xapau u Jlurasyn sean dbyukimio G (n) HanMeHbIIe-
ro 3HAYEHUs YUCJIA CJIaraeMbIiX k, IPU KOTOPOM Bce Iiejible uncjia N, HauuHas ¢ HEKOTO-
POTO JOCTATOTHO OOJIBIIOrO, TIpeacTaBuMbl B Bujie (1). B 1919 1. onun paspaboraiu HOBBIH
MeToJI, (Ha3bIBAEMBIH KPYTOBBIM MeTOI0M Xapau-JIuTasyia-PaMaHyzkaHa), ¢ TOMOIIbIO
KOTOPOTO 1ojtyunin onenku Gyukuuu G (n)

n<G(n)<n2"'h, limh =1

n—oo
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U ACHMITOTHYECKYI0 (bOpMYyIy dmcyia pelnenuii ypapaenus (1):

k

I(N)= MN% 1610 (Nﬁ —1—0(n7k)> ’
r(z)

pH umucie ciaaraeMbix k > (n—2)2"71 + 5 mie & — Hekoropblil 0cobbIfl P, CyMMa

KoTOporo Gombie uyid, I (s) — ramva-dyskius Diinepa, cu. (3, 4, 7].

KpyroBoit MeTo OCHOBBIBaETCS Ha WedX Difjepa mMpou3BOAANNX (DYHKINNT 1 WHTe-
rpajbHoit popmysie Komu Bbrumciaenus N-oif TPOU3BOJHONR HEKOTOPO#l NMpOU3BOIsIIeCit
dyHKIM Yepes naTerpas Komm no 3aMKHYTOMY KOHTYPY.

NBan Marseesuuy Bunorpasios B 1924 r. BHec u3aMeHeHusI B KPDYI'OBOM METOJIE, 3aMe-
HUB OECKOHEUHBIE Ps/ibl KOHEYHBIMU CyMMaMmHu. TeM cambIM, YIPOCTHB J0Ka3aTeabCTBO
npobsembl Bapunara. A B 1934 r. .M. Bunorpa1oB co31a/a HOBBIH METO/ TPUTOHOMETPH-
YeCKMX CYMM B QHAJUTHYECKON TEOPUU HHCesI, C TMOMOIIBI0 KOTOPOTO «XOPOIIO» OIeHH-
BaJUCh OCTATOYHBIE YJIE€HBI ACHMITOTUYIECKUX (DOPMYJ B PA3JUIHBIX 3 TUTUBHBIX 337aX,
B YaCTHOCTH, U B mpobyieme Bapunra. B paspaborke sToro Merona, Kak muimeT cam .M.
Bunorpasos B [3], yaacrBoBasu Moxanmec Ban nep Kopnyt, Hukomait Tpuropnesna Uy-
JakoB, Xya Jlo-ren u ap. C moMomnp0 3Toro Metoaa Burorpaaos mosyuamt s GpyHKIuNn
G (n) oNeHKY CBepxy:

G (n) <2nlnn (1+94,), limd, =0.

n—oo

DTa OlleHKa CBEPXY CYMIECTBEHHO He YIydIlaeMa B CMBICIE MOPSIKA POCTa 10 N, TaK KaK
G (n) > n. Takxke Bunorpamos nosayumn acuMnrorudeckyio dhopmysty Xapau u Jlutasysa
upu umcie ciaraembix k > 4n’lnn (1 +¢',), rae &', — 0 npu n — oo.

2. Cxema moKa3aTejibCTBA ACUMIITOTUYECKONW (pOpPMyJabl B KJIACCUYECKOIl mpo-
6seme Bapwunra. [lycte n > 3 — nenoe, k = k(n), No = Ny (n) > 0 — dukcupobantoe
ancio, N > Ny u Z = I, (N) — 4ucso perrenuii B HATYPAIBHBIX THCIAX Ty, T2, ..., Tk
VpPaBHEHHUSI

2ty +--+z, =N

Iycrs, natee, P = Nu, 7=2nP" L 57 =1.
Jlemma 1. [3, 7]
1—s

1
T =1y, (N)= / SF (o) e™?™oN do = / S* (o) 2N gy
0

—x

rae
S (Oé) _ Z 627riax”'
1<z<P
dokazareabcTBO. Tak Kak
1 1 2mim
/e%mmda: 1 g2miom | _ © ._eozl_,lz(] upu m € Z, m # 0,
0 2mim 0 2mim 2mim

TO

1
eQm'amda _ 17 m =0
0 0, meZ, m+#0.

CaenoBaTeIbHO, ©MeeM

T=Tin(N)= > > - > /0162”“@?”3*“'”2—N>da:

1<z <P 1<2,<P 1<z, <P
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k

1 1 1—
/ § 627”04:(: . e—2maNda — / Sk (Ck) e—QﬁzaNda — / Sk’ (Oé) 6—2Trw¢Nda
0 0 —x

1<z<P

[Tocneanee paBeHCTBO TOJIYYAETCH B CHJIY MEPUOJUYHOCTH WHTErPAIbHON (DYHKIIUHA, 9TO
1 TpebOBaJIOCh A0KA3aTh.

JIemma 2 (Hdupwuxiie). Jlist T0GBIX BEIIECTBEHHBIX YUCEJ T > 1 U (v CYIIECTBYIOT TaKhe
B3aMMHO TpocThie unucaa a u q npn 1 < g < 7, 9T0

Hoxkazareasctro. Cwm. [2, 7].
[To emMe 2 KayKjI0e (v U3 MPOMEXKYTKa [—s¢, 1 — 3¢) OPEJICTABUMO B BHJIE
1

a="4z 1<q<t, (aq) =1, |2|<— 2)
q qT

PazobbeM mpoMe:kyTOK Ha JBa HelepeceKaloluxcsd MOAMHOXKeCTB Fy u Fy caeayionmm
obpazoMm: depe3 [ 00603HAUYMM MHOXKECTBO TeX (v, B NPEJICTABJICHUAX KOTOPBIX B BHJIE
(2) ¢ < P%% uepes E, MuOMecTBO ocTaBinmxcsd «. Torja MHOKeCTBO E) cOCTOMT u3
HelepeceKawImuxcst 0Tpe3koB F (a, q) Buaa

1 1
2——§a§g+—, 0<a<gq, (a,q) =1, qzl,?,...[Pi].
qa qT q qT

Hasee, Bocmob3yeMcest alTATHBHOCTBIO HHTErPAJIA, [0 MHOXKECTBY U TIOJIY THM
T= / S* (o) e ™ N doy + / S*(a) e ™ Nda = T, + T,.
En Es

Hyxuo syt Z; noiyuuTh aCUMITOTUYECKYIO (hopmyJly, & Lo OLEHUTDH CBEPXY.
JIemma 3. [7] CupasemninBo HepaBeHCTBO

1S (ayq)| <™ '~ %, e S (a,q) = Ze T(ag =t

Hokazareabcrso. Cwm. [7].
Caencrsue. [Ipu k > 2n + 1 cxomutcest ocobwtii psix 0 = o (N) npobaembr Bapunra:

[e's) k
> X ((Gsea) e
=l 0<qg<q

(a,q) =1
JIemma 4. [7] CupaseinBo HepaBeHCTBO
1 1 .
|7 (2)] < min (1,2‘2‘_5> , e vy (z) = / e2mizz™ 1o
0

Hoxka3zareabcrso. Cwm. [7].
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Caencrsue. llpu k > n cxomurest ocobbiit uaTerpan v = 7y (n, k) upobiembr BapuHra:

~+o00 1 ) k )
vy=7(nk)= / (/ e%wmndx) e 2z,
—oo 0

Teopema 1. (3, 7| Unrerpan Z; Boipaxaercs Gbopmystoit
I :70]\7% 140 (N% -1 ﬁ) )
okazareascTBo. [lo onpenenennio Z;

= [ S*(a)e™Nda,
Ey

Beuomuum, 4ro MHO)eCTBO Fi ecTh 0ObeJMHEHnEe BCEBO3MOXKHBIX OTpe3koB E (a,q) =

% — q—T, p 2+ qT], rIe a u q B3anMHO TipocThie 0 < a < g, 1 < g < [P%] , I @ MPeJCTABUMO

B BUJE & —|— z, Tae |z| <o —. Torga 7, nepermmrercs

Z . Za: / " Sk( +z) ~2mi( )N g, (3)

(a,9) =

B cymwme S(%—i—z) npejgcraBum x, tyie 1 <z < P,sBuge v = gt +su 1 < s < q.

SadukcupoBas s, mepemMeHHast t MEHIeTCs B Mpeaegax —-

s (g +z) _ Z 2mi(e+a)an _ i Z 2T (atts)" 2miz(gt+s)"”

1<z<P s=1 1— S<t<P s
q ==

1, n(n—1) 2. n—2 .
E : 627rzqs"€2m (nqts” +=5(qt)"s™ +...)62mz(qt+s)n
s=1 5=
== q
q
_ 2 :62771'%3" 627riz(qt+s)"
s=1 1— P—s

9 — — 4
BHYTpeHHsIsl CyMMa 3aMeHseTCsi MHTEerPAJIOM CJIelyIoniel eMMoii 5.
Jlemma 5 (s1emma Ban nep Kopnyra). [7] [lycrs s f (x) u ¢ () cymecTByioT guncia
H, U, A raxue, uto A~ < " (2) K A™, ¢ (2) < H, ¢ (v) <« HU, |/ ()] <1 na
J(f’(x)

orpeske [a,b|, u mg aH06OrO 1MEJI0r0 N IUCIO0 YIACTKOB MOHOTOHHOCTH (hYHKIIUH 2@-n

orpannveno. Torma

b
Z (p(x)e%if(x):/ ¢ () e @dz + O (HInU ).

a<z<b a

Joxkaszareasctso. Cum. |7, ¢.18-22].
A 3areM, HHTErpUPYIO O YACTIM TIOTYYeHHBIT HTETPAJI, TTOTY IHM:

a P
5(54—2) :gS(a,q)’y(zN)+O(1).
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[Moxcrapiisis mocaennee B (3) u MpeoOpPa3oBbIBast, MPUIEM K
kE _q Eo_q_ _1_
Zy =~v0Nn +O(Nn 4n2>7

9TO U TPeDOBAJIOCH JI0KA3ATh.
JIemma 6. [7] CymectByer mocrosmnuas ¢g = co (n, k) > 0 upu k > 4n, aro ocobblit psin
0 (N)>cy>0,anpu k>n+ 1 ocobsiit uarerpai 7y (n, k) paBen

727(7%1{7):%2)%))]{

n

, e I (s) — ramma-dyukius Ditiepa.

Hokazareabcrso. Cwm. |7, ¢.188-190].
Benomunm, 9T0 bmcsio pemenuii ypasaenus (1) BbipazkaeTcs

I=T,(N)= / S* (o) e 2™ N doy / S*(a) e ™ Ndo = T, + T,.
£y

Es

N3 teopembr 1 u jemmbr 6 mosydaercsd acumnrotrudeckas dopmysa aia Zy. Ocraercs
OIEHUTH MOJTYJIb |Zs|. DTO yaaercs cienars, IpUMEHssl TeOpeMy 0 cpefneM Bunorpaaosa.
Teopema 2 (o cpeanem 11.M. Bunorpanosa). [3, 7]

Ilycts 7 > 0 — nestoe, k > nr, P > 1. Torxaa

1 1
/ L. / E e?ﬂi(alx—i-m—i—anx")
0 0

A(r) = @ (1 - (1 - %)) n Dy = (n7)*7(2n)" YT,

Hoxkazareabcrso. Cwm. [1, ¢.104-113], [3, ¢.55-63], [7, ¢.84-94].
Ncnonnsyio Teopemy 2 o cpexmem W.M. Burorpamosa mpu k > cn’logn , nMeem

2k
doy ... da, < D, P50

rje

L= S*(a)e?™*Nda=0 (NE e *1> :

Eo

Takum 06pa3oM, mojsyvaeM aCUMITOTHICCKYIO (DOPMYJIY /I THUC/Ia PEIIeHHH yPaBHEHI
(1) upu uucye ciaraembix k > cn’logn

I:Ik;7n(N) :ryo-N% —I_I_O(Nf _ 4(;12 _1>7

rie
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VIIK 004.056
BBK 32.97
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CoBpemMmeHnHbIe MeTOAbI IIN(PPOBOIT cTeraHorpadum

AT Ilceym
MaiiKomcKuii ToCyIapCTBeHHBI I'yMAHUTAPHO-TEXHUIECKUH KOJLIeIK A IBIreificKoro
rocyIapCcTBeHHOro yHusepcurera, Maiikon, Poccus

Annomauus. Paccmompenrvi cospementoie HanpasAeHUs cme2aHozpa-
duu. Hznoorcerv, memodv, yudposoti cmezaroepaduu. Ilpedroscena me-
moduka nepedayts uHGoPMaUL.

Modern methods of digital steganography

A. G. Pseush
Maikop State Humanitarian-Technical College of Adyghe State University, Maikop,
Russia

[tobanbHOEe pacnpocTpaHeHne BBIYUCIUTETBHBIX U TEJICKOMMYHUKAIMOHHBIX CHCTEM
HPUBEJIO K HEOOXOJAUMOCTH obeciiederns 0e30[aCHOCTH IePelaBaeMbIX JIAHHbBIX, JIOCTY-
na K HAM. Saluinarh nepegaBaeMyo WHQOPMAIo (HId XpaHIMYo0) nHMOPMAIHIO OT
HECAHKIIMOHUPOBAHHOTO MCIOJIH30BAHUS TIPUXOANTCST BO MHOTHX CJIYYasIX.

[IpeoTBpaTuTh HECAHKITMOHUPOBAHHDBIN TOCTYI K HH(DOPMAIME MOYKHO PA3THIHBIMU
METOJIaMU, B TOM 4YHCJIe cTeranorpadudeckuMu. HeobXommMocTh HCIOIL30BAHUS CTera-
HOrpaduIecKux MeTO 0B BO3HUKAECT OCOOEHHO OCTPO B CJAyYasiX, KOTJIA HCIOIH30BAHUE
UCKII0YATETHHO KPUTTOrPAMDUIECKIX METOI0B CJAUITKOM MTOI03PUTEIBHO UJIN 2Ke BOOOIIe
HE3aKOHHO.

B nacrogiiee BpeMs MOYKHO BBIJIEJTUTb TPH OCHOBHBIE BETBH PA3BUTHS COBPEMEHHOM
creranorpadun:

® KOMIIbIOTEpHAas CTeraHorpadus;
e nudpoBas creranorpadus;

e cereBas creraHorpacdus.

Kowmnbroreprast creranorpadust — OJIHO W3 HAMPABIEHUN KJIACCUIECKOIl CTeraHorpa-
dun, cyTh KOTOPOro 3aKJI0YAETCA B UCIOJB30BAHUN OCODEHHOCTEH KOMIBIOTEPHO TLIaT-
dopmbl. LHudposas creranorpacdhusi — HanpaBIeHHe KJIACCHYECKON cTreraHorpaduu, oc-
HOBAHHOE HA COKPBITHH UJIU BHEJIPEHUU JIONOJHUATE/IbHON uHdopMaluu B udpoBbie 00b-
eKThI, BbI3bIBAad MIPH 3TOM HEKOTODbIE MCKayKeHUs 3TuX 00bekToB [1].

CereBast creranorpadus — OJHO W3 CAMBIX MOJOJBIX HAIMPABIEHUH, CyTh KOTOPOTO
3aKJTI09ACTCS B HCIOIB30BAHUE 0COOeHHOCTEH paboThl TpoToK0I0B Mogean OSI [2].

B nactosmieit paboTe paccMaTpuBaIOTCS COBPpEMeHHBbIE cTeraHOrpadIecKre MeTOIbI,
UX JOCTOMHCTBA M HEJOCTATKW, & TaKyKe MyTH uX pas3BuTusg. OJHUM U3 HANpaBICHU
Pa3BUTHUsI COBPEMEHHON cTeraHorpadun MOXKET SABJIATHCS Pa3pabOTKa METOMUKH CKPBITOM
nepejaan nngopmanuu B VolP-kanase nmyrem Moandukanuu KoJaeKa KOIUPOBAHUS 3BYKa
C COXpaHeHHEeM ero IMTAaTHOTO (DYyHKITMOHAIA.
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Defects of symmetric convex bodies in a rational lattice

M. Fadin
National Research University Higher School of Economics

Abstract. Consider an arbitrary n-dimensional lattice A such that Z" C
A C Q. Such lattices are called rational and can always be obtained by
adding m < n rational vectors to Z™. The defect d(E,\) of the standard
basis € of Z™ (n unit vectors going in the directions of the coordinate
azes) is defined as the smallest integer d such that certain (n—d) vectors
from & together with some d vectors from the lattice A form a basis of
A.

Consider a symmetric convex body S. S is called admissible with respect
to A if it does not contain points of A, except for O and, maybe, te;.
If S is admissible with respect to A then d(E,N) is also called the defect
of S with respect to € and is denoted by d(E,S).

We are going to discuss recent bounds on defects of hypercubes and the
unit octahedron and the origin of the problem.
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Almost monochromatic sets and the chromatic number of the

MTA-ELTE Lendiilet Combinatorial Geometry Research Group, Budapest, Hungary

plane

N. Frankl
London School of Economics, London, UK
T. Hubai, D. Pélvolgyi

Abstract. A pair (S, so) with so € S is almost monochromatic if S\ so
1s monochromatic but S is not. We consider questions about finding
almost monochromatic similar copies of pairs (S, so) in R, Z2, and in
Q under some restrictions on the colouring.

Among other results, we characterise those (S, so) with S C Z for which
every finite colouring of R without an infinite monochromatic arithmetic
progression contains an almost monochromatic similar copy of (S, so).
We also show that if S C Z% and sy is not contained in the conver hull
of S\ {so}, then every finite colouring of RY without a similar copy of
Z% contains an almost monochromatic similar copy of (S, so). Further,
we propose an approach through almost monochromatic sets that might
lead to a non computer assisted proof of x(R?*) > 5.
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O cuapHBIX pacKpacKax 4-0JHOPOAHBIX CJAydaliHbIX Tuneprpados

A.9. Xysuena
MockoBcknii puzuko-rexuudeckuit uucTuTyT, Mocksa, Poccus

Annomauusa. B pabome pacemampusaemces npobaema 0 nouc-
Ke Mmopo2060li  GEPOAMHOCTIU  CUALHOT — PACKPAULUBLEMOCTY  CAY-
walino20  4-00Hopodnozo  eunepepaga 6  OUHOMUAALHOT — Modesu
H(n,4,p).Ouenusaemea mouHas nopo2osas BEPOAMHOCING  CYULe-
cmeosanus  cuavnol  packpackyu  H(n,4,p) 6 r-usemos. Dmomy
nopozy omeeuaem MakK HA3VEAEMBT  PA3PesHceHHbull  cayuatl, Ko-
2da p = cn/(Z) ors urcuposannozo ¢ > 0. Jlokasano, wmo npu

cn
(i)

4
ABAACTNCA CUNLHO DACKPAULUSAEMBIM 8 T UBEO0E € BEPOATHOCITIBIO
cmpemawetica x 1 npu n — oo.

rinr 13 1 —-1/9 o o
c < gt —ggnr — ¢ — 1 19 eaymatinot eunepepad H | n,4,

On the strong colorings of a random 4-uniform hypergraph
A.E. Khuzieva
Moscow Institute of Physics and Technology, Moscow, Russia

[Iycrs H = (V, E') — uekoropsiii runeprpad. Packpacka MHOKeCTBa BEPITHH THIIED-
rpaca V' maswiBaeTCAd NpasuavbHotll, €C/IM OHA HEe TOPOXKIAeT OJHOIBETHBIX pebep B F.
Ecau cymecTtByeT mpaBmibHas packpacka runeprpada H B r nBeroB, To H Ha3bIBaeT-
sl T-PAcKpausaeMbLM. XpoMaTuaeckuM ducyiom runeprpada H, x(H ), Ha3bIBAIOT TaKoe
MHHHUMAJbHOE 7', 9TO H aBJIsIeTCs r-pacKpaliubiBAEMbBIM.

Packpacka muozkecrsa BepinuH runeprpada Ha3bIBaeTCs CUAbHOU, eCJId JI00bIe Bep-
IITUHBL U 7 v, JeKAIle B OJHOM pebpe, MMEIOT Pa3/IndHbIe [[BeTa. KCIN CYIeCTBYeT CHIb-
Hag packpacka runeprpada H B r BeTOB, TO OyeM TOBOPUTD, UYTO H ABAgeTCS r-cusbHo
packpawusaemvim. Cusvroim Tpomamueckum wucaom raneprpada H, xq-(H ), Ha3piBa-
eTcsd TaKoe MUHUMATIbHOE 7', uT0 H dBisgeTcs r-CUIbHO pacKpammuBaeMbiM. OYeBUIHO, YTO
CUJIbHAS PACKPACKA SIBJISETCS U MPABUJIBHOMN, a noromy X (H) > x(H).

OcHOBHOIT pe3y/IbTaT COCTOUT B MOJYYEHUH HUZKHEH OIEHKH ITOPOTOBON BEPOSTHOCTH
JUTsl CUJIBHOM 7-PacKpaIluBaeMoCcTh ciaydaitnoro runeprpada H(n, k,p) upu k = 4.
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Teopema 1. CyrmiecTByeT Takoe rg, 9TO JJid JIIOO0OTO 7 > 1 1 Jitoboro ¢ > 0, yjoBJe-
TBOPSIOIIET0 HEPABEHCTBY

1 13 1
rinr 13 I )

6 36 6

P (Xstr (H (n,4,cn/<2)>) < r> — 1 upu n — oo.

YrBepxkaenue 1. CymecTByeT Takoe g, 4TO JJId JI0O0ro r > rg u Jwobdboro ¢ > 0,
YIOBJIETBOPSIIOIIETO HEPABEHCTBY

c <

BBLIIIOJIHEHO

C BEpPOSTHOCTBIO, cTpeMsIneiics K 1, caydaitnbrii runeprpad H (n, 4,cn/ (2)) He obs1a1aeT
CUJILHOI cOAJTAHCUPOBAHHON PACKPACKOil B 7 I[BETOB.
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I'padbr Tuna /I>koHCOHA B reoMeTpuu

H. 1. Yepkammnn
Jlaboparopus um. [1.JI. Hebnimesa, Cankt-l1lerepOyprekuii rocy1apcTBeHHBIH
yuupepcurer, Cankt-Ilerepbypr, Poccus

Annomavus. Mu pacemampusaem cemeticmso epagos G(n, k,t); mro-
arcecmeo eepwun 2paga G(n, k,t) cocmoum us eexmopos us {—1,0, 1}"
dauno, VE; pebpa coedunaom napu 6epuitn o CKANAPHIM NPOU3GEde-
Huem t. Mor Haxodum “ucaa HE3ABUCUMOCTIU MAKUT 2Pado6 8 HeKomo-
POLT BOPOHCOEHHBLT CAYUAAT U MPUMEHAEM NOAYUEHHBLE PESYALINATIGE K
sadayve Heavcona — Xadsuzepa 6 pasmeprocmax 9—12.

Johnson-type graphs in geometry

D.D. Cherkashin
Chebyshev Laboratory, St. Petersburg State University, 14th Line V.O., 29B, Saint
Petersburg 199178 Russia

Consider the family of graphs G(n,k,t) defined in the following way: the vertex set
consist of all vectors from {—1,0,1}" with k nonzero coordinates; edges connect the pairs
of vertices with scalar product ¢ (so G(n,k,t) is not empty if k < n and —k <t < k or
k = n and t of the corresponding parity; if ¢ = —k then G(n, k,t) is a matching).

Raigorodskii use these graphs [1] to improve asymptotic lower bounds in the Nelson—
Hadwiger problem and the Borsuk problem.

We find the independence number of G(n, k, t) in several corner cases |2, 3| and apply
it to the Nelson-Hadwiger problem in dimensions 9-12 [2].

JTumepamypa
|1] Raigorodskii A. M. Borsuk’s problem and the chromatic numbers of some metric spaces
//Russian Mathematical Surveys. — 2001. — T. 56. — Ne. 1. — P. 103.

|2] Cherkashin D., Kulikov A., Raigorodskii A. On the chromatic numbers of small-
dimensional Euclidean spaces //Discrete Applied Mathematics. — 2018. — T. 243.
— C. 125-131.

|3] Cherkashin D., Kiselev S. Independence numbers of Johnson-type graphs //arXiv
preprint arXiv:1907.06752. — 2019.
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Two-colorings of random hypergraphs

D. A. Shabanov
Moscow Institute of Physics and Technology, Moscow, Russia
Higher School of Economics, Moscow, Russia

The talk deals with colorings of random hypergraphs. Let H(n, k,m) denote a uniform
model of a random k-uniform hypergraph on n vertices. The study of the 2-colorability
threshold in a random hypergraph had been initiated by N. Alon and J. Spencer [1]|, who
obtained the first bounds, their results were successively improved in a series of papers [2],
[3], [4], [5]. But all the mentioned results deal only with the case of fixed k and growing
n, when it is known that the 2-colorability property has the sharp threshold.

In our work we study the same question of 2-colorability and consider the parameter
k as a growing function of n. This situation is very interesting in connection with the
property B problem. Recall that the best current construction of a k-uniform non-2-
colorable hypergraph with the minimum number of edges is H(n, k,m) with n ~ k?/2.
Our main result establishes the sharp threshold for 2-colorability of H(n,k, m) provided
k is not too small in comparison with n.

Theorem. Suppose that k = k(n) < n/2 satisfies Inn = o(k) and n is even. For
positive integers n > 2k, define p = @(n, k) to be such that

o(n, k) _ (n/2)k _ n/2n/2—=1)---(n/2—k+1)
2k nk nn—1)---(n—k+1)

. ~ k—1
Then the function m = 22—1n2

random hypergraph H(n,k,m).

s the sharp threshold for 2-colorability property in the
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IlonwsapanbHbie XapaKTEPUCTUKU 33029 O 2- U 3-3Be3/1aX

JI. A. TloBrenon
dpocnasekuit rocynapcTBennblit yauBepcuteT uM. 1.1 demuaosa, fdpocnasib, Poccusa

Annomauus. Hceaedyromea nosusdpasoHvle Tapaxmepucmury, 06Yx
30004 0 NOCMPOEHUU ONMUMALLHOLL Nodepados 3- u 2- 36e3d. Yema-
HABAUBGEMCA, YMO Nepsas 3adaua asssemes NP-mpyduotd, a emopas
— NOAUHOMUANOHO PA3PEuUMOt. B pabome usyuaiomes MHo202parHuKy
3a0a4, 4 MAKHCEe YCMAHABAUBAIOMCA NAOMHOCTIU TOAUIOPAALHOZ0 2Pa-
da 6 oboux cayywasx. [lromnocmos nosusdpasvrozo epaga 3-3ee3d oue-
HUBAEMCA CHU3Y CEEPTNOAUHOMUMAALHOT PyHKyUed.

Polyhedral characteristics of 2- and 3-star graph problems

D. A. Shovgenov
Yaroslavl Demidov State University, Yaroslavl, Russia
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PaccmarpuBarorca ase 3a1adu o rpadax-3Be3gax.

Hamomuum obiee onpepenenne rpada 3 s-3se3n1. [loa rpadom 3-3Be310i Oyaem mo-
auMarh rpad G, MHOKecTBa BepIIuH U pebep KOTOPOIo 3aJIal0TcCd CJAEAYIONUM 0Opa3oM:
Ve={vo}U{u;, vi, wir 1 < i < n}, Eg={{vo, w;}, {w;, v;}, {w;, w;}: 1 <i <n}. B cuy-
qae rpada 2-38e3/61 MHOKecTBa V U E npuauMator caepyromuit ug: Ve={vo}U{w;, v;:
1<i< n}; EG:{{V07 ui}; {ui7 Vi}: 1<:< n}

Maxkcumanbubiii noarpad 3-3sesaa (Maximal 3-star subgraph, M3-SS). [an
noJinbiii rpad u3 n Bepumun (n = 3k + 1), Ha MHOXKeCTBe peGep KOTOPOrO OlpejiesieHa
dbyukuusa Becos ¢ = (¢;;) (1 < i < j <n). Haittu noarpad 3-38e31y, cymma Becos pebep
KOTOPOTO MaKCHUMaJbHa.

Maxkcumanbubiii noarpad 2-3sesaa. /lan nosusiii rpad us n Bepuun (n = 2k+1),
Ha MHOXKeCTBe pebep KOTOporo ompezesena (hyHKus Becos ¢ = (¢;;). Haiitn moarpad 2-
3Be3]1y, CYMMa BecoB pebep KOTOPOro MaKCHMAJIbHA.

['padbI-3B€31b1 UMEIOT IMHUPOKOE MPUMEHEHHE TIPU TTOCTPOCHUE KOMIBIOTEPHBIX CeTei
[1, 2, 3|, uccregoBanul TAMIJIBTOHOBBIX U MOJIYTaMILIBTOHOBBIX rpados [4], a Takxke B
HEKOTOPBIX (busmueckux momesx [5, 6].

UNurepecubim siBisiercst ToT bakt, uro u3BectHass NP-nosrasg 3amata 3OMOPO-
HBII OCTOB [7] aBagercs TOMMHOMHEAIBHO Pa3peIIuMOil B CIyHae, ecH OCTOB ABJIAeT-
cs 2-3Be310it u N P-monHoO#, ecyin ocToB — 3-3Be371a. B To ke Bpemsa N P-mosHas 3agada
MOHOXPOMATUYECKUN TPEYTOJIBHUK |7] cranoBuTCs HOJIMHOMIAIBHO Paspe-
HIIMOTi, eCJI BMECTO TPeyroJabHUKa paccMaTpuBarh rpad 1-3se3zy [8).

Pacemorpum npocrpancrso RY, rne d = |E| = "(”T_l), KOOPJAMHATHI KOTOPOIO aCCO-
nuupoBanbl ¢ pebpavu rpada G. ng kaxaoro moarpada 3-3Be37bl COTOCTABAM XapakK-
TepUCTHYeCKnii BeKTOp = € R?, 10J0KUB PaBHBIMHI €JIMHNIE 3HAYEHUS TeX KOODIWHAT,
KOTOPBIE COOTBETCTBYIOT pebpam mojarpada, U Hy/I0 3HAYeHHs OCTAJbHBIX KOODIMHAT.
IIycrs X — MHOXKECTBO MHOXKECTBO XapaKTEePUCTHIECKUX BEKTOPOB. PaccMoTpuM BEKTOD
¢ € R, coctaBiennniit w3 BecoB pebep rpacda G. Torma mocTaBienHas 3aJada ABISETCS
3ajadeil onTuMu3aun JuHeiHoil dyHkun (¢, r) Ha MHOXKecTBE X.

O6oznaunm 1gepe3 M (X) muororpannuk 3axadu: M(X) = convX. lommsyapaababim
rpadoM 3aja49u HA3bIBAETCA Ipadd MHOMOIPAHHHUKA, MHOXKECTBOM BEPIIHH KOTOPOIO CJIy-
JKHT MHOZKECTBO T€OMETPHYECKHX BePIUH (B JaHHOM ciydae 310 X ), a MHOXKeCTBOM pebep
~ COBOKYIIHOCTH I€OMETPHUYECKHUX pedep, TO eCTh MHOXKECTBO OJHOMEPHBIX I'DaHei.

s onmucanust rpadba MHOrOrpaHHHUKA MOJIE3HO CJIeyIolee yrBepkaenue 9.

Jemma 1. Jlse sepwuno, x vy mHozoepanhuka P cmescho, moeda u moavko mozda,
K020a OHU CMPO20 OMOEAANOMES OM MHOHCECTBA OCMAALHULEL €20 GEPUUH, UAU, UHBLMU
CAOBAMU, OHU HECMENHCHDL MO20A U TOALKO M020a, k0204 HEKOMOPAA UT BVNYKAGA KOMOU-
HAUUA COBNAOAEm ¢ HEKOMOPOT 6uiNYKA0T KOMOUHAUUET 0OCNANLHBIL SEPUUH, TO eCb,
natioymea maxue o > 0, >0, v, > 0, daa komopux

o+ By =3 7.z (1)

U CYMMUPOBAHUE NPOBOJUMCA NO BCEM BEPULUHAM, OMAUYHBIM O T U Y.
2. I'pad MmHOTOTpAaHHUKA 3-3BE3.

PaccMoTpuM KOHCTPYKITHIO CJI€/IYONIEro Bua: pa3oobem Beprinutabl rpada G na 4 Muao-
xKecTBa. B MHOXkKecTBO Vi mOMECTHM BEpIUHY Vi, MHOXKeCTBa Vo, Vi, V4 OyayT umerh
caenytormuit Bux: Vo—={va, ..., Vis1}, Va={Viio, .., Vors1}, Va={Vart2, ..., V3gy1}. U3
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MHOXKecTBa pebep rpacda ocTaBuM Te, KOTOPbIE MONAPHO COCAMHSIOT BEPIIMHBLI U3 MHO-
xectB Vi u Vo, Vo m V3, V3 m V4 1 paccMOTpuM 3a7a49y MOUCKA MAaKCHMAJIBHOTO TIO/I-
rpaca, aBagomerocs 3-3Be310i. Tak Kak BepmuHa Vi He MOXKeT OBITH COeJIMHEHA HH
C OJHOI W3 BepIUH MHOXKECTB V3 U V4, TO Jjisi HeE CYIIEeCTBYET €JIMHCTBEHHBIN CIIO-
cob pacmojioKenust pedbep, CJIeI0BATEHLHO, €6 MOKHO UCKIYATh U3 PACCMOTPEHUS MPU
[IOMCKEe MAaKCHMAaJIbHOI'O CYMMapHOro rpada 3-3Be3jibl, a 3aTeM IIPUOABHTL CYMMAapPHbIil
BeC PeOEP Cyi vy 5 Corvg »- - -5 Coryopyy - Ll€PEPOPMyIHPYeM 3aJa4y CJAEIYIONEM 00pa3oM:
JTaH TPEXIOJBHBIN Trpad, pasMep KaxKIoi T0JH KOTOPOro colep:kuT k Bepmma. Kaxk-
Joit Tpoitke Beprnnu Vi(i), vs(j), va(k) mo craBum B coorBercTBHE €6 BeC — BEJINUUHY
Coa(i)03(j) T Cos(j)wa(k) - L PEOyeTCs HaliTu k Tpoek, Jjid KOTOPbIX KazK/1as BepIINHa HCHOJIb-
3yeTcsi POBHO OJIMH Pa3 W CyMMapHBIi BeC KOTOPhIX MakcumasieH. Jlanaas (popMyanpoBka
anasornaaa dopmysuposke 3agaun TPEXMEPHOE COYETAHUE (10, 11].

O603HaIIM Tepe3 X,, MHOZKECTBO, SIEMEHTAMH KOTOPOTo cayKaT noAarpadbl T, COOT-
BETCTBYIOIHE BCEBO3MOXKHBIM Pa30MeHUsIM HA TPOITKH, ¢ MHOYKECTBAMH pedep, TO/Ty 4at0-
muMucsd npu pazouennn. Yepes X,, 0003HAYNM MHOZKECTBO XapaKTEPUCTHYECKUX BEKTO-
poB noarpados & € X,,.

CMeKHOCTD BePIIMH MHOT'OIPpaHHUKA convX,, ONMUCBIBACTCS CJICIYIONINM YTBEPKICHH-
eM.

Teopema 1. Bepuwurnvt  u Yy MHO202PDAHHUKG cONVX, CMENCHBL M020G U MOALKO
mozda, ecalt MHONCECTBO, NOAYUANUEECA NOCAE OMOPACHIBAHUA 0OWUT OAf COOMBEM-
CMBYWUL X U T MPOEK, HeAb3A Pa3bumb Ha 064 NOIMHONCECTNEA, KaHCIOE U3 KOMOPHIL
pacnadaemcs wa mpotixy 0AL X U 7.

C moMoIbio KpUTEpHs CMEXKHOCTH BEPIITMH MHOTOTDAHHUKA, X, MOYKeT OBbIThH MOy 9eHa
HIDKHSISE OIEHKA IJI0THOCTH ero rpada [12].

Teopema 2. Ilrommnocmo p(X,), ede n = 3k + 1, epaga mnozoepannukra convX,
ydosaemeopaem HepaseHcmey:

p(Xn) > 2@271
3. I'pacdp muOrorpanamka 2-3Be31I.

PaccMoTpuM aHATIOTHYHYIO KOHCTPYKIHIO /I 2-3Be37, Pa3OUB BepIIWHBI rpacda Ha
3 muoxkecrBa: Vi={vi}, Vo={va, ..., vii1}, Vs={Vki2, .., Vory1}. [Ipumenun anaso-
TUYHBIE PACCYKIEHUsI, HAXOAUM, 9TO 33/a9a HAXOXKIEHUsS MaKCHMAJIbLHOrO moarpada 2-
3B€3/IbI HMEeT aHAJOTHIHYI0 (DOPMYIHPOBKY, UTO U 337a49a O HA3HAUCHUIX, /IJId KOTOPOit
M3BECTHA HUKHsIS OIEHKA IJIOTHOCTH rpada MHOrorpanHuka [13:

Teopema 3. Ilromnocms p(X,), 2de n = 2k + 1, epaa mmozozpannura convX,
yd06.AEMBE0PAEM HEPABEHCNGY:

(k+1)

p(Xn) > A

3akiao4ueHue

[lonydeHnHbIe pPE3YABTATH MO3BOJSIOT CBUIETEILCTBOBATH O HAJUYUH CBSI3W MEKIY
IJIOTHOCTHIO I'padha MHOI'OIPDAHHUKA U CJIOXKHOCTBIO 3a/1a4u. Tak, rpad 2-38€3/1 110 CBOUM
KOMOMHATOPHBIM CBOMCTBaM OKa3aJjcs OJIM30K K rpady 3agadnm O Ha3HAYEHUAX, pa3pe-

IMUAMOIl 3a TOJMHOMHAIBHOE BpPEMs, B TO BpeMs ILIOTHOCTH rpada 3-3Be3] 0Ka3ajaach
9KCIIOHEeHIHaJIbHOH u 6.1m3Koi K 3amade TPEXMEPHOE COYETAHUE.
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Bausanaue. TeopeMbl 0 cpeiHeM U CTPeEMJIEHNE K CIIPABEJINBOCTU

JI. A. IIBapi
HamnuonaJibubiit uccenoBare/bckuilt yuusepcurer Boiciias nikosia skonomuku, Mocksa,
Poccus,
Kaskaszckuii maTemaTudeckuii menTp, Maiikon, Poccus

Annomavuus. Ochosnas udes NPoOnOPUUOHANDHO20 NPEICMABUMENb-
CMBA COCTNOUT, 6 MOM, YIMO YUCAO MECT, 6 NAPAGMEHINE, TOAYYEH-
HOE napmueti 8 pe3yivmame evhopos, doANHCHO 6B NPOTLOPUUOHAALHO
wucAY udbupamenetl, nNpPo20A0COBABWUL 36 IMY napmuto. Moowcro nped-
NOAOHCUMD, YMO U BAUAHUE NAPMUY, (4MOo 6bl N00 HUM HE NOHUMAAOCH)
QONHCHO OBIMD NPONOPUUOHAALHO YUCAY NOAYIEHHDIT €10 MECT 8 NAPAG-
mernme. Odnaxo, 8 npomusopenut ¢ UHMYUYUet, BAUAHUE HE MONHCEM,
OBIMb NPONOPUUOHAALHO YuUcAy 2040c08. Ho ne sce max naoxo. B pabo-
me obcyscdaemen dea cnocoba "eoccmanosums cnpasedaiusocmsy .

— Ioxasano, wmo "e cpednem no xeome"eruarue napmud oas mHo2ux
UHOEKCO8 BAUAHUS NPONOPUUOHGADHO YUCAY UL 2040C08.

— Jokazano cywecmeosanue EPOATNHOCTIHBOIL CLEM 20A0C6AHUA, M-
MEMAMUYECKOE OHCUIGHUE BAUAHUSL NAPTUL 8 KOMOPBLL NPOTLOPULO-
HAABHO YUCAY 2040C08.

Power indices. Average Theorems and the pursuit to justice
D. A. Shvarts
National Research University Higher School of Economics, Moscow, Russia and
Caucasian Mathematical Center, Maikop, Russia

BBe,I[‘eHI/Ie. HpOCTbIe UI'Ppbl 1 MHAEKCHI BJINAHNA

[Iycte N = {1,...,n}. DuemenTsl MHO)KecTBa N HA3BIBAIOTCSI UTPOKAMHE, MOJIMHOKECTBA
N — KoaJaumusaMu.

[Ipocras urpa — napa (N, v), rae v : 2¥ — {0, 1} — xapakTepucruueckas QyHKIus,
yoBseTBopsitoriast cBoiictBy MonotornocTH: ecaun S, T C N u S C T, 1o v(S) < v(T).

Koasmmust S BemrpeiBaorasi, ecan v(S) = 1, n npourperiBatormmasi, ecam v(.S) = 0.

Urpok i Ha3blBaeTCsl KJIIOYEBBIM B Koaauiuu S, ecin S BeiurpbiBatomas, a S \ {i} —
HeT. § Ha3bIBaeTCs OOJIBAHOM, €CJIH OH He K/IOYeBOH HM B OJHON Koajumiuu. MHOKECTBO
BCEX KOaJIMI|il, B KOTOPHIX § — KJ/I04eBoit, ob6o3nauaercs W;(v). Koasunus S nasbiba-
eTcsi MUHUMAJIBHOM, eCJu BCe MIPOKH B Hell KirodeBble. MHOKECTBA, BBIMTPBIBAIONIMX 1
MUHUMAJIBHBIX BBIMIPHIBAIONINX KOATUIHH 0003Ha4datorTcs coorerctBenno W (v) n M(v).
[Iycts S € M (v). O6o3HaunM depe3 v_g UTPY, TMOJYUEHHYIO U3 U MEPeBOIOM S W3 BBIUT-
PBIBAIOIINX KOAMHIHi B mpourpsisatomune. Popmansuao Wi(v_g) = W(v) \ {S}.

[Iycts N = {1,...,n} — MHO)KecTBO UTPOKOB. ['00cOBaHIeM ¢ KBOTOIl HA3BIBAETCS
YIOPSAI0YeHHBI HAGOD U3 N+ 1 HEOTPUIATEIHLHOIO YUC/Ia, HEPBOE U3 KOTOPHIX () HA3BIBA-
eTcst KBOTOIl, a ocTajbHble (W1, . .., W,) — TUCJIOM TOJOCOB HJIH BECOM COOTBETCTBYIOIIETO
urpoka. ['oiocoBaHme ¢ KBOTOH KPATKO 3alUCBIBACTCS KaK (q; Wy, . .., Wy).
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IIT OCEHHUE MATEMATWUYECKHWE YTEHUS B AJIBITEE

YucsoM 10710coB (HWIH BECOM) KOATHUITUA HA3BIBACTCH CYMMa TOJOCOB BXOJAIINX B Hee
urpokos: w(S) = > w;. Koanunus BEIUTPHIBAIOIIASL, €CJTH €€ BeC He MEHbINe KBOTHI, H

POUTPBIBAIOTIIAST IBZEI%)OTI/IBHOM cayJae.

[TpocTast urpa yoBIeTBOPSET YCJIOBUIO OHO3ZHATHOCTH FOJIOCOBAHUS, €CJTH JIJTs1 JTI000H
BBIMIPBIBAIONIEH Koamumun S Koagurust N \ S MpOUrphIBAIOIIAs.

Unnexc pmanna, ® : SG, — R, comocrapngeT KaxJo#t MPOCTOil UI'pe v BEKTOP
®(v), i-1 KOMIOHEHTA KOTOPOI'O HHTEPIPETUPYETCS KAK BJIUSHHE HTPOKA 1.

Biiusinue napruu B mapjaMenTe ONpeesigeTcs BO3MOKHOCTHIO NapTuu hOpMHPOBATH
C JIPYTUMHU NAPTHSMH BBIMTPBIBAIONIHE Koaauiuu. Bosee Toro, ciaoBa "mapTus MOKeT
BJINATH HA IIPUHSATHE PEIIeHws" MOXKHO HHTEPIIPETUPOBATH, KaK ''CyIecTBYIOT CUTYAIH, B
KOTOPBIX M3MEHEeHNe MHEHUsI UMEHHO 3Toi napruu ¢ "mporus'na "3a'"mo3sossier npunsth
peIlieHre TO eCTh MAPTHUsl sIBJISETCS KJIIOUEBOH B Kakoi-To koasuruu. [losTomy BiusiHue
NapTUU 3aBUCUT OT TOTO, B KAKUX KOAJUIUSIX OHA Oy/IeT KJIFOYEBOit.

Bce u3BecTHbIe HHAEKCHI BIAUSHES, TO €CTh KOJNIECTBEHHBIE OTEHKH BJIUSTHUSI TAPTHN
B apJsiaMenTe (MIPOKa B TPOCTON UTDe) 3aBUCSAT KaK pa3 OT qucja u "KadecrBa Koaauuii,
B KOTOPBIX UI'POK KJIIOYEBOIi.

TpaaunuoHHO BIUSTHAE U3MEPSIETCs] B MPOIEHTAX, UTO MPE/IIOIAraeT, ITO CyMMa BJIU-
stHuit Becex urpokos pasaa 1 (wiu 100%). D10 cBOHCTBO BepHO /I GONBIIMHCTBA HHIEKCOB
BJIUSIHUS, HO €CTh U UCKJIIOUEHUS, CAMOE U3BECTHOE U3 KOTOPBIX — HWHeKe [lempoysa.

Haubosee ke n3pectnnl nnjiekcol Biangnus bannada n [Memm—IITyouka.

B nnnekce Bauauus Ilernpoysa (P) [5], qucio koanunuit ¢ KIIOYEBBIM UTPOKOM i
JIEJINTCST HA YUCJI0 BCEX KOAJUIINI, B KOTOPBIE BXOIUT i

Pv) = 5 Wi(0)]

Nunekc Bnugansg Baanada (Bz) nponopuuonasnen nnexcy [lenpoysa, HO HOpMHE-
poBaH TakK, YTOOLI CYMMa BJIUSHUN OblIa paBHA €JIMHUIIE:

Wil '
Z?:l |W]|

Nunexc Menmn—IITy6uka (SSI) [7] — gacrublii cayvait Bekropa [emmun. B mem
YUCII0, KOTOPOE KOAJIUIHUs J00ABIIsieT K BIUSHUIO UTPOKA, 3ABUCAT OT ee pasMepa

ssi= Y (n—s)(s—1)! ™ (0(8) = v(S\ (1)) (n—s)\(s = 1)1

n! n!
SeW;(v) SCN

BZZ‘ =

I/Il"pLI N MHIEKCHhI BJINAHNA, 3aBUCAIIIE€ OT Hpe,I[IIO‘-ITeHI/Iﬁ Y4aCTHUKOB

B onpegenenne npocToii Urpebl 100aBIgeTCs JOMOJIHATENbHAS WHDOPMAIHT — KazKIOMY
UIPOKY ¢ U Koajuuuu S conocrasisiercs duciao f(i,S), KoTopoe MOXKHO BOCHPUHUMATH,
KaK Mepy YKeJaHUsd MIPOKA 4 IPUCOCTUHATLCA K S.

Haszosem npocroit urpoit ¢ npeanourenusimu 1poitky (N, v, f), tne N = {1,... n} —
MHOKeCTBO MI'DOKOB, mapa (IV,v) obpasyer mpocryio urpy, a f(i,S) — Hekoropasi QyHK-
must. Urpa (N, v, f) gacro obo3navgaercst mpocTo v.

Oupenennm a-uHjgeke Biaustaus |1, 2|, kak

av) = Y fi9). (1)

SeW;(v)
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KOMBUHATOPUKA U TEOPUS YUCEJ

AKcuomMpbl

AKCI/IOMaTI/IquKOMy IOoAX0oAy K MHAEKCaM BJIUAHUA IMOCBAIIEHO OI'POMHOE KOJIMYIECTBO pa-
6or, manpumep, |1, 4, 6, 7|. ChopmyaupyeM HECKOTBKO XOPOIIO H3BECTHBIX AKCHOM JIJIst
UH/ICKCOB BJIUSHHS.

Axcuoma Gossauna / Null Player (NP). s mo6oii urpsl v: eciau i — 60JBaH B
Urpe v, TO ero BausgHure pasHo 0.

Aunonumuocts / Anonymity (An). s 11060t mepecTaHOBKE T UTPOKOB ITPOCTON
urpsl v D;(1v) = Or(y(v).

Tpaucdep / Transfer (T). g nobbx urp v, w, Jawboit koamunuu S € M(v) N
M (w) u qroboro i € N

D, (v) — P;(v_g) = Di(w) — P;(w_g).

CuMMeTpu9IHOCTh A0X0A0B/moTepsb / Symmetric Gain-Loss (SymGL). 1)
Hus m06oit urpst v, s060i Koaaumun S € M (v) n Jaw00bIX i, j € S:

®i(v) = @5(v-g) = P;(v) — D;(v_s).
2) dust m060it urpst v, j06oi koauiun S € M (v) u awobbix i, 5 ¢ S:
B,(0) — Bifvs) = B;(0) — By(0s).

Bce ynoMsiHyTBIE B CTAThe HHIEKCHI YAOBIETBOPSIIOT aKCHOMe GoBaHa. AKCHOME aHO-
HUMHOCTH Y/IOBJIETBODSIIOT BCE KJIACCHMYECKHEe NHJEKCH BJIUSIHUS, HO HE (-HHJEKC. AKCHO-
me T ymoBaeTBopsioT Bee HHIEKCH, KpoMme muaekca bBamnmada (|1, 4]), akcnome SymGL
yrosserBopsitor uHaekcol [lenpoysa u Hlemau—I1ly6uka ([4]), a a-ubmekc — ToIBKO ee
[ePBOiil 9acTH U TOJIBKO ecju urpa cummerpudna ([1]).

Teopema o cpegnem

Mo mupexca Bannada (1 1106010 Ipyroro HHIEKCa, He YIAOBJIETBOPSIONIETO AKCHOME a/l-
JUTHBHOCTH 1aH ee aHasjoram T wim SymGL) ctporo chopmyanpoBarh 310 yTBEPIK/IeHIe
npobsemarudno. Ho a1 afAuTUBHBIX WHIEKCOB BIHSHIS MOYKHO TMPOBECTH CJIEIYIOIIEe
paccyzKjieHue.

O603Ha4IUM Tepe3 v, TOJTO0COBAHUE C KBOTOH (¢; Wy, . . ., Wy ), T.€. TUCJIO TOJOCOB yIaCT-
HUKOB (PHKCHPOBAHO, ¢ — IapaMeTp.

Teopema 1. 1) Jlna a—uHuekca:

/OOO a;(vy) dg = w; - Z f(i,9).

S3i
2) Iycrp ungekc pausiaust $(v) ymosaersopsier akcnomam NP, T u SymGL. Torga

®,;(v,) dg nponoprmonagen w;.

3) Jns uupexcos [lenpoysa u Ilemmun—I1Ty6uka:

/ P;(v,) dg :/ SSi(vy) dg = w;.
0 0
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A ecism ucxonm rosiocoBaHus OAHO3HAYEH!

B 6Go/bIIHHCTBE peaJbHBIX CXeM ToJocoBanus ¢ > w(N)/2, T.e. BBIIOJHAETCS YCJIOBHE
OJIHO3HAYHOCTH MCXOJa IoJI0coBaHMs. 1103TOMY IpH yCpeIHEeHUH JOIMYHO HAYHHATDL WH-
rerpupoBanue 10 kBore He ¢ 0, a ¢ w(N)/2. OxasbBaerCst, 4TO TEOPEMA O CPEJHEM LIPU
HEKOTOPBIX AOIIOJHUTECJIbHBIX OI'PaHUYCHUAX OCTaCTCAd BEpHAa.

Teopema 2. 1) na a—wunnexca: mycTb GYHKIUE THTEHCUBHOCTH TAKOBBI, UTO JJIsI
nr0boro urpoka @ u koamuiwu S f(i,S) = f(i, (N \ S) U {i}). Torma

w(N)
[ aitw)da=qu Y £
w(N)/2 S3i
2) dnst uupexcos [lenpoysa u lenaun—I1Ty6uka:
w(N) w(N)
/ P;(vy) dg = / SSi(vy) dg = w; /2.
w(N)/2 w(N)/2

HauanbHoe ycii0BHe mepBoil 4acTé TeopeMbl 03HAYAET, YTO MIPOKY BCE DABHO, C KeM
BCTYIATh B KOAJUNHUI0 — ¢ urpokamu u3 S \ {i} wm ¢ ocrambupiMu urpokamu (N \ S).

duckperssblii ciaydait

Yarmre Bcero 4mcsao roJiocoB W KBOTa — IeJible YucJaa. 1oraa Mpu yepeJIHeHuH MOXKHO He
WHTEeTPUPOBATH, & CYMMHPOBATH IO KBOTE.

Teopema 3. 1) /las a—unHgexca:

Zowq dg=w; -y f(i,5).

S3i

Ecin dyHKIHH HHTEHCHBHOCTH TAKOBBI, YTO JJIs JIIOOOIO HUI'POKA ¢ W KOAJUIUUA S

[0, 8) = [, (N'\ §) U{i}), To

w(N)
Z a;(vy) dg = Zf i,9).
w(N)/2 S3i

2) Iycre ungekc Bausaus P(v) yaosaersopsier akcuomam NP, T u SymGL. Torma
>0 ®;(vy) dg nponopuunonaien w;.
3) Jnst uupexcos [enpoysa u lenaun—I1Ty6uka:

Z P;(vy)dg = Z SSi(vg) dg = w;.
0 0

w(N) w(N)
Z P;(vy) dq = Z SSi(vg) dg = w; /2.
w(N)/2 w(N)/2
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He,I[eTepMI/IHI/IpOBaHHbIe CX€eéMBbI I'0JIOCOBaHU:A

Pesynbrar TeopeMbl 3 MOXKHO BOCHPHHUMATH KaK BO3BDAINEHHE K MPUHITHIY '"BIHsSHUE
JIOJIZKHO OBITH HPOMOPIMOHAIBLHO ducy 1o10coB'. Hanpumep, ecjiu BBITIOIHSIIOTCS YCI0-
BUS T 2) Wi 3) TeOpeMbl 3, MOXKHO MPEJIOKUTh TaKyl CXeMy HPHHITHS DelleHus:
cJydaifHO U PABHOBEPOATHO BbiOHpaercsa KBora or w(N)/2 1o w(N) u rosocoBanue mpo-
BOJUTCS ¢ Takoit KBoToH. Torga MaTeMaTHIecKoe OXKHIAHUE BIUSHHS MPH TOJTOCOBAHUH
OymeT MPOMOPIHOHATBHO THCTY TOJOCOB.

Ananorndnoe yrBepzk/eHue OyJeT BEPHO W Jisi HODMUPOBAHHBIX HHJICKCOB, HO U3-33
HOPMUPOBAHHS BeCA PA3IUIHBIX MOJOCOBAHUN OY/yT DA3INIHEL.

C apyroit cToponsl, 4uca0 pasznuaubix KBoT (w(N)/2) MoxKer OBITH OY€Hb BEJIHKO.
OKa3bIBACTCS, ITO ITO UUCIO MOKHO YMEHBIITHTD JI0 IHCJIa HIPOKOB.

BymeM roBopuTh, 9TO MHAEKC BJIUSHHS YIOBICTBOPSET TEOPEME O CPETHEM, €CJIH JJIs
HETO BBIMOTHSIETCS TYHKT 2) TeopeMbl 1 (M TeopeMsbl 3).

Teopema 4. Ecin ungekc ausiaust ¢ (Win MHIEKC, TPOHOPIHOHAILHBIH eMy) yi10-
BJIETBODSIET TEOPEMe O CPeJTHeM, TO CYIIECTBYIOT TaKWe KBOTHI G, . .., (J, U BEPOITHOCTU

P1s.--yPn, 4TO

n
szq)qz ~ (U)l, e ,wn).
i=1

JTumepamypa

[1] OIsapr J.A. AkcmomMaTuka Jjis WHACKCOB BJIMSHUSI, YIUTBIBAIOIINX IPEIIOUTEHHST
yuactaukoB // Apromaruka u Tenemexanmka, Mocksa. 2010. Ne 1. C. 144—158.

[2] Aleskerov F. Power indices taking into account agents’ preferences. Mathematics and
Democracy. Berlin, Springer, 2006. P. 1—18.

|3] Banzhaf J. F. Weighted Voting Doesn’t Work: A Mathematical Analysis // Rutgers
Law Review. 1965. Ne 19. P. 317—343.

|4] Laruelle A., Valenciano F. Shapley—Shubik and Banzhat Indices Revisited //
Mathematics of operation research. 2000. 26. Ne 1. P. 89—104.

[5] Penrose L.S. Elementary statistics of majority voting // Journal of the Royal Statictics
Society. 1946. Ne 109. P. 53—57.

|6] Shapley L.S. A Value for n-person Games. In: Annals of Mathematical Studies. Ne 28.
P. 307—317. Princeton University Press, 1953.

|7| Shapley L.S., Shubik M. A method for Evaluating the Distribution of Power in a
Committee System // American Political Science Review. 1954. Ne 48(3). P. 787—792.

60



IIT OCEHHUE MATEMATWUYECKHWE YTEHUS B AJIBITEE

Cesedenus 06 asmopax

Isapm d.A., k.d.M.H., jgonenTt jgenapraMenta Maremaruku POH HUY BIID,
dshvarts@mail.ru, Teopust urp u BAUHHE B BRIOOPHBIX OpraHax.

VIIK 519.175.4
BBK 22.174.2
76

KoneunocTh cneKkTpa (popMyJ IEPBOTO IMOPSA/IKAa KBAHTOPHO
ryTyOuHbI 4

1O. H. dpoBukos

Mockosckuit puzuko-rexundeckuit nnctutyt, Mocksa, Poccus

Anrnomayus. Hsywaemca acumnmomudeckoe nosedenue ceolicms
nepe020 nopAdka cayualinozo epapa. Mv, dokasvieaem, wmo cnexmp A10-
6020 ceoticmsa 2AybuHbL 4 KOHEUEH.

First order formulae of quantifier depth 4 spectrum finiteness
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Mp&br paccMaTprBaeM aCHMITOTHYECKOE TOBEeIeHNe CBOHCTB MepBOro mopsiika (CBOHCTH,
BBIDA3UMBIX B JIOTHKE [EPBOrO MOpsiIKa) GHHOMHUAIBHBIX CIydaiinbix rpacdos G(n,p). To-
BOPAT, 9TO caydaitusiit rpad G(n, p) noduunaemea 3aK0HY HYAA UAY €OUHULDL, €CTTH TJTST
KasKJI0TO CBOHCTBa rpada IepBOro MOPSIKa BEPOSTHOCTH €r0 BBIMOJTHEHHS CTPEMUTCS
anb0 K HyJr0, 1n00 K equHume. Takzke roBOPAT, 9TO CJOydaiiHblil rpad noduunsemcs k-
3AKOHY HYAA UAU €OUHUYDL, €CTTU JIJIT KaZKJI0TO CBOMCTBA rpada mepBoro mopsijika KBaH-
TOpPHOI I1yObuHbI He 60J1ee k BepOITHOCTD €0 BBIIOJTHEHUS CTPEMUTC JIHOO K HYJTI0, JTU0O
K eJIMHHIIE.

[Iycts a € (0,1) — meiicrBurensroe uncao. B 1988 roxy /Txk. Cnencep u C. Ilesnax
JIOKa3aJd, 94To Jis caydaitaoro rpada G(n, n~*) BBIIOJTHIETCs 3aKOH HYJIsl I € THHUIIbI,
eCJI M TOJIBKO €CJIM (v HPPANHOHAJBHO. [0BOPAT, YTO panuoHAIbHOE (v IPUHAIIEKHAT K-
cnexmpy, ecid caydaitusiii rpad G(n,n~ ) He mogunHsIeTCs k-3aKOHY HYJIsI UIN € THHUTIBL.

B 2012 roxy M. E. 2KykoBckuii goKa3aJji, 9T0 HAUMEHBIIHI 3/1eMeHT k-CIIeKTpa paBeH
ﬁ. [Ipu sTOM ODOIIast cCTPpyKTYpa k-CleKTpa Ho-IpexKHeMy He u3ydena. OJHaKO, H3BECTHO
(dx. Crnencep, 1990), uro 14-cniektp Geckoneuen. Bosee Toro, M. 2KykoBckuil qokasad,

4TO % — IpejiejibHAsT TOYKA H-CrekTpa, a 3-cuekTp koneden. Hakowmen, B 2018 romxy A.

Marymkun u M. 2KykoBckuii goKa3ajin, 4TO €JIMHCTBEHHBIMU IIPEeJTbHBIMU TOYKAMu 4-
1.3

CHEKTpa MOTYT OBITH JIUNIb 5 U .

Ham pe3yJjbTar COCTOUT B TOM, YTO Mbl AJOKA3blBacM, 1TO % n % TaKZK€ HE dBJIAIOT-
CA IIpeaeJIbHBIMHU TOYKaMH 4—CH€KTpa. CJIG,ZLOBaTeJIbHO, 4—CH€KTp ABJIAeTCAd KOHCYHbIM U

MUHUMAJILHOE Kk, JIJIST KOTOPOTO CIIeKTP OeCKOHeUueH, paBHO D.
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Annomavus. Koamozoposckotl cA0HCHOCMBIO CA0BA HA3BIBAEMCA OAU-
HG Kpamuatiuetd npoepammvt, KOMOoOPasi NEYGMaem Mo CA080 HA NY-
cmom sxode. Ecau caoochocms cusbHo MeHbUWE OAUHDL, O CA0BO CHU-
maemca HecaAyuatinvm, Kok u npouecc, e20 nopoduswut. Taxum o06-
PA30M, MOOCUEM KOAMOZOPOBCKOT, CAOHCHOCTIU MO2 Obl Obimb YHUBED-
CANLHOLM TMECTOM KAYECMEA 2eHEPAMOPa CAYHatinbr bumos. K coorca-
AEHUND, KOAMOZ0POGCKAA CAONCHOCTNL HEBBIMUCAUMA, MAK 4IMO MaKoT
mecm uepeaausyem aszopummuvecku. Hedaeho OvLio nokasaro, «4mo
HE MOABKO CaMA PYHKUUA CAONHCHOCTNU HEBVIMUCAUMA, HO U At0bOE eé
docmamouro Oauskoe npudbasuscenue. Mow usydaem caedecmeus 9mozo
daxma s nocmpoeruti Mecmos CAYHATIHOCTMU.
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Bregenne

[IycTs 3amaH HEKOTOPBINA TeHepaTop caydailHbix OutoB. B miease Bce BblaaBaembie Ou-
ThI JOJIZKHBI OBITh PACIPEIeIeHbl PABHOMEPHO M HE3aBUCUMO B COBOKYIHOCTH. HO MOXKHO
JIA TI0 HEKOTOPOMY HAYAJIbHOMY YYaCTKY HOHATH, HACKOJIBKO reneparop xoporiri? C oaHoii
CTOPOHBI, BCE HAYAJIbHBIE YIACTKH PaBHOBEPOATHBLI. C ApPyroil CTOPOHBI, €CJAN TeHEPATOP
BBIJAET OTHM HYJIH, WIH OJHU €JUHUIBI, Win peryiadpHoe depemoanume 10101010... u
T.I., TO BPsJ JIK TakKoi rereparop xopoml. OTKyIa cjiemayeT 3ToT BbIBoJA!? OOBIYHO T'OBO-
PST O CTATUCTUYIECKUX TecTaxX. B MepBBHIX ABYX MpUMEpax HAPYIIAETCS YaCTOTHBIN TecT: B
CAyYaitHOM CJIOBE HyJIell M eIUHWUI JOJKHO OBITh IPUMEPHO MOPOBHY. B TperheMm ciyuae
HAPYIIAETCS YACTOTHBIN TECT M1 JUTPAMM: B CIyYaffHOM CJIOBE BCEX Iap MOAPST WYX
00, 01, 10, 11 Takzke JOJ2KHO OBITH IPUMEPHO MOpoBHY. EcTh MHOXKECTBO 60Jjiee XUTPHIX
TeCTOB, HAIIPUMED, CEPUATBHBII (B MOC/IEI0BATEIBHOCTH JOJZKHBL OBITH JIOCTATOYHO JIJTHH-
Hble TETNOYKH U3 OJHUX HYyJell Wi OJHUX eJIUHUI], HO He CJIUIIKOM YK JIJIHHHBIE).

Tem HE MeHee, Bce 9TH TeCThl MOI'YT HHYEro He JaTh. PAacCMOTPHM TaKyIO IOCJIEI0BA-
TeJTbHOCTD:

11011 10011 10111 10100 00001 10101 11000 00111 10111 11111 01000 11010

B meit 60 6utoB, u3 nux 25 nysaeit u 35 equnun, gurpammbol 00, 01, 10, 11 BcTpedatoTcs
12, 12, 13 u 22 pa3a, cOOTBETCTBEHHO, caMble JTuHHbIE cepuu 3 0 m 1 mMmeroT AnuHy 6
u 8, coorBercTBEeHHO. Bee 3T OTKJ/IOHEeHUs YKJIA/IbIBAIOTCS B JIOBEPUTEIbHBIE NHTEPBAJIbI.
MozkHO i Ha3BaTh MOCAEI0BATEIBHOCTE CaydaiiHoi ! OKa3bIBaeTC s, HET: Y HE€ eCTh OYeHb
MPOCTOE ONUCAHUE: 3TO 3HAKU JECATUYHOTO PA3JIOKEHUsS YHCIA 7, TJie YETHbIE MUPHI
3aMeHeHbI Ha HYJIU, a HeYETHbIEe HA €/TMHUIIbI.

MozkHO jgaTh Takoe HedOopMabHOe 00Ilee OIlpeeseHue: MOCaeI0BATEILHOCTh CIy-
Jaiina, ecjin B Hell HEeT HUKAKuX 3akonomepuocteit. Ho 4To takoe 3akonomepHoCTh? D10
HEKOTOPAas BHYTPEHHSAS 3aBUCHMOCTH, KOTOPYIO MOXKHO KOPOTKO omucarhb. llpu 3Tom He
00513aTe/IbHO 3TY 3aBUCUMOCTH MOYKHO BBISIBUTH aHAJIN30M TOCJIEI0BATETLHOCTH, U JIaKe
He 00d3aTe/IHLHO 0 OIMMCAHUIO 3AKOHOMEPHOCTH MOYKHO ITPOBEPHUTH, €CTh OHA Wu HeT. Ho
eCcJIM ONACaHue MPeIbIBJIEHO BMECTe C JIOKA3aTeJIbCTBOM €0 MPABUJIBHOCTH, TO 3TO Y2Ke
MOKHO TPOBEPHUTD.

QopmaIbHO HAJMYUE 3aKOHOMEPHOCTH B CJIOBE T BbIPAYKaeTCHd KOPOTKON MPOrpaMMOii,
KOTOpag redaraeT T Ha NMycTOM Bxoje. lymHa Kparyaiinieil Takoil mporpaMMbl Ha3blBa-
erTcsl KOAMO20POBCKOT caoochocmoto cioa x u obosnadaerca C(z). Ilo npuanumy /lu-
pHUXJIe SCHO, YTO CJIOB MAJIOH# KOJMOTOPOBCKOW CJIO?KHOCTH HEMHOIO, a y OOJIBITHHCTBA
CJIOB CJOYKHOCTH OJIM3Ka K JIuHe. BBLI1o OBl XOPOINO ¢AeJaTh YHUBEPCAJBHBIN «KOJIMO-
TOPOBCKHiT» TECT CAYYalHOCTH: BEPHO JH, 9TO KOJMOTOPOBCKAs CJIOKHOCTH TPUMEPHO
pasHa giauHe? K coKaMEHUIO, TAKOH TECT HEBO3MOZKEH M3-33 HEBBIYUCIUMOCTH (DyHKITUN
caokHOCTH. Jleso B ToM, 9T0 eciu Obl OHa ObljIa BBIUUC/IIMA, TO MOYKHO OBLIO Obl HaiiTh

63



KOMBUHATOPUKA U TEOPUS YUCEJ

HaMMeHbIIIee 110 HEKOTOPOMY HMOPSIKY CJIO0KHOE CJI0BO. A TOrIa 3TO CJI0BO MOXKHO OBLIO
OBl IOJIYYUTh, 3HAs TOJHKO HOPOT CJOXKHOCTH, T.€. OHO OBLIO ObI IPOCTBIM. DTO IIPOTUBO-
peune CcpoaHU U3BECTHOMY mapaaokcy beppu: dpasza «Haumenvuiee Hamyparsvroe wucao,
KOMOPOE HEAD3A ONUCAMYG PPA30Tl HG PYCCKOM A3bIKE HE OAUHHEE YeMbPHAJUAMU A0S
TOBOPUT O HEBO3MOYKHOCTH OTHUCAHUSI, KOTOPHIM CaMa, STBJISIETCH.

He moxker im OBITH Tak, 9TO KOJIMOTOPOBCKAs CJIOKHOCTb BCE K€ «IIOYTU BBIYUC/IH-
May» U €CJIH He UJIeAJbHBINA, TO OUYeHb XOPOIIHNA TECT B KOJIMOT'OPOBCKOM IyX€ U3TOTOBUTH
MOKHO? OKa3bIBACTCS, B HEKOTOPOM CMBIC/IE KOJIMOTOPOBCKasI CJI0KHOCTH OYeHb JAJIeKa,
OT BBIYUCIUMOM (DyHKIUU. A UMEHHO, BEPHO CJIEYIOIIee: eCu KaKas-TO (DYHKIUS TIPH-
O/IMZKaeT KOJIMOTOPOBCKYIO CJIOZKHOCTH C TOYHOCTBIO d JIJTsT BCEX CJIOB, KPOMeE 10,1 27¢, TO
e < 2d+ O(1). mpu 5TOM Takast JKe OleHKa BepHa IS TPUBHATHLHOTO PUOJINIKEHNST N — d
(mmHa x 3a BerderoM d). s byHKIMH, TpUOIUKAIOIIEH CBEPXY, ONIMOKA ellé BBIIIe:
e < d+ O(1). Orcromga MBI BLIBOAUM, UTO TECT CJIYIARHOCTH, OCHOBAHHBIN HA CDABHEHUU
HPUOJIMKEHUsI ¢ HEKOTOPBIM OPOTOM, OMUOAETCs /I KOHCTAHTHON 0/ HEC/Ty YallHbIX
CJIOB.

IlougaTe KOJIMOTOpPOBCKOII CJIOXKHOCTHI

Omnpepenenne 1. [Tycrs ecth HeKOTOpast Berancanmast dbyukius D: {0, 1} — {0, 1}*.
Ko1MOropoBCKoii CJ10:KHOCTBIO CJI0BA X IpPH CIIOCO0e omucaHus [ HA3BIBAETCS BEIUINHA
Cp(z) = min{|p[: D(p) = z}.

[Ipu «mroxux» crocobax OMUCAHUST Y HEKOTOPBIX CJIOB MOXKeT BOOOIIe He ObIThH Omuca-
HUd, JTUOO OHO MOXKeT OBITH Yepecuyp JIUHHBIM. OJIHAKO €CTh YHUBEpPCAJIbHBIE CIIOCOOBI,
JIJIsT KOTOPBIX 9Ta JIHHA ONTUMAJIbHA.

Teopema 1 (Komvoroposa—Cosomonosa, [2]). Cymecrsyer crocob onucanust U, Ta-
KOit 4TO JiJIst JII0GOro APYroro crocoba D cyImecTByeT KOHCTAHTA ¢, TAKAs YTO sl BCEX X
soinosiaeno Cy(z) < Cp(z) + c.

OO6BIHO €cMOCOO OMMCAHHUS HE YTOUHSIOT, MOAPA3yMeBasi, 9T0 (PUKCHPOBAH KAKOH-TO
VHUBepCAJbHBIN. B TakoM ciiydae W3BECTHBI CJIEAYIONTHAE COOTHOIIEHUSA MeXKIy CJIOZKHO-
CTBIO CJIOBA T M €r0o JIIJIMHOH 7.

Teopema 2. 1. st 11006010 €JI0Ba CJI0KHOCTH HE MPEBOCXOJAUT JINHBI C TOTHO-
crbio 10 KorcTauThl: C(x) < n + a JJig HeKOTOPOit KOHCTAHTHI a.

2. CyImecTByeT CJI0BO CJOKHOCTH He MeHbie mautbl: C(z) > n.

3. (Yemnenne mpeastaymero). s o060 KOHCTAHTHL ¢ U U1 BCEX CJIOB, KPOME JIOJH
menbire 2-°, Beinosmeno C(z) > n — c.

4. ]l HEKOTOPO# KOHCTAHTHI b U MPOU3BOJIBHON KOHCTAHTHI € JI0JIS CJIOB CJA0XKHOCTH
MEHbIIIE 1 — ¢ He MeHbIne 2 ¢°,

Hoes doxazamenvcmea. IlepBoe yTBepzKeHne cjejlyeT U3 CyIIeCTBOBaHUA TPUBHAIBHOI
nporpaMmbl «HameuaraTs x», J1JIHHA KOTOPOil GOJBIIE JITMHB 2 Ha JJIHHY KOMAHIBI T1e-
qaru. Bropoe u Tperh HoJydalorcs 110 HpHHIUIY JMpuxJie: CJ0B CJI0KHOCTH MEHBIIe
n — ¢ He GoJbllIe, YeM CJIOB JJHHLL 1 — ¢ (MOTeHIUATbHBIX OIUCAHUI), & UX B TOYHOCTHU
142+22 4. 4271 gro menpme 2" ¢, Tlomyuaem nomio Menbiie 2-¢. TTocaennee
YTBep:KIeHUe 10/IydaeTcsd pacCMOTPeHueM BeexX CJIOB ¢ ¢ + b Hyiamu Ha KoHie. OHH OIU-
chIBaIOTCA IPeUKCOM JTHHBI 1 — ¢ — b M HeKOTOPOi KOHCTAHTOH, KOTOPYIO MBI H BO3bMEM
3a b. O

Bostee moapobHbIe TOKAa3aTebCTBA MOXKHO HaliTh, HANpUMeD, B Kaure [1].
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KosmoropoBckue TeCThbl CIIydallHOCTU

Kak mbl yBuiesu, 1ojasJisioniee 60J1bIIIHHCTBO CJI0B UMEET CJIOZKHOCTh, OJIIM3KYIO K JIJIMHE.
DT0 MOTJIO OBl CTATH OCHOBOI «KOJIMOTOPOBCKOT'O» TECTA CJIYIATHOCTH: €CJIN KOJIMOTOPOB-
CKasl CJIOYKHOCTD CJIOBA JIJIMHBI M MEHBIe, 9YeM N — ¢ Jjis BRIOPAHHOTO MOPOTa €, TO MBI
cYUTaeM CJIOBO HecaydaiiHpiM. K coxkajeHuio, 3TOT IJIaH 0OpedéH Ha Heyaady, T.K. KOJ-
MOT'OPOBCKAas CJIOXKHOCTH HEBBIUNCIUMA.

Teopema 3. Konmoroposckast cioKHOCTh C(2) He BIAETCA BRIYHCTUMOlT DyHKITHEI.

Jloxazamensvcmeo. PaccyxKaenne HATOMUHAET YIIOMAHYTHIH BO BBeJeHUH Tapaiokc bep-
pu. Eciim C(x) Borumciuma, 1o Boraucauma u yukmus M(n) = min{z | C(z) > n}
(MEHEMYM Ha ca0Bax Gepéres cHavasa Mo JUTHHe, HOTOM JeKcuKorpadudeckn). Jdamee, ¢
onmoit cropoust, C(M(n)) > n mo onpenenennio. C apyroii cropoust, C(M(n)) < logn+c:
3Hast N U yMest BIaucysaTh C(x), MOXKHO mepebupaTh BCe T MO, BHIYUCIATH UX CJOK-
Hocth u Haiit M (n). Ilpu goctatogro GOIBIIMX N MOy 9aeTCs TPOTHBOPEUHE. ]

Ecan TouHBIH KOJIMOTOPOBCKHiT TECT HEBO3MOXKEH, OBITH MOXKET, BO3MOXKEH MpHO/IU-
JKEHHBIN? A UMEHHO, 3HAUYeHHEe HEKOTOPOH BhIancanMoii GyHKImn f (), B KAKOM-TO CMBIC-
Jie TpUOINKAIONEH CJI0KHOCTh, CDABHUBAETCS C M U, €CJIM OHO OKA3aa0Ch 3HAYUTETHHO
MEHbIIIe, TO CJOBO MPH3HAETCA HecaydaitubiM. Paszymeercs, OyayT BO3HHKATH OIUOKH:
EePBOro Pojia, KOT/IA CJI0OBO CJYYaHO, HO TPU3HAHO HECIYUANHBIM, H BTOPOTO POJIia, KOTIa
CJIOBO HECJIYYaiHO, HO TPU3HAHO CIydalHbiM. OMIOKH epBOTo poja MOKHO HCKITIOUHTH,
ecan B KadecTBe f(T) UCIOIB30BATH KAKYIO-HUOY b BEIYHCIUMYIO BEPXHIOIO OIEHKY CJIOK-
noctu. Ommbka BTOpOro poja 6y yT MaJia y e Jjisd TPUBHAJILHOTO TeCTa, 00bABIIIONIEro
JII060€e CJIOBO CoIydailHbIM. MOYXKHO JIF JIOOUTHCA 9€ro-TO CYIIEeCTBEHHO JIydIiero?

Emg onno Bo3mMoxkHOE mocaabaenne — BMECTO OJHOTO 3Ha4YeHus f () BBITUCIATD Cru-
cox, suadennii (fi(x),..., fe(z)) 1 Mo ero BUAY KAK-TO OMpeaeNsTh, caydaitno au r. Ha-
HpUMeD, €CJIi BCe 3HAYCHUS B ITOM CIIUCKE MEHbBIIIE 1 — C, TO CJIOBO O0'bsBJISIETCS HEC/Iy-
gaiinbiM. [Toxozkas 3amada u3ydanach B pabore Beiirensa u ap. [3|, rae Obuta mokasana
TaKas Teopema:

Teopema 4 ([3]). [ycrs F(x) = (fi(x),..., fr(z)) — Boruncanmas GyHKINs, BO3Bpa-
MIAOIIAST CIMCOK JTHHBT K, Takast 9To JJis Jiroboro x JymHbl n Beananna C(x) npuHaie-
xkut F(z). Torga k uMeer BeJUYUHY TTOPSIKA 1.

OTa OIEHKA TOYHA: HAMPHUMEDP, MOYKHO MOCTPOUTH ONTUMAJBHBIN CTOCOD OMHCAHUS, ¥
KOTOPOT'O BCe ONUCAHUS UMeIOT JITUHY, KpaTHyio K. B TakoMm ciydae MOYKHO COCTaBHTH
CIIHCOK BO3MOXKHBIX 3HAaUeHUil caoxkuocTr Ayuibl N/K mpocTo u3 BeeX Imucest, KPATHBIX
K. Pazymeercsi, 10 TaKOMy CIHCKY HUYErO PO CJAYyYaWHOCTH CKa3aTb Hejb3s. OHako
€CJIU CIUCOK MMEET JIPYTofl BHJI, TO YTO-TO CKa3aTh MOxKHO. Hampumep, ecin criucok co-
CPesOTOYeH HAa MaJbIX JJINHAX, TO CJIOBO Hecaydaitno. OTCIoga BO3HWKAET TAKOH IJIaH:
Oy/eM BBIYUCIATH CJI0YKHOCTDH CJIOBA C HEKOTODOH TOYHOCTHIO. Ecam pasHOCTb IIWMHBI U
NpUOJIHZKEHUS K CI0KHOCTH BeJINKa, TO O0BABUM CJIOBO HecaydalHBIM. MBI MOKa3bIBa-
eM, 9TO ITOT TLIaH TOXKe OOpedéH Ha HeyJaady, B TOM CMBICJE, UTO ONIMOKA He CHILHO
YMEHBIUTCS IO CPABHEHUIO ¢ TPUBUAJIBHBIM TECTOM.

Onpenenenune 2. Bymem roBoputh, 4to (hyHKIMS [ BBHIYHCIUMA ¢ TOYHOCTHIO d U
omubKOM €, ec/iu Jyisi HeKOTOPOil BbrancanMoit dbyukiuu ¢ seinosneno |f(z) — g(x)| < d
JISE TOJIA CJIOB He MeHblne 1 — 27¢, OyHknua f BHIYHCIHMA CBEPXY C TEMH JKe IapaMeT-
paMu, ecJTi TO 7K€ COOTHOIIEHNe BepHO Jisi HekKoTopoit dbyukiun g(x) > f(z).
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Hanpumep, orenkoii cBepxy OyaeT (pyHKIIHS KOJMOTOPOBCKOW CJIOYKHOCTH C OTPAHHU-
JeHWeM Ha PecypChl.

Onpepenenne 3. KojMOropoBCKOii C/I02KHOCTBIO ¢ OIPAHUYEHUEM Ha PECYPCh
C*'(x|y) maswIBaeTCs AMHA KpaTUaifliiell mpoTrpaMMbl p, Tpeobpasyomiel i B T 3a Bpems
He 60JIbIIIe ¢ U ¢ UCIOJIL30BAHUEM HaMATH He 00Jiblire s. Kak 00bITHO, OYIeM HCIIOIb30BaTh
HEKOTOPBIH ONTHMAIBHBIH CIIOCOO OMUCAHUS, HAIIPUMEp, TOT K€, UTO U st OOBIYHOM
CJIOXKHOCTH, @ €CJIU YCJOBHE 1IyCTo, TO Oyjuem mucarh upocro C(x).

Acwo, a0 mst moBHX BeraucanMex dymakmmit s(n) u t(n) semmauna CM1M (1) Gymer
BeraucIuMoil Bepxueii onenkoit C(x). (TyT MBI mosb3yemMes TeM, 9T0 OMTHMATBHBI C110C00
B TOYHOCTH TOT K€ caMblii). Beraucanmoe mpub/uzKenne MO3BOSIET JeIaTh TAKOH TecT
cayuaitnocTu: BeiGepeM nopor p u GyjemM roBOpUTh, 9TO CJOBO HeCIydaiino, ecaun g(x) <
n — p. [Ipu 3TOM BeposgTHOCTH OMMMOKHN MEPBOTO Poja He mpeBbicuT 2~ °¢. OmubKa BTOPOTO
poja TOYHO He GoJibIie 27¢, T.e. o0IIelt o/ Hec/JyJaiHbIX cJ10B. Panee ObLIO j0Ka3aHO
cllefyroliee yTBEPZKIeHAE O BO3MOKHOCTH MPHOIMKEHHOIO BBIYUCICHUS CJIOKHOCTH.

Teopema 5 (uessuo B [4]). Ilycrs dyuxuus C(x) Bbluncauma ¢ TO9HOCTBIO d(n)
u omu6koit e(n). Torga e(n) — 2d(n) me npesocxoaut HekoTOpOil KoucTanTh. Ecan C(z)
BBIYHCIMMA CBEPXY € TAKMMHE Ke mapamerpami, 1o e(n)—d(n) He TpeBOCXOIUT HEKOTOPOH
KOHCTAHTB.

Kak y2ke ynoMuHaI0Ch, /151 TECTa, OCHOBAHHOTO HA PECYPCHO-OTPAHUIEHHON C/IOZKHO-
CTH, BEPOATHOCTH OMIMOKN NEPBOTO POja Hy/aeBas. [lokazxem, 94TO JIsd IMMHUPOKOTO KIACCa
TECTOB OIIUOKa BTOPOI'O Pojia 0dda3aTeIbHO OyaeT cyinecTBenHoil. Ilycts d Gyer Hekoro-
poit KoHcTauToft. Toraa u3 TeopeMbl b clejyeT, 9To A0 ¢10B, Aad Kotophix C¥(z) —
C(x) > d, me menbIie 27979 q1g9 HEeKOTOPOil KOHCTAHTHI g, 3aBUCHINENH TOJBKO OT S U T.
PaccmorpuM Tect ¢ moporom orcedenns p: ecimn C¥(x) < n — p, To ca0BO npH3HAETCH
HECIyYafiHbIM, WHa4Ye CIydaiffHbiM. BymieM nCmoib30BaTh TOT YKe MOPOT JJIsi OTCEYeHUsI
HCTHHHO CJYYaifHBIX CJIOB OT Hecaydaiubix: ecanm C(r) < m — p, TO CJIOBO HeCIydaiiHo,
nHave ciydaitno. Ilyets p takoso, uro C(x) < n + d — p maa moboro ciosa x. Muade
roBopd, p < d — r JJid HEKOTOPOH KOHCTAHTHI 7, 3aBHCAIIEH TOJIHKO OT CIIOcOba OIHca-
HUsl. 3HAYUT, /sl CAY9IafHbIX CJI0B U3MEPEeHNe OIPAHUYEHHO CJI0KHOCTH HE MOZKET JIaTh
ommoOKy Bbite d. [Toaromy Bea omubKa Oyjer BHECEHA [T HECTydaitHbIX. IT0oObI oHA He
HoBJIMsIa Ha Kiaaccudukanuio ciaosa x, Tpebyercs C(x) < n — p — d. Ho takux cjioB He
6ompmre 2" P~ Ecam mpu sToM p > ¢ + 1, To 3T0 X0Td OB BIBOe MeHbime 2" 979 Te.
YUCJIa CJIOB ¢ OOJIBIIIUM Pa3PLIBOM MEXKIY JABYMs CJI0XKHOCTAME. [losToMy octanercs me
Menpire 2797971 cioB, g Korophix Tecr pacr omubky. Ilpu gocrarouno Gosbmux d
ycsoBusi p > g+ 1 u p < d —1r COBMECTHBI, TAK 9TO B HTOTE MBI MOJIyIaeM TAKYI0 TEOPEMY:

Teopema 6. 1 11066IX BBIYHCTEMBIX $(1) U £(n) IpU J0CTATOYHO GONBITAX P TECT
CIy4aifHOCTH, TPU3HAIONMA CIyYailHBIMII Bee CI0Ba MIHHBL 1 i caoxkuaocTn CHMHM (g)
He MEHbBIIE N — P, OIHKOAETCS C BEPOSATHOCTHIO HE MEHbIIE HEKOTOPO#l KOHCTAHTHI.

B nanpreiinem miaHupyeTcd pacIpOCTPAHUTH 3TY TeOpeMy Ha IPOU3BOJIbHBIE T€CThI
CJAYYAHHOCTH, OCHOBAHHBIE HA IPUOJIUKEHUU KOJIMOTI'OPOBCKON CJIOKHOCTH BBIYHCJIHUMOI
dbyukImeii, a TaK¥Ke W3YUUTh 3aBUCUMOCTH KOHCTAHTBI OT CKOPOCTH pocTa (hyHKIuit s(n)

u t(n).

B.aazodaprocmu

Pabora mepBoro aBropa momuep:kana rpanToMm RaCAF ANR-15-CE40-0016-01, Bro-
poro — rpantrom PO®IT 18-31-00428.
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2. JInddepennuanbubie ypaBHEHUSA, JUHAMIIECKIE
CHCTEMBI I Teopus yNnpaBJIeHUs

VIIK 517.923
BBK 22.161.61
A 50

O mpeobpazoBanugax Jlapby ans dysknmii Beccess

A.A. AnnaxeepisaH
Anpireiickmii rocymapcTBeHHbI yHUBepcuTeT, Majikomn, Poccus

Annomauusa. Paccmampusaromesn ycaosus obpamumocmu 2AemeH-
MApHBLT NPeobpasosarutl surelinbr JuddepeHyuarvHuT YpasHerut co
cnexmpasvnoim napamempom (Teopema 1) u sadaua o nocmpoenuu
amux npeobpasosanutl 0AA OMEPAMOPOS 6MMOPO20 NOPAOKA NPU NOMO-
wu ypasnenuti Pukkamu (Teopema 2). Ioaywernnve pesyavmamos 6y-
0eM NPUMEHAMD K HENPEPBLBHBIM OPOOAM, CEAZAHHBIM € HYHKUUAMU
Beccens. llokasascem, 6 wacmHocmu, 4mo HenodeUMNCHAA MOYKG Pac-
emampusaemus npeobpasosanut ypasuenutl Puxkamu coomeemcemey-
em paspewumocmu ypasrenuli Becceas 6 anemenmapHus GYHKUUAL.

About Darboux transformations of Bessel functions
A.A. Allahverdyan
Adyghe State University, Maikop, Russia

PaccmaTtpuBaioTest yeaoBus 00paTUMOCTH 3JEMEHTAPHBIX MPeoOpa30BaHUil THHEHHBIX
quddepenimaipbabix ypaBuenunii: A = \ip, rae A oneparop Buza:

d
A=ay(z)D" +ar(z)D" '+ ... +a,(z), D,= . (1)
OTH Npeodpa30BaHUS ONpeaedoTes auddepeHnaIbHBIMU TOICTAHOBKAMHY:
Y =By, =B, (2)

e By u By - juddeperimaibiublie OnMepaTopbl, W MO3BOJLIOT MEPEXOAUTH OT UCXOTHOTO
ypasrenns Ay = M) K 9KBUBAJIEHTHOMY ypaBHEHHIO At) = A\ 1 HAOGOPOT.

Tak»ke paccmarpuBaeTcsd IIpuMeHeHne npeodpasoBannii lapoy k dyuknusam Becceid.
B sToM ciiyuae oHEH cBOIATCS K YPaBHEHUIO:

(f(2) +B)(f(x) = (B+1) =2,

riae f(x) - pemenune ypasuenusi Pukkaru, cBasannoro ¢ ypasnenunem Beccessi (Teope-
ma 2). Tlociesnee ypaBaeHne M03BOJISET ONPEAEIUTH APOOHO—JIHHEHOe Tpeobpa3oBaHue
peHleHI/Ifl YpaBHeHUd PI/IKKaTI/I, a HEIOJABUZKHBIC TOYKH I3TOTO OTO6pa}KeHI/IH MpUBOAAT K
IIOCJIeIOBATEIbHOCTH PAIMOHAJILHBIX PelleHuil ypaBHeHuss PUKKaTH.
PaccMaTpuBaeTcst BOIPOC O pa3peinMocTi ypasaenusi Pukkatu (cm. Teopema 2) B
KJ1acce (POPMATBHBIX PSIIOB:
; 1 B2 1 32 1 gt 752 13 5
f<>—z+2+2z 8z 222+822 4z3+823 64z3+“” )
Haiinensl 3nadenust [, Ipu KOTOPBHIX (POPMAJIbHBIE PSIbI CXOAATCA W JAIOT BCE PAIHO-
HaJibHbl€ PCIICHUA JTaHHOT'O YPABHCHHA.
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Ha eBKJIHIOBOI IJIOCKOCTH TOYEK (T, Y) PACCMOTPUM ypaBHEHHe

m m—=2
0= (=) Uge —Uyy +a (—=y) 7 u, y<0 (1)
Ugzy — Uy + b y>0

rae u = u(z, y) — uckomas GyHKIus; a, b, m — 3agaHHble Yucaa, npudeMm m > 0,
ol < 2.

[Tpn y < 0 ypasuenue (1) coBmajaer ¢ BbIPOKIAIOMMUMCS THIEPOOIHIECKAM yPaBHe-
HEeM mepBoro poga |1, a npu y > 0 gpiagercs mapaboudecKuM YPABHEHHEM TPETHErO
MOPSJIKA ¢ KPATHBIMHI XapaKTepUCTHKaMHu |2]. YpaBHenue (1) OTHOCHTCsI K KIACCY YpaBHE-
HUiT apabo/10-runepOoInIecKOro THNA TPEThEro MOPAIKa ¢ HeXapaKTePHCTHUCCKOH JIH-
HUeil u3MeHeHus Tuma [3|.

Buepsble kpaeast 3a1a9a O CMeIeHneM ¢ 0600IeHHBIM TPOU3BOAHBIM (B cMbice Jlu-
YBUJLJIsI) B TDAHUYHBIX YCJA0BUAX Jjist ypasaenus (1) mpu y < 0 u a = 0 ucciaeoBana B pa-
Gore [4]. Pasauanbie 3a1auu co cMeIeHneM JIjisl YpaBHEHHH TapaboJIo-runepOoInaecKoro
THIIA BTOPOTO U TPETHETO MOPSAIKOB HCCIeI0BaHbl B padorax [5]-[10].

Ypasaenue (1) B maHHON paboTe paccMaTPHBAETCS B KOHEYHOH OTHOCBS3HON 0bJia-

ctu §), orpanudeHHoit orpeskamu AAg, AgBy, BBy npambix ¢ = 0, y = hux = r,
2 m—+2

COOTBETCTBEHHO, a Takxke xapakrepucrukamu AC @ z — —25(-y) > = 0 u OB :
m+2
r+ =25 (—y) 2 = r ypasmenns (1), Berxogsamumn u3 Touek A = (0,0) u B = (r, 0),

HepecekamuMucd B Touke C' (g, — [@]m , e Ag = (0, h), By = (r, h). O60-

suaanM: () = QO {y <0}, =QN{y >0} I ={(z,y): 0<az<r, y=0}
Pezyaaproim 6 obaacmu ) pewenuem ypasnenus (1) naszosem ecaxyro dynkyuro u =
u(z, y) us xaacca u(z, y) € C () NCH(Q)NC? ()N C2(Q), npu nodcmarnoske xo-
mopoti, danHoe YPasHeHUE 0OPAULGEMCA 6 TOAHCIECTNBO.
Bapaua 1. Hatimu peeyaaproe 6 obaacmu S pewenue u = u (z, y) ypasuenus (1) co
c80UCMBAMU:

ug (z, y) € C <Qg UAAO) ;
Dy "u [ (1)], Dy u [6, (1)) € C (1)
/OT uy (x, 0) 27 (r — 2)? da

Y00BAEMBOPAIOUEE KPAEBVLM YCAOBUIM:

< 00,

w (0, y) = o1 (), uz (0, y) = 02 (y) ,u(r, y) = @3(y),0 <y <h,

an () Doy "ulfo ()] + az (z) Dy ulfy (8)] = ¢ (z),0 <z <,

ede p; (y), ar (), ¥ () sadannwe dynxyuu; Oy (), 0, (x) - addurco. movex nepeceve-
Hua capakmepucmuk ypasnenus (1), ewxodswur us mouxu (z, 0) ¢ Tapakmepucmuramu
AC' u BC coomeemcmeenno; DY, - onepamop dpobrozo (6 emoicae Pumana-JTuysuinsg)
unmezpo-ouddepenuuposanua nopaka y; o = mmf; , mﬁﬁg

B paGore HaiiieHbl J0CTATOYHBIE YCJIOBHSA Ha 3aganubie byHKImn ¢; (y), oy (), ¥ ()
U 3aJIaHHBIE 9UCTIA , b, m, 00eCIednBaOIIHe CYIIeCTBOBAHNE € IMHCTBEHHOTO PErYIAPHOIO

B obacTu ) penrenus 3ama4u 1.
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OneHkn penieHmnii 0;THOMEPHOTro ypaBHeHus Bosabiimana

A.D. Buprok
Kybanckuit rocypapcrsennsiii yuusepcurer, Kpacuogap, Poccust

Annomavus. Usywaemca ypasrenue Boavumana modeaupyrou,e2o no-
gedenue o0noamommozo 2asa. Ilpu onpedesernur npednososcenusxr da-
EMCA MEOPEMA 2A000ALHO20 CYWLCMBOBAHUA PEULEHUA.

Estimates for solutions of one-dimensional Boltzmann equation
A. Biryuk
Kuban State University, Krasnodar, Russia

Ypasuenue BosiblMana BLIBOAUTCH HA OCHOBE IIOJIOXKEHHI KUHETHYECKONR TeOPHH, O/I-
HOW M3 OCHOBHBIX 1EJIEH KOTOPOH ABJIAETCA ONMCAHUE MAKPOCKONUYECKUX CBOWCTB I'a30B,
TaKHX KaK JaBJeHHe, TeMIepaTypa, TeILIOIPOBOJIHOCTD, BA3KOCTh, JUMpdy3usd U T. J. u3
MHKPOCKOIMYECKAX BEJIMYMH, CBI3AHHBIX C MOJIEKYJIAMH, COCTABJIAIONIMMEA Ta3bl — Ta-
KHe KaK Macca, CKOPOCTb, KHHETHYECKAsl SHEPIUsl, BHYTPEHHUE CTEIEHH CBOOOIBI U CHUJIBI
B3aUMOJIEHCTBUS MEXK /Ly MOJIEKY/IAMMU.

Kunerndeckas Teopust pacCMaTrpPHBAET T'a3bl, COCTOAINNE U3 OOJBIIOIO YUCAA MOJIe-
KyJI, KOTOpbIe B GOJIbIIEH 4acTh BPEMEHHBIX WHTEPBAJIOB JABUXKYTCS HE3aBUCHMO JIPYT K
JIpYTy 4epe3 00beM, B KOTOPOM OHHU 3aK/JIYaloTcs. IIpu oTcyTCTBUM BHEIIHMX CHJI TeJa
MOJIEKYJ/IBI JBUKYTCS 110 HPAMBIM JTHHUAM, ¥ UX JIBUKEHHE KPATKOBPEMEHHO HpephIBACT-
Cs1, KOI'JIa OHM CTAJKUBAIOTCS JIMOO ¢ JAPYIUMHU MOJIEKY/IaMK, MO0 ¢ BHEIIHUMU CTEHKAMMU.
Eciu nmoreHnma ibHble S3HEPIUd MOJIEKYJI HPEeHeOPe:KUMO MaJjibl 110 CPABHEHHIO ¢ MX KU-
HETUYCCKAMHU 3HEPIHSAMH, Ta3 HA3BIBAIOT UACATLHLIM WU PA3PEKCHHLIM; B NPOTHBHOM
CcJy4ae OH MU3BeCTeH KaK IIJIOTHLIA WJIM HACTOALIUHA ras.

Maremarudeckue MOJIEIU OJHOATOMHBIX I'a30B IPOIIE JJIs M3yUeHUs, HO JarKe OHU
IpeICTABIASIOT CO00M BechbMa CI0KHYI0 MATEeMATHUECKYIO 3a7a9y, KOTOpas COBPEMEHHDI-
MU METOJAMH MOYKeT ObITh pPelleHa JIMIIb JacTHYHO. Mbl Oyg1eM paccMaTrpuBaTh TOJIBKO
MOJIE/IN OJHOATOMHBIX I'a30B.

Pacemorpum ogHoaTOMHBI ra3 ¢ N MOJIEKyJIaMu, 3aKJII0YEHHBIME B HEKOTOPOM O0b-
eme V. OnHa MoJiekysia (9acTUIla) 3TOrO ra3a MOXKeT OBITh ONpeesieHa B JJAHHOe BPeMst
ee TOJIOKeHHeM T = (X1, To, T3) U CKOPOCTBIO U = (v, Uy, v3). Claea0BaTeIBHO, MOTEKYIA
MOZKeT OBbITH 3a/aHa KaK TOYKA B HIECTUMEDPHOM IPOCTPAHCTBE, HOCTPOCHHLIM U3 KOOP/IH-
HAT ITOJIOYKEHHS U KOMIIOHEHT CKOPOCTEeH: TaK Ha3bIBAeMOe MUKPOCKONHUYECKOoe (Hha30BOe
IpOCTPAHCTBO (p-hazoBoe MPOCTPAHCTBO).

Cocrostaue ra3a B [i-hpa30BOM IPOCTPAHCTBE B MOMEHT BPEMEHH | XapaKTepU3yeTcs
IUIOTHOCTBIO pactpesaenenus f(x,v,t), npu 3ToM

f(z,v,t)dxdv = f(x,v,t)dr;dredrsdvidvadus.

npeJcTaBsier co00i JIEeMEHT MACChl BEMEeCTBa (YacTull) COOTBETCTBYIOMINIT TT0JI0KEHHIO
x = (x1, T2, x3) U cKOpocTH v = (U1, U2, V3).

B caydae oTCyTCTBHA CTOJIKHOBEHUI YaCTUIIB CBOOOIHO IIPOXOJAT CKBO3b APYT APYTA.
[L10THOCTL f B 9TOM CJIydae YAOBJICTBOPACT yPABHECHHIO CBOOOIHOIO MOTOKA:

Oif +v-0yf =0.

72



IIT OCEHHUE MATEMATWUYECKHWE YTEHUS B AJIBITEE

Pemernne 3Toro ypaBHeHUs UMeeT MPOCTON BHJ;

flz,v,t) = folx —tv,v).

Ha ocnoBe sToro pemennst omnpemesum ¢Boboaubrii morok gactui: $.(f)(z,v) = f(x —
tv,v). OTMETHM YTO 3TOT NOTOK He ABJISAeTCH HelmpepbiBHBIM B npocTpancrse L(LL).

Yder ¢cTOJIKHOBEHUIT TPOU3BOIUTCS C HOMOIIBIO OIIEPATOPA CTOJIKHOBEHUIT, BBEJEHHOTO
Maxkcsesiom [3| u Boasnmanowm [2].

Q(f,f)(a?,v,t) -
B / [ (PO = F@) f @) Ko = v, 572552) dSodv. =
- Q+(f: f)(:E,U,t) - Q_(fa f)(x,v,t) ,

rae v’ = UE 4 %a, v, = v — %a n K :R, x[-1,1] - Ry — saapo omeparopa
CTOJKHOBEHHI.

Anpo omeparopa croiakuoBeruit K(|v — v, ((v — vy) - 0)/|v — v.|) onuceiBaeT Kak
MHOTO MaTepuu (B €JIMHUILY BPEMEHH) MMEIOIee CKOPOCTb v’ MOSIBJISIETCS] B PE3Y/IbTATe
B3aNMOZEICTBHA (CTOIKHOBEHHS) 9aCTUL, CO CKOPOCTAME v and v,.

C HOMOIIBIO BBEJIEHHOI'O ONEPATOPA CTOJIKHOBEHHI MBI MOZKEM 3AIICATH KJIACCHYECKOe

ypaBHeHUe bBousibliMaHa U MOCTABUTH COOTBETCTBYIONIYIO 3a/1ady Komm:

atf+v'vxf:Q(f7f) ) f(l’,U,O) = fO(ZL’,U). (1)

Ypasuenue Boabinmana (1) o61amaer ceMeiicTBOM PABHOBECHBIX peleHuii (OCTOSHHBIME
1o = u t), HazpiBaeMbIX MakcBe/umanamu:

mo\s —mb—c? a 2
M — ( ) %T v /2b.
(v)=n 51T e 27‘(‘()36

B cmny mpupoasl mocTpoeHus onepaTopa CTOJTKHOBEHUI TOTHAS Macca, MOJTHBIH UMITY/IhC
U TIOJIHAS SHEPTHUsd

//f(x,v,t)dvdx, //vf(x,v,t)dvda: " //|v]2f(1:,v,t)dvdx

COXPAHAIOTCA Ha PelleHusIX ypaBHeHHs boabivana. Kpome 3Toro, motHas SHTPOMUS

://f(x,v,t)logf(x,v,t)dvdx

HEBO3PACTAET Ha pelleHusX ypaBHeHus Boubivana (H-Teopema). [ToaHast SHTpoNUs Mo-
ZKXeT 6bITb OTpHHaTeJIbHOfI IIO-3TOMY BBOAAT ITIOHATHEC OTHOCUTEJbHOM SHTPOIINU (OTHOCI/I—
TeJIbHO MOCTOSTHHOrO MakcBesinana):

H(f|M) = //(flog f+M)dvdx.

OTHOCHTEILHAA SHTPONUS 00IaJAeT CICAYIONIME CBOACTBAME:
L H(f|M) > 0
2. H(f|M) meBo3pacraer:
3. [[1f = Mldvdz < \/AmH (f|M) + H(f|M), tne m = [, o, Mdv.
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[Iepeiigem K hpOpMYIUPOBKAM IIPEIIOJIOKEHUH, ITPU KOTOPBIX MOy YeHbl Pe3yIbTaTh.
MpI u3ydaeMm 3aja4y, B cjaydae, Korjaa PpYHKIU f IIOCTOSHHA 1O IePEeMeHHBIM Lo U T3
(cmyuait TOHKOI TPYOKH), a 10 x7 HAKJIAJBIBAIOTCS MEPUOJNICCKIE IPAHUYHBIE YCIOBUS:

(@ + 1,29, 3,01, v2,v3,1) = f(21,0,0,v1,v2,v3,1)

OTMmernM, 9TO MOMOOHBIX OUpAHHYEHHI HE HAKJIAIHIBACTCS MO0 MEPEMEHHBIM CKOPOCTH.
3aBHCHMOCTD O MEPEMEHHBIM CKOPOCTH U = (U1, Vg, U3) MOJTHOCTHIO TPEXMEpHAS.
[Ipenamonaraercs, 4To saapo K omepaTopa CTOJKHOBEHHH YIOBJIETBOPSET CJIe Iy OIIM

OIrpaHUYCHUAM:
K o K
w 0 é’ w

Ompepennm nopmsl (Bruepseie BBeaensl B [1]) ara dbynkunii f(x,v):

Ula=suw [ |f@=quollde ] =suplsl,

z  JyeR3 q=0

O6o3naunm gepe3 X mpocTpancTso dyHKIHil 11 KOTOPHIX HOpMa || f|| kKoneuna. Mmeercs

praoxkenne X C LP(LS). Ceobommbiit notox D4(f)(z,v) = f(z — tv,v) paspeiBen Ha
L2 (L), onnako mempepbiBed na X.

Teopema. Ilycrb HauanbHbIE JaHHBIE fo /11 ypaBHenus Bosbinmana (1) yaoBiaerso-

PSIIOT YCJIOBHUIO
1

47TKO

1ytst HekoToporo Maxkcsesutnana My, Torna pemenne f(-,t) € X mis Beex t € Ry .
Kpowme Toro, ecin 47 KoH (fo|My) < 1, 0

36 axoe, aro |p(z, 1)1 < | f (2,0, 0)]| < Coexp(v/1/5).

Bneco p(x,t) = [ f(z,v,t)dv — obbruHas (MAKPOCKOIHYECKAsT) IIOTHOCTD ra3a.

Il < oo m H(folMo) <

JTumepamypa
[1] A. Biryuk, W. Craig, V. Panferov, Strong solutions of the Boltzmann equation in one
spatial dimension. Comptes Rendus Mathematique, 342(11), 843-848 (2006).

[2] L. Boltzmann, Weitere Studien dber das Wirmegleichgewicht unter Gasmolekulen,
Sitzungberichte der kaiserlichen Akademie der Wissenschaften in Wien, Klasse Ila,
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CriekTpajabHasd 33/ia9a PETyJdPHOTO TUTIA C AByMS
BOCBMUKPATHBIMHI XapaKTEPUCTUKAMMU

A.U. Barabos
Harecranckuii rocyjapcrsennblit ynusepcurer, Maxaukasa, Poccus

Annomauus. B cayuae 060TUHBET TAPAKMEPUCTNUYECKUT 0CODEHHOCMET
B0COMBLE NOPAKOE 0AA QUPPHEPEHUUAABHO20 ONEPAMOPA ULLCMHAOUA-
mMo20 NOpAJKA, YCMAHABAUBALEMCS HOPMYAL WECTNHAOUAMUKPATIHOZ0
PA3NOAHCEHUA PYHKUUT NO KOPHEBIM IAEMEHMAM COOMBEMCMEBYIOULET
CneKmpasvHotl 3a0a4u.

Spectral problem of regular type with two eight characteristics

A.T. Vagabov
Dagestan State University, Makhachkala, Russia

PaccmarpuBaercs KpaeBas 3a1a4a ¢ TapaMeTpPOMA:

d? ®
l(y)z(——)\z) y(z), 0<z<l1 (1)
HPU yCJIOBUSX

ds—ly

ﬁ =0, s=1,15, y(le) (2)
x5

=0

8

XapakTepucTuieckoe ypaBHEeHUe (g02 —1)” = 0 umeer 1Ba BOCBMUKDPATHBIX KOPHST (0 =
+1. Hemocpe IcTBEHHO TTPOBEPSIETCs, 9TO Yy (1) = 2%t 5 = 0,7, ecTb pyHIaAMeHTATbHAL
cucrema penrennit ypasuenus [ (y) = 0.

Oupeneum dyukuuio Ko soipaxenus [ (y) B Buje:

(#,6,A) = : mn 0sEs TSl o (3)
IS A = _(96;_!5)76,\@5—5) mpu 0<zx<¢<1 o=
B cayuae Re) < 0 monaraem
z—£)7 r—
T 0 mpu 0<xr<¢E<1

[asee, cyKIeHUS OTHOCUM K TTPABO#l A-MIOJIYIJIOCKOCTH, OITyCKas aHAJOTHIHbBIE YTBep-
xKiaenus npu Rel < 0.

[Iycrs f () BocbMHKpaATHO HenpepbiBHO juddepernupyeMas (DyHKIUs Takas, 9T
78 @), =0, k=05,

MHTerpupoBaHieM 10 YacTIM CeMb Pa3 HAXOJIUM, COLJIACHO (3):

1 1. T
[ otende=— [ T o0 gas -
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o)~ [ (% (W%)) f@de=f@) +i@N. ()

Bennunna ¢ (x, \) uarerpasia B mpapoii yacru (popmybl (4) paBHOMEPHO CTPEMEUTCS K
mayaio mpu 0 < ¢ < x <1 — ¢, rue € m0boe Majgoe. ITO caeayeT U3 HATUYIUS YOBIBAIOTIE
O\ SKCHOHEHTHI 110/1 3HAKOM uHTerpasa. Coeuuss Takoe e cyzxjienue B ciydae Rel < 0
u opmyry (4), TpUXOTUM K JIeMMe.

Jlemma 1. Ilpu ycnoBusix Ha f (), yKa3aHHBIX BBIIIIE,

/0 g (2,60 f () dE = f () + 6 (2, ) (6)

e<zr<l—g, 6(x,\)=0() upu A >>1

Jlemma 2.

d\
lim 27m / z,&,\) dé‘ f (x), rme

vV — OO V€>0
e<r<l—c¢

C), — 3aMKHYTBIl KOHTYD B A-IIOJIYIUIOCKOCTH C TIEHTPOM B HaJaJe.
Ucnonp3yst byHmaMeHTanbuyio cucreMy pertenuii ypasuenus [ (y) = 0, coctaBuM Xa-
pakTepucTudIecKuii onpegenuTens 3agaqdn (1) — (2):

AN =[AMNer +.. (AN e ™ =0, (7)

13 KOTOPOT'O YCMATPHUBAETCSI AaCUMITOTHKA COOCTBEHHBIX 3HAYEHUN A\ R ki IpH OOJIBITTIX
k, (k=0, £1, £2,...).
Obpamasich K IMUPOKO U3BeCTHOH KoHeTpyKimu dynkinun 'puna 2|, umeem:

G (o.60) = (. 6.3) + g, ©

rae F noaydeno w3 ancauress dynkuun [puna 3ameHoit g (z,£, \) Hyem.
JIemma 3. Tlycre f (x) nHenpepwiBrO muddepeniupyema va (0,1) 12 pa3 u
f® (2)|4—01 = 0, k = 0,12, Torma na oxpyxunocrax C, : [A| = (v+Hm v>>1

nmMeemM
YE (2,8,
/D S ) e
npu A — 00.

Teopema. [Tycrs f; (z), ¢;(z), i,j =0,7— QyHKiuu, yI0BIETBOPAIONIHNE YCJIOBHAM
sgemmbt 3. Crpaseua ¢dpopmysia 16-KpaTHOTO Pa3JIOKEHUsT 10 COOCTBEHHBIM 3JIEMEHTaM
sagaun (1) — (2):

v

lm L m/ (0,6 N F (€, N dE = fu(z), s=0.7

v—oco 27 O<z<1

u anajiorndHasi (popmysia ¢ 3amenoit f Ha p, a A HA — .
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Jumepamypa

[1] Barabos A.I1. n-kparnas dopmyia pasioxkenusd B pajbl Pypbe 0 KOPHEBBIM 3JIe-
MeHTaM JudbepeHInaIbHOrO IyYKa ¢ N-KpaTHOH XapakTepucTukoii // duddepenr.
ypasuenns. 2016. T. 32, Ne 5. C. 555 — 560.

[2] Barabos A.I1. Benenue B cruekTpaabHyo Teopuio auddepeHumaabHbX onepaTopos.
Pocros-na-/lony: Uzmn-so PI'Y, 1994. -160 c.

Ceedenusa o6 asmopax

Bara6os A.MH., nokrop dus.-mar. Hayk, mpodeccop, larecranckuii rocyaapcTBen-
HBII yHEBep-cuTeT, e-mail: algebra-dgu@mail.ru, ciekTpanabuas Teopus auddepeHuaib-
HBIX OIEPATOPOB.
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BBK 22.161.62

1113

Binary differential equations, dynamic inequalities and PDE’s of
mixed type
A.A. Davydov

National University of Science and Technology MISiS,
Lomonosov Moscow State University, Moscow, Russia
Ju. A. Kasten
Vladimir State University
named after Alexander and Nikolay Stoletovs, Vladimir, Russia

Binary direction fields naturally appear by the analysis of controllability of dynamic
systems and inequalities [2], [4], under the study of the asymptotic lines net on the surfaces
smoothly embedded in three dimensional euclidian space and by the of characteristic net
of linear second order mixed type partial equations on the plane [6], [10], and in many
other cases [1], [3].

Local typical singularities of such fields were studied in many papers. Structural
stability of such fields was analyzed in [5] for asymptotic lines net and in [6] for simplest
dynamic inequalities on the plane. The results obtained lead to the problem of smooth or
sufficiently smooth nonlocal normal forms for such fields, at least for simple configurations
of its integral curves. First step in this direction was done in paper |7], in which it was also
illustrated that such forms are utile by the solution of some boundary value problems.
There is hope that the ones could also play important role in the analysis of some applied
problems [8], [9].

The talk is devoted to the mention results and the recent achievements in this area.

The work is done under partial financial support by the RFBR under project No. 19-51-
50005 JR__a and by Ministry of Education and Science of the Russian Federation under
the project 1.638.2016/FPM.
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4]

[5]

6]

|7l

18]
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Pemenne 3agaun Komm-Hukonertu aaga cucrembr O1Y ¢ Hyagamn
B TPAHUYHBIX TOYKAX CUHTYJIAPHOCTEN

C. B. Ucpanios

Yeuenckuil rocyapcTBenubiii yauusepcutet, ['po3ubriit, Poccus
1. A. Tankues

Wurymickuii rocy1apcTBeHHBIH YHUBepcuTeT, Marac, Poccns

Annomauus. Brumanuo cneyuaisucmos npeidcmasasemcs 360a4u
Kowu-Huxoremmu dan cucmemwvr OJY ¢ cuneyraprocmamu Ha KoH-
uaxr ceemenma [a,bf, chopmyruposarnas 0OMHOCUMEADHO BHYMPEHHUL
mouer x; € (a,b), i=1,n . [Ipusodamcs docmamoumvie 02panUMEHUA,
obecnevusarowue obpausenue 8 0 pewenua 3moti 3adavwu 6 0COOVLT MOY-
Kaxr T = a,r = b na epanuye obaacmu. 3adavwa c60dumces K noCmpoeHu0
CNEUUANLHOT CUCTIEMBL UHMEZPANOHULT YPABHEHUT, PAGHOCUALHOT NO-
cmasaennoll 3a0aue, KoOmopas uccredyemes memodamu GYHKUUOHAND-
HO20 AHANUSA.

The solution to the Cauchy-Nicoletti for systems of ODE with
zero boundary points of singularities

S. V. Israilov

Chechen state University, Grozny, Russia
[. A. Tankiev

Ingush State University, Magas, Russia

Jnsa cucrembr OJLY

v = fi (T, 91,92, Yn), i=1Ln (1)

n3ydaercsa Kpaepas 3agaqa ¢ ycaopusmu Komu-Hukonertu (1, 2]
Yi (i) = yoi , i=1,n (2)

B IIPeJIIO0KEHI], 9T0 (DYHKIUHA fj, 4 = 1, n HeIPepLIBHBI 10 COBOKYIIHOCTH apryMeHTOB
B obsiactu D; {93 € (a,b), |yl <di, i=1,n } JlaHHbIE YuCTa, T; € (a,b) , a npu x=a, x=b
IpaBble YaCTH CHCTeMbl (1) MMEOT CHHTYJISPHOCTH B CMbIcIe pabor (1, 2|. Beimensirorces
JIOCTATOYHbIE YCJIOBHS JIjIsl CYIIECTBOBaHUs HENpepbIBHOTO pemenus y; (z), i = 1,n, Ha
cermenTe [a,b|, yaosrersopsitoriero cucreme (1) npu x € (a,b) u paBeHcTBaM

T.e. PellleHne ¢ HYJASIMH B TPAHUYHBIX ToUkax (a,0,0,...,0), (b,0,0,...,0) obmactu D;.
Homyckaercst, aro cucremy (1) MOXKHO TIpeJCTaBUTh B KBas3uinHeiiHoM Buje [2[:

y; = (I)I <x7y17y27 s 7yn) Yi + fl (‘Iayluy%yi—bovyi—‘rl? s ;yn) (4)

rae
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----- yn) = Ji(€,y1,92,9i—1,0,Yi41,-Yn) yi £ 0

fi(z,y1,y2
. )
él (x, yl’ y2’ e 7y7’l) - afi($7ylz{;27"'uyn) —
a—yiu Y, =

u beHK]—H/H/I (I)z (l’, Y, Y2, - - 7yn)7 f’L (l', Y1, Y2, Yi—-1, 07 Yir1,--- 7yn) B obnacru D YAOBJIETBO-
PAIOT YCJIOBUSM:

|fl (I7y17y27yi—1707yi+17"'7yn)| quz)l (I)J L= ) 1, (6)
(bz(x7y1ay277yn)szng($_l‘l)<_al($)v Z:L_TL (7)
rie dbynknuu Y; (r), i = 1,n, HENPePBIBHBI WM CyMMUDYeMbl Ha [a, b], ayis mo0bx

6; > 0 na [a+ 6;,b— &;] dyukmuu, ¥, () > 0, i = 1,n, Taxue ke, 1pu 3ToM ;€ [a, a + ),
x;€[b — 0;,b], HO

a+6; o b o
/ Bi(w)de = | ¥;(x)dz=+oo, i=Tm (8)

b—0d;

Brogsresa emé dpyHkmun

Jexn(— [%0.(s)ds Tiah (F) e~ e Cids gt 4 e (a. 1
%@:{%Jp(%ddﬂ>+LwM) I CE

|yoilexp(— zx ¥, (s) ds) + f;: Yi(t)e” JEv@dsqr 5 e [i, D)

K3

di z; b dz .
’ym” < bR max (/ (08 (t) dt, s (t) dt) < o t=1,n (10)
Torma
pi(x) <di, i=Tn (11)
u u3-3a (8)

Bumecto (1) paccmaTpuBaeTcss cucTeMa WHTErPAJbHBIX YDaBHEHHIA

t
i(s)ds
yi () :yoz'ef“'i il |

+/ (eftx q)idsfi <t7 Y1 (t)v y2(t)> yi*1<t)7 0, Yi+1 (t)7 co 7yn(t))> dta L= 1,_71

i

(13)

KazK/I0€ DelIeHne KOTOPOil yI0BIeTBOPSeT U HCXOAHOI cucTeme (1), a TakzKe U yCJIOBHSIM
Hukosnerru (2). Umesa BBuay orpanmuenns (6) - (8) u coornomenus (9) - (12) n3 (13)
OJIY IMM HEPABEHCTBO

()| < @i(z) , i=1n (14)

nosToMy B cuity pasencts (11), (12) moboe perrenne cucremst (13) ymnoBaeTBopsieT yciio-
BuaM (2), (3) u ocraerca B obsactu D;, T.e. BCe yIUPAETCA HA HCCICTOBAHUU CHCTEMBI
HHTeTrpajIbHBIX ypaBHeHuil (13). D10 mposogutcst Metomamu pabor [1, 2|, B KOTOPBIX He
pa3 peraanch Moa00Hbe TPOdIeMBbL.
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Jumepamypa

[1] Ucpannos C.B. Muororoueunsie u (hyHKIUOHAIBHBIE KPAEBbIE 33aUd JIJIsT OOBIKHO-
BeHubIx Jauddepeniuaibabix ypasaenuii. Haabunk, 3narenbeknit meatp «iib-hay,
2004. C. 445.

[2] Ucpamnos C.B. UccirenoBanne HecTaHIapTHBIX KPAeBbIX 3ajad Jisi OObIKHOBEHHBIX
nuddepenuanpabix ypapaennit. Maxaukasa, M3narenscrso «Amed», 2014, C. 440.

Csedenus 06 asmopax

Ncpangos C. B., k.¢d.-m.1., npodeccop kadeapbl Heuenckoro rocynusepcurera, de-
YeHCKOI'0 rocueaynuBepcurera, ¢r.corpyaank KHWIM PAH, r. I'posubrit. OOBIKHOBEHHBIE
Juddepennuaabable ypaBHEHUS U CHCTEMBbI: KOHEUHbIe, CUeTHBIC; CUHTYJISPHBIE KpaeBble
zagaun. OJLY 6ecKoHEIHOro MOpsIKa U KpaeBble 3a1a9H.

Taukues U. A., k.d.-Mm.1., npodeccop, 3aB.kade1poit MaremaTnyeckoro anaansa Mu-
I'YIIICKOT'O T'OCYHHUBEPCUTETA.

VIIK 517.927
BBK 22.161.61
11 88

Cremuanpubie quddepeHnuaabHble yPaBHEHUSA BBICIITIX
MOPAIKOB C CUJIBHBIMU CHUHTYJIAPHOCTIMHA IO HE3aBUCUMOIA
ImepeMeHHOIl 1 0COOEHHOCThIO 110 (PA30BOI ITepPEeMEeHHbBIM

C. B. Ucpanios
Yeuenckuii rocynapcrTBennbiii yuusepcuret, ['po3ubiit, Poccus

Annomauusn. Uccaedyemea cneyuasvhoe dudgepernuuarvroe ypasHe-
HUE BBLCULE20 NOPAIKG C CUADHBMU CUH2YAAPHOCTNAMYU NO HE3ABUCUMOT
nepemennot u ocobennocmvio no dazosoti npoussodnot. Ipusodamcesn
docmamoutble 02PAHUYMEHUS, 00ECNEeYUBANULUE CYULECTBOBAHUE Pelie-
HUA Hexomopol ykazanmnol 3adavu Kowu daa urnmezpo-duddeperuu-
aNbHO20 YpasHenus Huswe20 nopadka " k7, pewenus xomopozo 6ydym
PEWEHUAMY U UCTOOH020 YPASHEHUS BOACE BVICOKO20 NOPAIKA, HO € Pa3-
POLBHBLMU NPOU3BOOHBMUY 6biuie k" nopadka, ydosiemesoparouwjumu 0o-
noAHUMEALHUM Ycrosuam muna Kowu 6 dpyeot mouke xg € [a, b].

Special higher orders differential equations with strong
singularities on the independent variable and the feature variable
phase

S. V. Israilov
Chechen State University, Grozny, Russia
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Peub unér o muddepennuanibiom ypasaenun suja |1, 2|

(n+m)
(n+m+1) _ (I)<‘T7 Y, y/7 T 7y(k)) Oy B (t) dt + f(SC, Y, yla te 7y(k)) (1)
- B(y(ker))

Y

B kKoTopoMm dyukmun P, f paccMaTpuBarOTCs OTHOCHTEIHLHO TOYEK 00JIaCTH
D : {x € [a,b], |y(i)‘ <d;,i :O,_k‘}, d;,;i = 0,k mamuple unciaa. Oyuxuus B (y(k+m))
HerpepbiBHAs 1 nogoxkuTesbuas mpu yF™ £ 0 B obmactn D* |y(k+m)‘ < dgim,
B (0) = 0. Jdusa dynknuii ®, f KoHIBI cermenTa [a, b] sIBISIFOTCSA TOYIKAME CHJIBHBIX CHHTY-
JIAPHOCTEH , a B IpYTUX TOYKAX 001acTu [ OHM HENPepBIBHLL M YI0BJIETBOPIIOT YCJIOBHAM

W) (Ly,y',...,y(k)) sign (¢ —x) > ¢* (z), ¢ € (a,b) (2)

rae Y* (x) > 0 menpepbiBaa Ha (@, b), OTHAKO

[ war= [ v @i = oo )

[f(zy 9y <0 (@) (4)

u 3jechb ¥ () > 0 venpepbiBaa Ha (a,b), u

/w dt/w )dt = 400 (5)

Ecau dynknus y (x) sBisercsa peimerneM ypaBaeHus (1), TO OHO HpeBpaIaeTcs B
TOXKIECTBO

k+m m
B (™) w ) () =

/ A , . (6)
=<I>(:C,y,y,~-,y”)/ Bt)dt+ f (z,y.y,....y™)
0

KOTOpOe B CBOIO O4Yepedb MOXKHO 3allUCaThb B BHJE

d< V@ B () dt)
dx B 7
/ k yUHm)(x) ! k ( )
:® ('CE’ y7y7"'7y( )) / B(t) dt—|—f ('r? y7y 7"'7y( )>
0

13 Becero sroro caeayer, uro muddepennnaibioe ypapaenne (1) MOXKHO 3anucarh B
Buze (8), KAK KBa3UINHEHHOE OTHOCHTEIBHO DYHKITHI

y*+m) (2)
2oy = [ B ®
0
[Tostomy u3 (7) momydaem
s+ (@) .
Z (y(k‘-i-m)) — / B (t) dt _ C*efc“@(s,y(8)7y/(8),...,y(k)(s))ds
0

[ el R @@ (1) (1), W (0) dt, a <z <b
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OyuKIUsg 2 (y(k+m)) u3 (8) HempepbIBHAS M BO3PACTAOIIASI, T.K.
o (y(k+m)) _B (y(k+m)) <0

rie y*+™ £ 0. Ilostomy cymecTyeT Ha TpoMeKYTKe [Z (—diim), Z (dgym)] OOpaTHAZ
BO3pacTalomas (pyHKIHs

ym =D (2) (10)

npuaém D (0) = 0. Ecau 3agarh Kpaesbie ycjaoBust

Y (0) = 0,557 () = 0....., y® (0) =0 (1)
3 (10) moywaem
W) = [T D ) a (12)

Ha ocuosanun (8) n (11)

Z (y*™(e)) = Z (0) = /OOB (t)dt =0 (13)

nosromy B (9) ¢* = 0 u umeenm

Z (x) = Z (y**™(c))

9]
3
&
—
vy
<
=
vy
&
<
=
»
©
?ﬁ/\
=
=
vy
&
SN—
Qu
»
~
—
~
<
—~
~
N—
<
-~
—~
~
SN—
<
>
BN
=
—~
~
N—
N—
Q.
~

e}

C yaérom (2) u (4) u3 (14) momydaeMm ONEHKY

[ [fe @y () dt, x € (a,d]
Z @) < ple)= {fcx eSS Gy (1) dt, x € [c, D) (15)
NPUIEM
c b
/ o (1) dt = +oo, / o () dt = +oo (16)
Oyukmusa D (Z) Bo3pacTaoriasi, MoITOMY Ha TPOMEKYTKE

[Z (_dk-i-TrL) ) Z(dk’-i-m)] (CM'(15))

D(Z) <D (¢ (x)) (17)

C yaérom ycmosmit (11) u3 (10) moryamm (cm. ((14)))

y(’“)( )=/ %D(Z(t))dt:

:/C r—t)" </ S0 (55(8) 9 (5),ee y<k>(s))dsf (r,y(7), 9/ (7), ..., y® (1)) dr) g

(18)
T.e. HHTErpo-auddepennuaabioe ypaBHenue mopsika =~ k”
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y® =F (z,y,9/,...,y") (19)

¢ npaBoii yacTeio F', paBHOil mpasoii gactu (19), ayst kKotopoit ¢ yuérom (15) B obiaactu
D mony4aaercs onenka (em. (17))

[ 2 Do (1) dt, x € (a, d]

z  (m—2)!

[7@=0" 2 D (x))dt, x € [c,b)

c  (m=2)!

IF(z,9,9,....y")| < A(2) = { (20)
u dyHKIES A () yKe cauTaeTcs HenpepuiBHON Ha [a,b]. Ypasuenue (19) B obmactu D
Oy/ieM u3ydaTh ¢ JIOOBIMI KpaeBbIME yeaoBuamu (3a1ada Kormu, 3amada Basure-ITyccena
u Jp.). Eciu BeIGpaTh OJHOPOJIHBIE YCJIOBHS 3aa4n Ko

y(z0) =0,y (29) =0, ... Ly (xo) = 0,2 € [a, b (21)

To 3aga4a (11), (21) 3amensiercsi cucremMoii uHTErpo-auddepenagibHbIX ypaBHeHUT

Yy (z) = /x: %F (t, y(t),y' (1), ... Ly (t)) dt, i=0,...,k, (22)

K KOTOPOIl NPUMEHSIOTCS PA3JIUIHbIE [TOIXO/bI /Il JIOKA3ATEJIHCTBA TEOPEM CYIIECTBOBA-
HUS ¥ €AUHCTBEHHOCTH DEIleHus ¢ ycaoBuamu (21).

BeiBogpt: 115 quddepernuaibHoro ypasaenus (1) chopMyTupoBaHbl yCJI0BHs, 00€C-
[eYUBAIOIINe CYIIECTBOBAHNE PEIIeHNs ¢ HeIIPePhIBHBIMI IPOU3BOIHBIMHU 110 k — TOPSIIKA,
BKJIIOUUTENLHO, YIOBJIETBOPsItonIee yeaosusiM (21) 3amauu Kol u ¢ Ipon3BOIHBIMUI BhITITE
k — nopsiaka, ya0BaeTBopsionuM ycaosusiM (11), HO pa3pbIBHBIME B TOUYKaX & = a, & = b
B cuay yesosuit (16) u (17) [2].

JTumepamypa

[1] Ucpamnos C.B. O600umiénnas kpaeBas 3agada Bamne-Ilyccena Jisi  CHJIBHO-
CUHTYJIAPHBIX JinbdepeHIuabubIX ypaBHEeHN BhICITUX NOPAAKOB. Bectauk YTV, ma-
remaruka, ¢pusuka, Boeimn.1.2012.c. 5-16, ['posubrit

|2] Ucpamnos C.B. MccegoBanue HeCTAHIAPTHBIX KPAEBBIX 3a7ad Jjisi OOBIKHOBEHHBIX
nudpepeHImaIbHbX ypaBHennii. Maxaukana, N3n-so, «AJIED», 2014, c. 440

Csedenusa o6 asmopax

WNcpaungos C. B. ;upodeccop, kauguaar ¢.-M.H., HedeHCKHil TOyIapPCTBEHHBINA YHU-
BepcutTeT, I. ['po3nbril; YedeHcknil rocy apcTBEHHBIN MeTarorndecKnili YHUBEPCHUTET, T.
['posusrit; KHUM PAH, r. I'po3usriii. tank551711@yandex.ru; kpaesbie 3amaan ayist OJLY (¢
PEryJISIPHBIME U CHHTYJISIPHBIME TIPABBIMA YACTSIMH ) ; CHCTEMBI ¢ GECKOHEUHBIMU TIPOU3BO/I-
HbIME 1 OeckoHeuHble cucTteMbl OJLY.
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Cucrembl ANCKPETHO-HENIPEPBIBHBIX ypaBHeHMUiI 1-ro pomaa Tuma
Y pBICOHA

M.T. Koznosa, B. A. Beio3y6
Kpoivmcknit denepanbubiit yuusepcurer um. B. V. Bepnajickoro, Poccus

Annomauyus. Paccmampusaromes cucmemvl HeAUHETHBIT JUCKPENMHO-
HENPEPLIGHLLL YpasHerut, muna Ypocona. uckpemmocms coomeem-
cmeyem JUCKPEMHLM MOMEHTAM GDEMEHU USMEPEHUA U OUCKPEMHO-
cmu mouex Habmodenus. Hnmezpasonud onepamop codepacum MmHo-
HCUMEND, COOMBEMEMEYIOUWUT TAPAKMEPY MOOEAU OMPAHCEHUA OM NO-
BEPTHOCTNU U DEALTO00PA3HOE A0PO, 3ABUCAWEE O BPEMEHU OTMPAHCE-
HUA UMNYADCE 0 Uccaedyemoti noseprrocmu (06otinoe paccmoanue om
mowku Habatodenus 0o noseprrocmu, desennoe na ckopocms). Pewenue
MAKUT CUCTNEM ABAAECMCA HEKOPPERMHOT 3a0a4ed.

Systems of discrete-continuous equations of the 1st kind of
Uryson type
M. G. Kozlova, V. A. Belozub
V.I. Vernadsky Crimean Federal University, Simferopol, Russia

Pazpaborka ycToOfYuBBIX, PEryJspU3UPYIONIMX AJrOPUTMOB CBA3aHa € aJ€KBATHBIM
UCIIOJb30BAHUEM ANPHOPHON U Jpyroit nHMOpMAIUU O PEINIeHUH, MOJEIH, CIIocodax Io-
JIVUeHHST JIAHHBIX KOCBEHHBIX W3Mepenwuii. B pabore paccMaTpuBaioTCs MOJEIN B BUJE
JINCKPETHO-HETIPEPBIBHBIX AHAJIOIOB HEJIMHEHHBIX WHTerPaJbHBIX YPaBHEHUII TUIIA CBEPT-
KU TIepBOTo poja. PazHoobpasue peryisgapusupyIoniux aIropuTMOB ONPeiesIgeTcs HaJInar-
eM JIOCTYITHOM MH(MOPMAIIMY U BO3MOXKHOCTBIO €€ MCIIO/Ib30BaHus. TeM cambiM (hopmupy-
eTcd MHTEJJIEKTYaJ bHasd CucTeMa, 6a30BbIMHU JIEMEHTaMU KOTOPOM SBJILIOTCH YILTPACU-
crembl (o repmunogornn A. B. Heuknna [1]), nmpeobpazosarenn cemanTndeckoii mudop-
MaIlud U YJIbTPAOIEPATOPHI.

JInckpeTHO-HeNpePBIBHBIE CUCTEMbI YPABHEHUN MOJEJUPYIOT MPOIECC CKAHUPOBAHUS
MOBEPXHOCTHU aHTEHHBIMHU YCTPOMCTBAMU, XapaKTep CUTHAJIA U er0 OTpazkKeHne OT CKAaHUPY-
eMoli MoOBepXHOCTH. TaKue HeJWHeHHbIe CUCTEMbI aJIredpanvdecKuX ypaBHEHUI SBIISIOTCS
AHAJIOTAMU HeJMHEHHBbIX ypaBHeHuil Tuia Y poicona 1-ro pona |2, 4].

CuHTe3 TUCKPETHBIX U JUCKPETHO-HEMPEPBIBHBIX Mojeseil — aHaI0roB HePePBhIBHBIX
— BbigBUII g ipobsem. Ilporece quckpern3anuyu (1 KBAHTOBAHUS) CYIIECTBEHHO 3aBU-
CHT OT 30HUPYIONIEro CHIHAJA, ero JeJbTa-00pa3HOCTH M MCKOMOTO perneHusi (IToBepx-
HOCTH M XapaKTepa OTPAKeHUs OT MoBepXHOCTH). OCOOEHHOCTH COCTOUT B IPUMEHEHHH
ACHUMITOTHYECKUX (DOPMYJI JIJIsI HHTETpasa ¢ OOJIBITUMHA MapaMeTpaMy U yIeTa W3BeCTHON
nHGOpPMAINKE O peleHun (anpuoOpHOii, mpernenenTHoi u ap.). Ilpu BbIGOpE AUCKPETHO-
HEIPEPBIBHBIX MOJIeJIel [IPeJIIOUTEeHUE OTIAeTCd POCTERIIUM IIPAMOi U 0OpaTHON 3314~
qaM.

K auckperHbiM, JTUCKPETHO-HEIIPEPBIBHBIM, HHTEIPDAJbHBIM HEJIMHEHHBIM YPaBHEHU M
TUHA Y PHICOHA TTPUBOJUT IMMUPOKUI KJAACC 33129 MOJICTUPOBAHIS KOCBEHHBIX U3MEPEHUIH,
JIICTAHIIMOHHOT'O 30H/INPOBAHN, CefiCMO- U Te0JI0OTOPa3BeJIKN 1 Jp. B KadecTBe mpuMepoB
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paccMaTpPUBAIOTCS: OJHOMEPHBIN cIydail ompejeeHus pOpMbl Me0JOrHIeCcKOl aHOMAJIHH
M ee XapaKTepUCTHK (IJIOTHOCTh, TTPOBOJAUMOCTD U JIP.) 1O Pe3yJibraTaM W3MepeHHH Ha
MOBEPXHOCTU 3eMJIN U OIpeeaeHne MOBEPXHOCTH 0 Pe3yIbTaTaM JUCTAHITHOHHOTO 30H-
JITPOBAHNS.

Takue 3a71a91 B HEIIPEPLIBHOM CJIydae MOJEIUPYIOTCS yPaBHEHUEM

b
Af= [ k= &1 - hOPEE = ule), a<a<b (1)

Eciin uamepenusi HpoBOJASTCH B JUCKPETHBIX TOYKAX X;,¢ = 1,M, TO HOJy4aeM JIuC-
KPETHO-HENPEPbIBHBIE CUCTEMBl YPABHEHUIT THUIIA CBEPTKH

Juckperublii BapuaHT ypaBHeHus (2) npejacrapisier coboii HenHeiiHy0 anrebpande-
CKYIO CUCTEMY YpPaBHEHUI:

> Ajkij(hj)p; =i, i=Tm, (3)
=1

kij(hy) = k(s — &, H = h(&;)),  pj = p(&),  wi = ui(x).

Ha mnpumepe ypasuenus (1) MOXKHO MOKa3aTh, YTO HEBO3MOXKHO BOCCTAHOBUTH JIBE
dbyukmun h(€), p(§) u3 oxHOro ypaBHeHus TOJIBKO 10 HHMOPMaIUK 0 npaBoil yactu u(x).
[TosToMy HEOOXOAMMO UMETh CHCTEMY TaKUX yPaBHEHHH WM BOCCTAHABIUBATH TOJBLKO
HEKOTOPBIEe XapAKTePHCTHKN UCKOMBIX (DYHKIHUI (TOYKH SKCTPEMyMa, YIaCTKH MOHOTOH-
HOCTH U JIP.), UCTIOJb3Ysl AlPUOPHYIO, MPEIeJeHTHYI0 WIH HHOTO Poja WH(MOPMAIUIO O
pemennn f = (h, p) u cnenuduke Moaean. MOKHO TOCTABUTH 33147y HAXOKICHHST OTHOM
u3 GyHKIU h Win p B NPEAIOJ0KEHUH, ITO JIPyTasi 3a1aHa.

3aiaua BOCCTAHOBJICHUS MOBEPXHOCTHU O PE3YJbTATAM H3MEPEHHs ¢ HOMOIILIO AHTEH-
HBIX YCTPOWCTB BpEMEHN OTparkeHnsl CUrHajIa (MMITyJIbca) oT noepxHocTn h(), Hampas-
JIEHHOI'O BEPTHKAJIBHO BHU3:

N|—=

T=2(6) =" [(x— €%+ (H - he)??,

o N

7€ ¢ — CKOPOCTDH PACIPOCTPAHEHNS UMILYJIbCA, T — YABOCHHOE BPEMs (/10 MOBEPXHOCTH N
00parTHO).

B cBs31 ¢ TeM, 4TO MHTErpupyeTcst OTPayKeHHBIH CUIHA ¢ BecoBoil dyHKImnei k(z, )
(s11po, IMarpamMMa HAPABIEHHOCTH, allapaTHas QYHKINS H3MepUTeTHLHOr0 Tprubopa), a
HMITYJIbC EMeeT Olpe/ieseHHy 0 dbopMy n(t), HoIydaeM ypaBHEHHE

b
Az = / m(s)k(x — s)n(t — z(s))ds = u(x,t), a<z<b c<t<d, (4)
a
rje m(s) XapaKTepu3yeT OTparKeHue OT MOBEPXHOCTH, n(t) — meabraodpasnast GyHKITHS.
DyHKIMS M MOXKET 3aBUCETH OT 2 M 2.

Takum 0b6pa3om, B KauecTBe MOJIEJIbHBIX OY/JeM pacCMaTPUBATD JUCKPETHO-HEIIPEPHIB-
Hble HeJIMHeTHbIe OllepaTOphl CJIeJIYIONero Buia

b
(Az); = / m(s)n(t; — z(s))ds, c¢<t;<d, 1€ M CN
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b
(Az); = / m(s)k(z — s)n(t; — z(s))ds, c¢<t; <d,a<z<b.

B smmHeapu30BaHHBIX YpaBHEHUSAX UCIOJIB3YIOTCS HPOU3BOIHBIE 110 2, KOTOPBIe NMEIOT
B

b
A(z)ih == | m(s)n'(t; — z(s))h(s)ds, c¢<t; <d,
A(2)ih = _/ k(z — s)n'(t — 2(s))h(s)ds, c<t; <d,
b
A'(2);h = —/ m(s)k(xz — s)n'(t; — z(s))h(s)ds, ¢ <t; <d.

g paccMaTpuBaeMOro KJjacca Mojeseidl MOXKHO TIPeTbIBATh NePAPXUI0 MaTeMaTHde-
CKHX MOJIe/Ielf 1 MHOXKeCTBO CIIeHApUeB U3MepeHusd, cOopa U UCIOIb30BaHUs HH(MPOPMAIINH
JJ1d KOPPEKTHOTO BOCCTAHOBJIEHWS MCKOMBIX BEJTUIHH.

Hanpumep, B 3aj7a4e BOCCTAHOBJICHUS XapaKTEPHBIX TOYEK PEIIeHUs B IPOCTPAHCTBE
IaIKUX PYHKIUH JIj1d cucTeMbl HHTErpo-1uddepeHnaabHbIX YPaBHEeHU TTepBOro pojia
110 JIBYM HU3MEPEeHUIM

/ o, h(x), B (2))exp | —A (t _ %Rk(h)> v = glt), k=12 (5

Re(h) = /(= h(a))? + (& — )2, (6)
rae ¢ > 0 — JocTaTovIHOe YUCJI0 Pa3 HelpepbiBHO guddepennupyeMas, A >> 1 — duk-
CHpOBaHHBIN mapamerp, ¢, H, aj, as — duxkcupoBanubie uucaa. Ilpu sartom H >> 1,
Ri(h) # 0. Ilpennomnaraercs cymecrsoBanue pemenus h(z) cucremst (5) — (6) upu 3a-
JaHHBIX gi(t), k= 1,2.

B JaHHBIX YCJIOBHSX B aJTOPUTME MOCTPOEHUS XapPAKTEPHBIX TOUYEK PEIIeHHe HCIIOIb-
3yeTcs ACUMITOTHIECKOE MpejicTaBaenne uarerpaia (5).

Nudopmarius 0 MOHOTOHHOCTH HCKOMOTO PerteHust z(§) MO3BOJISeT BCECTH 3a/1a1y pe-
MIEHUs HEeJIMHEHOr0 ypaBHeHus Y pbicona 1 poJia K JimHefiTHOMY ypaBHEHUIO THUIIA CBEPTKHU.
CooTBeTcTByOINe pe3yabTaThl MOKHO HafiTu B pabore [4, 5|. Yyer paznoobpasHoii uwH-
dopmanuu yxke Tpebyer pa3zpabOTKH HTHTELIEKTYAJTH3UPOBAHHONW cHCTEeMbl 00pabOTKH
JaHHBIX [3].

BameTnM, 9TO JaHHBIH MOIXOM MPUBOIUT K PA3IUYHBIM CIEHAPUIM HAXOXKICHUS HC-
KOMBIX BEJUYMH 1O PE3y/bTaTaM KOCBEHHBIX U3MEpPEHHH ¢ y4eToM pa3HooOpa3Hoil mH-
dgopmanmu. 31ech eCTECTBEHHBIM SIBJISIETCS TIOIX0/, OCHOBAHHBIN HA COBMECTHOI paboTe
HECKOJIbKHX IIPOIPAMMHBIX areHTOB, IepeTaoiuX HHMOPMAIIIO JIPYT APYTY.

Takum obpa3oMm, B paboTe HMOJIYUYEHBI CIEAYIOIINe Pe3yIbTaThl: IPUBEIeH HADOP MO-
JEeJIBHBIX TUCKPETHO-HEIIPEPBIBHBIX MOJEIel, IPUMEHIeMbIX B IPUK/IATHBIX 33 1a7aX BOC-
cranoBjeHus nzobpaxkenuii. [loyyennbl peryigpusupyomnie aJropuTMbl, yIuTbIBAIOIIHE
pazmuHyo anpuopuyo uHopMmanuio. [lokazaHa BO3MOXKHOCTH HCIOIB30BAHUSA ACHMII-
TOTHIECKHX METOJ0OB ¥ MHOTOAT€HTHBIX IIOIXO0JI0B.
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IlceBmomud dpepennmanbabie onmepaTopbl HEPEMEHHOTO TTOPAIKA 1
MpoCTPaHCTBA (PYHKINI TTePEMEHHON TJIaJKOCTU

B. . Kpaksun
FOxubrit benepatbublii yuusepcurer, Pocros-na-lony, Poccus

Annomauusn. Pacemampusaromen ncesdoduddepenuuanvrvie onepa-
mopw u3 kaaccos JI. Xepmandepa nepemennozo nopadka. Onu usywarom-
ca 6 npocmpancmeax Becosa u Ieavdepa-3uemynda nepemennot 2aa0-
KOCMU.

Pseudodifferential operators of variable order and spaces of
functions of variable smoothness
V.D. Kryakvin
Southern Federal University, Rostov-na-Donu, Russia

Jlokutar ocsdIien 0030py pe3yJibTaTOB, HE TaK JAaBHO ONyOJMKOBAaHHLIX B paborax
[1-3]. Paccmarpuatorcst nicepnoand depernmaibabie oneparopsl, 3a1anHbe 1o GopmMyie

Au(z) = (27?)_”/a(x,&)/u(y)ei(“”_y)g dyd¢, u € S(R"),

¢ cumBostaMu a(x, §) mepeMeHHOro nopsiaka m(-), yI0BIeTBOPSIONIIMHA OIEHKe

sup [970¢ a(, §)](1 + €)1 < oo
(z,8)ER?™

JUIST JTIOOBIX MYJIBTHHHIIEKCOB v, 3. 31ech m(x) — mobast BelecTBeHHO3HAYHASI HETPEPbIB-
Has orpanudennas pyukmusg nu 0 < § < 1.

N3yuaiorcs cpoiicTBa nicesnoanddepeHnuaabHbIX OMepaTopoB, JOKa3aHbl TEOPEMbI 00
OTPAHMYIEHHOCTH B TpocTpancTBax becora n [esthaepa-3urMyH 1a mepeMeHHO TJ1aIKOCTH,
YTOIHSIONIHE CBOMICTBO MCEBI0J0KATBHOCTH TIceBAoANMdepeHnHaTbHBIX oepaTopoB. [1o-
JIy9eHBbI AlPUOPHBIE OTEHKU I SJTUNTHYECKUX TceBIoauddepeHITnaTIbHBIX OTepaTo-
pPOB. YCTaHOBJIEHA WHBAPUAHTHOCTH CHEKTPa ICeBA0AnddepeHInaj bHbIX OlepaTopoB B
TAKUX MPOCTPAHCTBAX.
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I'padoBrie cTPpYKTYpPhl B MOCTPOEHNUN CUMBOJIMYECKUX 00Opa30B
JAMHAMUYIECKNX CUCTEM

B. A. Jlykbarenko, M. C. Tepmanayk
Kpoivckuit pegepanpabiit yausepcurer um. B. V1. Bepuajackoro, Cumdepomnonn, Poccus

Annomauus. B pabome paccmampusaromes ar2opummot nocmpoeHus,
UENHO-PERYPEHMHBIT CMPYKMYD HG 2papax, IAeMEHMb, KOMOPHLT A6-
ASOMCA ANNPOKCUMAUUET, OUHAMUNECKOT CUCTEMbBL — CUMBOAUMECKUM,
00pasom. AHAAUSUPYEMCA PEAAUSAUUA AA2Z0OPUMMOE NOCTPOEHUS CUM-
BOAUMECKUL 00PA308.

Graph structures in the construction of symbolic images of
dynamical systems
V. A. Lukianenko, M. S. Germanchuk

V.I. Vernadsky Crimean Federal University, Simferopol, Russia

OcHOBHBIE OJIOKEHHUsI TI0 CAMBOJINYECKOI THHAMHKE U JTHHAMIYICCKUAM CUCTEMAM, MPe/I-
crasienbl B paborax I'. C. Ocunenko u H. B. Ammunosoit [1], P. Boysua |2], 1. JTunaa |3,
Y. [Ty [4], K. Pobuncona [5], E. H. TTerperxo [6].

PasButue Teopun AUHAMUYECKUX CUCTEM CTUMYJINPOBAJIO aKTUBHYIO Pa3pabOTKY aJi-
FOPUTMOB MX HCCJIEIOBaHUs, & POCT BO3MOXKHOCTEH BBLIUMCIUTEILHON TEXHUKHU HO3BOJIMI
IIAPOKO TIPUMEHATH METOIBl KOMIBIOTEPHOro MojesupoBanus [6]. s KoMIbOTEPHOrO
MOJIEJIMPOBAHUS U UCCJIEJ0BAHUS JUHAMUYECKON CUCTEMbl yI00HO MCIIOJIB30BATh CUMBO-
Jaaeckuii 06pa3 [1|, koropsrii npegcraBisier coboii OpreHTHPOBAHHBIN rpad U ABIASETCS
annpokcuManueit nuckpernoit cucrem. OH CTPOUTCS 1O 33 JaHHOMY MOKPBHITHIO (pa30BOTO
npocTpancTBa gdeiikamu [;. Bepmiunbl rpada coOOTBETCTBYIOT d9eiKaM, JIYTH — CBA3AM
MEeXKJIy HHMH, a8 UMEHHO: BEPIIMHBI ¢ ¥ j COCJTUHSIOTCA JyTroi, ecan o0pa3 d9elKHu MpH
JTeCTBUM TUHAMUYIECKON CHCTeMBI MepeceKkaeTcsd ¢ d4eiikoii. Muorme 3amadnm nccaeaoBa-
HUS JTUHAMUYECKUX CUCTEM MOT'YT ObITH CBEJICHBI K 3a/[a4aM UCCICT0BAHUS MOCTPOSHHOTO
OPMEHTHPOBAHHOTO I'pada — CUMBOJINYECKOro obpa3a. Pazpaborka ajaropurma nmocTpoeHust
IEMHO-PEKYPPEHTHBIX MHOYXKECTB JIMHAMHYECKON CUCTEMbI C IIOMOIIBIO MOC/e0BATEIbHO-
CTH CHMBOJIMYECKHX 00Pa30B, IPOrpaMMHasl Peau3aliisd aJrOpuTMa M ero IIpoBepKa Ha
TECTOBBIX IIPUMepaX sBJISIeTCsS aKTyaabHOI 3a1adei.

Onpenenenune. CumpBosndeckuii obpa3 H — 310 opuernTupoBanubiii rpad G, mocrpo-
eHHBIH 10 MOKPHITHIO C' (Pa30BOro MPOCTPAHCTBA MUCCAEAYEMONR THHAMUYIECKONH CHCTEMBI 1
OTPAKAIONIHH MTepexo/Ibl U3 OJHOIO dJIeMEHTa pa30ueHus B IPyTroi.
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[Iycts C' = (Cy, ..., Cy) — KOHEUHOE TOKpbITHE 00sacTi M 3aMKHYTBIME MHOZKECTBa-
MH, KOTOpbIe Ha30BeM sueiikamu. Mmeercst obiaacte M, nuHamMuKa F' U mocTpoeHHOe I10-
kpbiTue C', TOTIa MOXKHO MOCTPOMTb Takoi rpad (G, UTo KazKaasl ero BepIInuHa ¢ COOT-
BercTByeT sueiike C;, a pebpa COOTBETCTBYIOT y3/1aM MEZKJy SIeiKaMu, TO eCTh HAIIPAB-
gennoe pebpo i — j CyIIECTBYeT TOLAa W TOJAbKO Torga, koraa F(C;) N C; # (. Dror
OPUEHTHPOBAHHBIN rpad u OyjaeT HA3BIBATHCSI CHMBOJIUYIECKHM 00Pa30M.

AJaropuTM mOCTpPOEHHS CMMBOJMYECKOTO 00pa3a

1. Jlng ucxomgnoro muozkectsa My, B KOTOPOM JieXKaT 3HAYEHUs JIUCKPETHON JuHAMU-
YeCKOU CHUCTEeMBI, CTPOUM sdeedHoe MoKpbiTHe C. B JaHHOM KOHKPETHOM CJIydae,
gueiikn uMeioT hopMy KBaJpaTa ¢ 3apaHee 3aJaHHBIM pa3mMepoM pedpa dy. OaHako,
B 00IIeM ciiydae, g4eifiKu MOI'yT UMeTb, KaK IPOU3BOJIbHYIO (POPMY, TaK U ITPOU3-
BOJIBHBII pas3mep.

2. Jlnsa nokpweitust C' crpoum rpad G, Takoii, 9TO OH SABJISIETCS CUMBOJIUIECKIM 0Opa-
30M.

3. Vcmonb3yst OMUH U3 ATTOPUTMOB TIOUCKA CHIBHO CBSI3HBIX BEPINUH (HAIPHMEp, aJl-
roputMbl TapbsiHa [7| nam aaropuT™ moumcka CHIBHO CBSI3HBIX BEPIMHH HA OCHOBE
noucka myreii [8]), Bergensem cuabrO cBsizable Bepmuabl {iy}. Eeam {iy} = 0, To
B obmacTi My HeT aTTpakTopa H JIOKATH3YEeMOe IEIMHO-PEKYPPEHTHOE MHOZKECTBO
SIBJISIETCST MYCTHIM U MPOIECC €ro JIOKATH3ANUK npekpaimaercs [6]. nade, yaansem
u3 rpacda HeBO3BpaTHBIE BEPIINHL U 0T obaactu M, mepexoauM K HOBOM obJacTu
M, maxoit uro M; = {x € M : i, € G}.

4. Crpoum it HOBOro MHOxKecTBa Mp mokpsiTue C, Tak 410 pasmep pebpa HOBOMU
sueiiku d; = %0. [Tepexoaum K myHKTY 2 B TOM CJIydae, ecju dy > €, TJie € — 3apaHnee
3aJaHHbINA IIPeJeJIbHbINA pasMep d4eiiku.

Bagada IporpaMMHOIl peasiM3aluid aJropuTMa IMOCTPOCHHs CHMBOJMYECKOTo 0Opas3a
OCHOBBIBaeTcst Ha Teopun npeaioxkennoit I. C. Ocunenko. /s peanusanun JaHHOTO IPO-
ekTa ObL1 BbIOpaH s3bIK lporpaMmMupoBanus Python, yro obocHoBano mmpokum BIOOPOM
oub/IMoTeK, yA00HBIX JijId paboThl ¢ rpadpaMu U APYruMH MaTeMAaTHYeCKUMHU CTPYKTYpa-
MU, ero CTabUIBHOCTH W MEePEHOCUMOCTH. JIaHHBIN SI3BIK XOPOIIO MOAXOMUT JIJIA PeaJin-
3alUK IocTaBaeHHoN 3anadu. /s orobparkeHus rpadUKu U OTPUCOBKU H300ParKeHUit,
HEOOXOTUMBIX JIJIs BU3YAJIU3AIUd CUMBOJIHYECKOr0 oOpasa, BblOpaHa rpadudeckast cpe-
1ga OpenGL. OpenGL (Open Graphics Library) — cuenudukarusi, oupeessionias miar-
bopmMoHe3aBHCHMBIT (HE3ABHCHMBIiT OT sI3bIKa IPOrPAMMUPOBAHNS) TPOTPAMMHBIN HHTEP-
eiic 1 HAMCAHWS TPUIOKEHWH, UCTOIB3YIONNX JIBYMEPHYIO U TPEXMEPHYIO KOMITHIO-
tepuyio rpaduky. Ucnonrssyerca oubsmoreka OpenGL GLUT. OpenGL Utility Toolkit
(GLUT) [9] — 6ubaumoreka yruiut njis npuioxkenuii mog OpenGL, KoTopasi B 0OCHOBHOM
OTBEYAET 3a CUCTEMHBI YPOBEHb OTEpaIuii BBOIA-BLIBOAA PU paboTe ¢ OMepaAInOHHON
cucremoit. M3 byHKImiT nCHOgB3YIOTCA CAeAYIONne: CO3JaHne OKHA, YIIPAB/JIeHNe OKHOM,
MOHHUTOPWHT 32 BBOJIOM C KJIABUATYPHI 1 cOObITHIT Mbitin. OHA TaKk:Ke BK/I0YaeT (hyHKIun
JIJI PHCOBAHHUS Psjia IeOMEeTPUUIECKHX HPUMHUTHBOB: Ky0, cdepa, vaiinuk. GLUT naxke
BKJII0YAET BO3MOXKHOCTH CO3JaHHS HECJ0KHBIX BemibiBatomux Meno. GLUT 6b11 co3nan
Maprom Kuirapgom (Mark Kilgard), Bo Bpems ero padorst B Silicon Graphics Inc. Uc-
nosb3oBanne 6ubanorekn GLUT npecienyer npe nean. Bo-mepBoix, 3T0 CO31aHIE KPOC-
crtardopmentoro kona. Bee dynknnn GLUT maunnatorcs ¢ npedukca glut (mampumep,
glutPostRedisplay ormedaer TekyIiee OKHO KaK TpeGYIOIee MepepucoBKH).
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Kpowme sroro, 6biia nojkrodena oudanoreka NetworkX [10], coznannas cneruaabHo
JIJIsE BBIOpAHHOTO sA3bIKa nporpammupoBanug Python. [Taker NetworkX npeanaznaden s
pa3paboTKN U M3YUYEHUSA CTPYKTYP, AUHAMUKNA U (DYHKIHI CJIOKHBIX ceTeif, a cjemoBa-
TeJIbHO HalpaB/jieHHbIX rpadoB. bubinoreka BKIIOYAET B ceds CleUaJ bHbIe CTPYKTY PbI
JIAHHBIX 1151 TPAdOB, KAK HAPABJIEHHBIX, TAK W HEHAIPABICHHBIX, MHOYKECTBO CTAHIAPT-
HBIX aJITOPUTMOB Ha I'padax, reHepaTopbl KJIACCUIECKUX U CAYyYafHBIX I'PadoB, THOKYIO
paboTy ¢ BepIIMHAMH U pedpaMu, KOTOpble MOI'YT ObITh NPAKTHYECKH JIOOBIM 00bEKTOM U
UMeTh JTI00bIe TTapaMeTphl U, YTO HEMAJIOBAYKHO, OTKPBITHIH KO, ITO MO3BOJSIET CBOOOIHO
[IOJIb30BaTHCA JIIOOBIME aJropuT™MaMu U3 6ub/JIMOTeKH B JIAHHON padoTe.

st paboThl ¢ MAcCHBAME JAHHBIX, ObLIa TOAKM0UYeHa Oubaunoreka NumPy [11]. Jan-
Hag OMOIMOTEKA TPEIOCTABISIET ITUPOKUE BO3MOYKHOCTH I PAOOTHI C [BYMEPHBIMI MaC-
CUBAaMU: MHOXKECTBO YI00HBIX METOOB /It PAOOTHI C MAaCCHUBAME, BO3MOYKHOCTH CO3/TaHMUSI
OOJIBIIMX MACCUBOB 3a OJHY CTPOKY U IIpodee.

Taxkzke Gbi1a nojk09eHa 6ubanoreka SciPy [12]. 113 Hee Oblta MMIOpTHPOBAHA YaCTh,
oTHOCAmasgcd K aupdepeHimaibubiM ypaBuennam. [laker SciPy nmosposisier pemarh, Kak
npocThie gudepeHnuaabable CACTEMbBI, TaK B CUCTeMbI JuddepeHITNaIbHBIX VPaBHEHHI
¢ ImapaMeTpaMH.

Cpenoii pazpaborku ObL1a BeiOpana Anaconda. JlaHHBIE AucTpuOyTHB OBLIA paspa-
O0TaH CHeIuabHO JJIs YIeHbIX, PADOTAIOUX ¢ PA3HOTO POJIA JAHHBIMU HA SI3BIKAX MPO-
rpamvupoBanus Python u R. Ynobereo paborsr ¢ Anaconda cocrour B TOM, 9TO 0OJIB-
MTUHCTBO TITUPOKO UCIOIb3yeMbIX ONO/ImoTeK, paboraomux Ha Python, yzxke ycraHoBiaeHb
B JUCTPUOYTHUBBI, UYTO 3HAYUTEIHHO YIPOIIAET UX HOJK/IIOYEHHE.

Bce Tectsr Ob1u nposegenst Ha MacBook Pro 2015 ¢ nponeccopom Intel Core i5 2,7
GHz u namarsio 8 I'b 1867 MHz DDR3, onepanuonnas cucrema macOs High Sierra.
CorjiacHO aJropuTMy, HPpUBEJEHHOMY B pasjene 2 ObLI co3jaaH KJacc osipGraph m mpu-
HaJiexkamue emy merogbl  init ) cellDiv, fillNodes, giveDir, giveDir_ linear,
deleteComponents, findPlace, findPlace linear.

[TocytemoBaTEILHOCTD TPUMEHEHUSI METO0B TaKasl:

1. Ununpnasimsupyercs rpad, 3a/1a10Tcs IPAHUIBI, PA3Mepbl s4eeK pa3dueHus.

2. [Tpumensiercsa meton fillNodes, B KoTopoMm KaxKa0it Bepirnae rpada cOmoCTaBISIOTCS
A4YeKU HOKPBITU.

3. Boeinosusiercsa giveDir nnm giveDir  linear, B 3aBucuMocTn 0T BBIODAHHOTO METO-
Jla oTobpaxkeHus. f4eiiku oTodpazKaloTcs MOTOYECYHO WU JUHEHHO, K KarKA0i BEPITUHE
JT0OABIISIIOTCST HATIpaBJIeHHbIe pebpa.

4. 3apeprmaerca nepsbiii sran aaropur™a merogoM deleteComponents. Anropurm Ta-
pbsiHA yIajsieT BCe He CUIbHO CBSI3HBIE BEPITUHBI, OCTABJSIS TOJBKO T€, COOTBECTBYIOIINE
AYeKH KOTOPBIX OYIYT B MOCJEJICTBUU JEJIUTCA HA YeThIPE HOBBIX.

5. Metog, cellDiv jj1s ocTaBIINXCA BEPIIXH JEJUT UM COOTBECTBYIOIIME sSUeiKHA Ha HO-
BbIe. AJITOPUTM MEPEXOINUT K TPETheMy IIAry, eCJId pasMep d9efiKi T0CTATOYHO OOJIBINOI,
9TOOBI €e MOXKHO OBLIO pa3Ie/MTh CHOBA.

Peanmzanust aJropuTMoB IMOCTPOEHUsT CUMBOJIMYECKOTO 00pa3a anpodHpoBaHa Ha Te-
CTOBBIX IIpUMepax: st orobpazkennit Xenona |13], 3acsaasckoro [14], arrpakropa IIurepa
ne Uonra [15] u ap.

Uccnenoanue Boinosineno npu dpunancopoit nojyiepkke PODU B paMKax Hay4dHOIO
npoekTa No 18-31-00458.
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O6 omHOIT KpaeBoii 3a/1a4e AJid YypaBHEHUS
napaboI0-TunepoboJIMIEeCKOT0 TUTIA TPETHETO MOPAIKA

P. X. Makaosa
WNucruryT npukiaanoit maremaruku u apromaru3anun KBHI PAH, Hanpsauk, Poccus

Annomavuua. /Jlis ypasHerus napaboso—2unepbosuteckozo muna
mpemuve20 nopadka uccaedyemcea kpaesas 3adava. Jloxasana meopema
CYULLCMBOBAHUA U eOUHCNBEHHOCTNU PERYAAPHOZ0 PEULEHUS.

On one boundary value problem for third order equation of
parabolic-hyperbolic type

R. Kh. Makaova
Institute of Applied Mathematics and Automation of Kabardin — Balkar Scientific
Centre of RAS, Nalchik, Russia

B eBKJIMTI0BO# TIOCKOCTH TOUYEK (,Yy) PACCMATPUBAETCS YpABHEHUE

Uy — AUy — DUggy, Yy >0

0= (1)

Uy + Cllgy, y <0

riae a, b U ¢ — 3aJlaHHble MOJIOXKUTEJNbHBIE Yucaa; u (x,y) — UCKOMasl JIeificTBATeTbHAS
dYHKIUS HE3aBUCUMBbIX IIEPEMEHHbIX T H Y.
Ypasuenue (1) upu y > 0 coBnagaer ¢ ypasaenunem Ajepa [1]

ou 0 ou 0%u
9y~ or (a_ * baxay) 7 2)

anpu y < 0 — ¢ obparabiM ypaBHeHneM napabosmdeckoro tuna [2|. B paborax (3, 4] mis
ypaBHeHus (2) 0600MIEHHOrO BUA UCCJIEI0BAHBL [IEPBas U BTOPAs KPAeBble 3a/a4u, JJIs
KOTOPBIX JOKA3aHbl TeOPeMbl 00 OJHO3HAYHON pa3pelmMOCTH.

[Iyctn
=0 Jo | JJ
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rjie
QO ={(z,y): O<ax<r, 0<y<T}

Q" ={(z,y): O<z<r, =T <y<0}
J={(z,0): 0<z<r}

Peeyaapnom 6 obaacmu 0 pewenuem ypasnenus (1) nasosem Pyrwyuro v = u (x,y)
mawyro, wmo u € C (Q) N CH(Q), uz€ C(ATUQT), Upay € C () u ydosaemeoparo-
wyro ypasreruto (1).

Bamaga. Haiitu peryasiproe B obaacru ) pemenune u = u (x,y) ypaaenus (1), ymo-
BJICTBOPAIONICE CJIETYIONMUM KPACBBIM YCJIOBUAM

u(0,y) =7(y),ulr,y) =7(y),-T<y<T, (3)

rie 7(y), 7.(y) — mocTaTodHo riajgkue OyHKIUH.
B pabore j0Kka3biBaeTcst TeOpeMa CyIHeCTBOBAHUS U €JANHCTBEHHOCTU PEryJIsSiPHOIO pe-
menns 3a1adn (3) s ypasuenus (1).
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CsoiicTBa moka3areJieit KojiebjieMOCTH pereHnii aBTOHOMHBIX
anddepeHImaIbHbIX CUCTEM

A X, Cram

Anpireiicknii rocymapcTBeHHbI yHUBepcuTeT, Maiikomn, Poccus

Annomavus. Ioasnocmvlo usyywens, noka3ament KoaeOAEMOCTIU pe-
Wenutl AUHETHDL 00HOPOIHBIT ABMOHOMHBLT JUBHEPEHUUANOHVT CU-
cmem. Buwidesenwr noxasamesu woaebaemocmu, cosnadaroujue mestcoy
co60T Ha MHOHCECBE DEWEHUT ABMOHOMHBLE CUCTEM. YCmanosie-
HO, “MO CNEKMPHL, BCET NOKAZAMEAET KOACOAEMOCTNY HANPAMYIO 30-
BUCAM, 0T, KOPHEL COOMBEMCMBYIOULE20 TAPAKMEPUCTIUNECKOZ20 MHOZ0-
YAECHA CUCTILEMDL.

Properties of exponents of oscillations of solutions of autonomous
differential systems

A.Kh. Stash
Adyghe State University, Maikop, Russia

g 3amannoro n € N obosnaunm depe3 M™ MHOKECTBO JIHHEHHBIX CHCTEM
i=A(t)r, zeR", teR"=]0;00),

C o2panuMenHbLMU HenpepuieHbmu onepatop-byaknuaMua A : RT — End R" (kaxmyio
U3 KOTOPBIX OY/eM OTOXK/IECTBISATH ¢ COOTBETCTBYIOMER cucTeMoil). IToqMHOKECTBO MHO-
kecrBa, M™, cocrosiee U3 a8MOHOMHBEL cucteMm, obosHaunm depe3 C™. TlpocrpancTBo
perrennii cucrembr A € M"™ o603naunM depe3 S(A), a MOIMHOKECTBO BCeX HEHYJIEBBIX

pemenuit — depe3 S,(A) u monoxkum S, = |J S.(A).
AeMn
Omnpenenenne 1[1,2]. Ckaxem, 4T0 B TouKe t > 0 IPOUCXOAUT cmpozas (Hecmpozas,)

emena snaxa dyakoua y: RT — R, ecan B 11000 OKpecTHOCTH 3TOH TOYKH (PYHKIAL Y
IPUHEMAET KaK MOJO0KUTEbHBIE (HEOTPUIATETbHBIE), TAK ¥ OTPUIATEIbHBIE (HETIOJ0KHI-
TeJIbHbIE) 3HAYCHUS.

Onpepenenne 2[1-4|. s momenta t > 0 u dyukuuu y: RT — R BBesem cienyio-
mue 0003HaAYCHNI:

v~ (y,t) — 9uca0 ToYeK ee cmpozoll cmenv, 3naxa Ha npomexyTke (0,1];

v~ (y,t) — 9uCaI0 TOYEK ee Hecmpozoll cmenv, 3naka Ha npomexyTke (0,1];

VO(y, t) — ameno ee nyaed ma mpomexytke (0, ];

vt (y,t) — aucio ee kopred (T.e. HyJI€il ¢ yIeTOM UX Kpamrocmu) Ha npomexkyTke (0, t];

v*(y,t) — aucsio ee 2uneprkpamunz xoprel Ha npomexkytke (0,t]: mpu ero mojcuere
KaxK/Iplfl HEKpPaTHbIl KOpeHb Oepercs POBHO OJIMH pa3, a KPATHbIA - OECKOHEYHO MHOI'O
pas.

JHasee, nasa wenysneBoro sekropa m € R} u Bekrop-dyukiuu r € S, BBegeM 0003HA-
genue v*(z,m,t) = v*({x,m),t), tne a« € {—,~,0,+, x}, (x(-), m) — ckaasipHOE TTPON3BE-
JIeHHe.
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Onpenenenune 3[4-6|. Beprrue (nusicnue) cuavrold n caabuill nokasamenu kosebre-
mocmu 3nakos, nyael, koprel u eunepkopred byukiun x € S, upn a € {—,~,0,+, %}
COOTBETCTBEHHO 3a1auM hopMyIamMu

ey e =T oy e e T

vo(e) = inf lim %@, m.t) | 2)(z) = ,inf, lim —v (z,m,1) |,
~ar o . T o ca . . T o

vy (x) :th—glonig]lgg i (x,m,t) | v3(x) :th—f?omlgﬂg? 7V (x,m,t)

CuuibHble U cabble TIOKa3aTe I KOJae0JeMOCTH PaHbIe HA3hIBAIUCH COOTBETCTBEHHO
HOJHBIME U BEKTOHBIMH YaCTOTAMH.

Omnpenenenune 4(2,6|. lns gaxgoro w® = 0¢, v, v, VS HA30BEM i -bIM BEPXHUM
w(A) m mmkanM Wi (A) peeyaspusosarivie no Muaruonuukocy 3HATCHUIME COOTBET-
CTBYIOIIEro ImoKa3aress KosaeodaemocTu cucrembl A € M”™ BeJinduibl, 3a/1aBaeMble PaBEH-
CTBAMHU

w(A) = inf supw®(z), wi(A)=  sup  infw*(w),
LeGL(A) zeL LeGT—H1(4) z€L
e G (A) — MHOMKECTBO i - MEPHBIX MOJNPOCTPAHCTE MpocTpancTea S(A).

Bce mokazaresn KojeOJeMOCTH pelIeHUi JTUHEHHBIX aBTOHOMHBIX YpaBHEHUI OBLIN
MOJIHOCTBIO HccaenoBanbl B |7,8]. B pabore [6] ycranosiaeHo, 9ro mis a1060ro pereHus
cucrembl A € C" cuJIbHBII MOKa3aTe b KOJIeOIeMOCTH HYJIEll IBISIETCS TOYHBIM, & CIIEKT]
s1Ooro mokasaressi cucreMbl A € C" (T.e. MHOXKECTBO ee 3HAYEHHH HA BCEX HEHYJIEBBIX
PEIeHUSX ITON CHCTEMbI) COBIAIAET ¢ MOYKECTBOM MOJyJIeil MHUMBIX YacTeil KOpHeil ero
XapaKTePUCTUIECKOrO YpaBHeHN. Peryasspu3oBaHuble JKe i - bie BEpXHUN 1 HUMKHUH CUTb-
Hble [IOKa3aTe/ i KojiebaeMocTu Hysieit cucrembl A € C™ coBagaT Mexk 1y coboil 1 paBHBI
[ ImA;(A)|, tae \;(A), i=1,2,...,n — KOPHE XapaKTEPUCTHICCKOTO MHOTOUICHA CHCTe-
MBI A, yiopsioueHHbIe 10 HeYObIBAHIIO MOy Ieil HX MHUMBIX dacreii. B [9] ycranosieno,
4TO CHJIbHBIE M cJIabble HOKa3aTeJd KOJeDJIeMOCTH HyJsel Jr060ro pemeHus cucreMbl A
COBNAJIAIOT, & 3HAYMT, BCE IPUBEJIEHHBIE BBIIIE Pe3yJabTaThl paboThl [6] cupaseamussl u
JIJIs cJIaboro rmokasaresis KoJiedjemoctu HyJsiei. I[1po cunbHble U cjiabbie mOKa3aTej m KO-
71e6JeMOCTH CMEH 3HAKOB (KaK CTPOTMX, TaK M HECTPOTHX), KOPHeH W THIepKOpHeil He
OBLJIO HUYIEr0 W3BECTHO.

Teopema 1. /s 4106020 pewenus x € Si(A) #0600 cucmemv, A € C™ cnpasediucol
PAGEHCMNEA,

13 BTOPO# EMOYKM PABEHCTB € YIeTOM pPe3YJIbTAaTOB pabor |6, 9] BeITEKAIOT CJremyto-

e IBa, CJIeICTBUS.
< n a . o o o 0o

CaexnctBue 1. /laa a10601 cucmemor A € C* npu arwbom w® = v, ve v, U 6vinoa-

HEHDL PABEHCTNEA,
« _ « _ y —
wi(A) = wi(A) = [ImA;(A)], ae{~0,+x} j=12...n

CaencrBue 2. CrnekTpbl mokasartejeil KoiebJIeMOCTH HeCTPOIHX 3HAKOB, KODHEH H

THIIEPKOPHEH COCTOSIT U3 Habopa peryasapH30BAHHBIX IaCTOT.

Teopema 2. CrekTpbl mokaszareieii KOaeO1eMOCTH CTPOTHX 3HAKOB JIIOOOH CHCTeMBI
A € C" comepkarT HaHMEHBIIHI H3 MOJIY/Ieli MHHMBIX dacTeli KOpHel COOTBETCTBYIOIEro
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XapaKTepACTHIeCKOT0 MHOIOYJIeHa, a ecau n > 2, To emnie u aucao 0, HO He codepzKaT
HAKAKHUX JPYTHX dHCEJI.

Teopema 3. IIpun > 1 das 0601 cucmemn, A € C™ npu kascdom w™ = U, U, U, U
UMENM MECTNO PABEHCNEA
wy, (A) = w—(A4) = w,_1(A4) = [ImA (A)], wf(A) =w;(4)=0, j<n-1L

ApTop BBIpazkaer riaybokyo OaaromapaocTs mpodeccopy V.H. CepreeBy 3a moctanos-
Ky 3aJa9d 1 00CYZKJIeHHEe Pe3yJIbTATOB.
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IleppoHOBCKUE U JIAIIYHOBCKHE CBOMCTBA YCTOMYMBOCTH U UX
CCJIEJOBAHME TI0 MIEPBOMY HPUOJIM>KEHUTO

1. H. Cepreen
Mockosckuii rocyapcrBennbiit ynusepcurer umenu M.B. Jlomonocosa, Mocka, Poccus

Annomauusa. Pasauunvie ceoticmea duddepenyuarvnoti cucmemot,
ceazarmvie ¢ ycmotvwusocmovro no Ieppony usu no Jlanywosy, uccie-
AYMECA NO NEP-BOMY NPUOAUNCEHUNW. YCMAHOBAEHO, YIMO BCE MHOHCE-
CMEa NMUHETHBIL NPUOAUNCEHUT, 00EeCNENUBAIOUUT KAKYW-AUOO Ycmoti-
YUBOCMb UAU ACUMNMOMUYECKYI YCMOTUNUBOCTD, C08Nadam dpye ¢
dpyeom. Cos-nadarom marce U MHONCECMEA AUHETHOLL NPUbAUICE-
HUll, 00eCnevu-8aUUT OMmcymemeue nosHot yemotuusocmu no Jla-
nynosy uasu no Heppony. Hecaedosarue sce no nepeomy npubiuiceruto
AHANOUNHBLT CB0TCME HeYycmotuusocmu nodobrux cosnadenut He no-
pootcdaem.

Perron and lyapunov stability properties and their study by the
first approximation

[.N. Sergeev
Moscow State University, Moscow, Russia

JIoKIa1, TOCBAINER Pa3BHTHIO W MCCJICJIOBAHNIO KJIACCHYECKOTO MOHATHS YCMOoTiMue60-
cmu no Jlanynosy |1, §1], a TakKe aHAJIOIHYHOTO, HO COBCEM HEABHO OTKPHITOTO MOHATHS
yemotinusocmu no Ileppony |2], Bocxoasmero Kk nokasamessm Ileppona |3).

Paccmorpum cuctemy

T = f(tx), f(t,0)=0, teR" =0,00), x € G, (1)

¢ TIpaBoil yacThio f, yaosaersopsiomieit yeiaosuio f, f, € C(RY x G), u ¢ 3anannoii 0b.1a-
cTbio (G €BKJIMI0BOTO IpocTpancTBa R™, comepzkalieil TOUKy HyJIb U Ha3bIBaeMoit (a30601
004aCMBI0 CUCTEMBI.

Hepes Ss(f) 0003HATEM MHOMKECTBO BCEX HENPOJONNCAEMBIT HEHYACEHLT PEIICHUN T
cucrembl (1), yaoBaeTBOpSIOMUX Hauasbhomy ycaosuto |x(0)] < 6.

Omnpenenenune 1 [3, 4, 5|. Ckaxewm, uro ajsi cucremsl (1) nmeer MecTo ciemyroree
NEPPOHOBCKOE CEOTUCNEO:
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1) yemotivusocmo no Ieppony, eciu st roboro € > 0 cymectByer Takoe d > 0, 9410
aioboe perterre T € Sy (f) yaoBAETBOPsieT TPEOOBAHUIO

lim Jo(t)] <= @)
t—o00

2) neyemotivusocms no Ileppony, ecau yCTORIUBOCTH HET, & MMEHHO, eC/TH CYIIECTBYET
takoe € > 0, uro s Jroboro 0 > 0 HekoTopoe pererne © € Ss(f) HE yroBIETBOpPSIET
TpeboBanuio (2);

3) noanas neycmotivusocmo no Ileppony, ecam jasg HEKOTOPHIX £, § > 0 HH OTHO
pererne = € Ss(f) He ynopaerBopsieT TpeboBaHuo (2);

4) omecymemeue noanot Heycmotnusocmu no Ileppony, ecu MOJHOM HeYCTORIHBOCTH
HET, & UMEHHO, eCJIu s JIoObIX £, § > 0 HekoTopoe pemtenue & € Ss(f) yiaoBaeTBopseT
TpeboBanuio (2);

5) acumnmomuueckasn yemotuusocms no Ileppony, ecau g vekoroporo ¢ > 0 aoboe
perrerne x € Ss(f) yaoBiaerBopsier TpeGOBAHIIO

lim [z(5)] =0 3)
t—o0

6) omcymemesue acumnmomuyeckol yemotuusocmu no Ileppony, ecam acuMIToOTHYe-
CKOH yCTORYMBOCTH HET, & MMEHHO, eCJIn JIst 106oro § > 0 Hekoropoe pemenne x € Ss(f)
He YIOBJIETBOPsieT TpeGoBanuio (3).

Omnpepenenne 2 [1, §1|. C KaxKIpIM U3 M1€CTH BBEJEHHBIX BBIIIE IEPPOHOBCKUX CBOHCTB
MOZKHO COIOCTABUTH €r0 AANYHOGCKUT AHAJIOL:

a) Yemoliuusocms, Heycmotuueocmv, NOAHGA HEYCOTNUBOCb U OMCYMEMBUE NOA-
noti neycmotivusocmu no JIanynosy MOIYIAIOTCA TOCIOBHBIM MOBTOPEHUEM ONUCAHUI 13
IepPBBIX YeTBHIPEX MYyHKTOB ONpeJeJeHud 1 ¢ MeXaHMIeCKOH 3aMeHOi B HHX TpeboBaHms
(2) TpeboBanueMm

sup |z(t)] < e (4)
teRt

6) acumnmomuueckas yemotuusocms no Jlanyroey o3HadaeT BHIIOJTHEHNE IBYX yCJIO-
BUil OJIHOBPEMEHHO: TIepBOe COCTOUT B YCTOHUMBOCTH 110 JIAMYHOBY, & BTOPOE TOJyYaeTca
3aMEeHOM B MSTOM IyHKTe omnpejesenus 1 rpeboBanus (3) TpebGoBaHmem

lim |z (6)] =0, (5)

B) omcymcmeue acumnmomuueckot yemotuusocmu no JIanynosy o3HaYaeT, 9T0 HET
ACUMITOTHIECKOH YCTOWIUBOCTH 10 JIATTYHOBY, T.€. YTO BBINOJHEHO XOTS OBl OJTHO U3 IBYX
VCJIOBUII: TEPBOE COCTOUT B HEYCTOWINBOCTH 1O JIATTyHOBY, a BTOpOe MOIydaeTcsd 3aMeHOi
B IIECTOM IIyHKTe onpejesnennst 1 Tpebopanus (3) tpebosanuem (5).

HawuGosiee pacupocTpaHéHHBI 1 BasKHbIH 9acTHBIA caydaii cucrembr (1) — 310 Auned-

HaA cucrmema BHIA
i =A(t)x, (t,z) € RT x R", (6)

3agaBaeMas nenpepuerot oneparop-gpyuknueir A : R™ — End R”. B cayuae orpanuuen-
Hoctu pyHKnuu A camy JUHEHHYIO CHCTEMYy TaKKe HA3bIBAlOT ozpanuvennotl. DazoBas
00JTaCcTh JTUHEHHON CHCTeMbl aBTOMATHIECKH COBIIAIAeT CO BCEM MPOCTPAHCTBOM R™.
Crenuduky cucremsl mepsoro npudamkenns [§24][1], cocrasasiomniero
OCHOBY nep60z0 memoda JIanyrosa, OMICHIBAET
Onpenenenne 3. Ecan cucrema (1) MozkeT ObITH IPEJCTABICHA B BUJIE

i =At)z+h(tz)=f(t2), Az=f.(t,x), (tx)eR"xG, (7)
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HIPU JOHOJHUTEJIBHOM YCJIOBUU PAGHOMEPHOT MAAOCTNUY HeAUurelinot dobasky

sup |h(t,z)| =o(z), =—0, (8)
teR+t

TO COOTBETCTBYIOWmAd JnHefinas cucrema (6), masbiBaercs st cucreMmsl (1) cucremoi
NePe8020 NPUbAUNCEHUA, IIA TPOCTO AUHETHBIM NPUOAUHCEHUEM.

Ounpenenenne 4. CkazxeM, 9TO JaHHBIM JIHHEHHbIM mpubanzkenueM (6) HEKOTOpOe
HePPOHOBCKOE HMJIM JISIITYHOBCKOE CBOHCTBO:

1) obecneuusaemes das dasosoti obaacmu G, ecau 3TUM CBORCTBOM 0b/1asaeT J0das
cucrema (7) ¢ JaHHBIM JuUHEHHBIM TpuOIHZKenneM 1 ¢ $ha3osoit obaacteio G

2) obecnevusaemesn, eCliu TJaHHOE JTHHEIIHOE TPUOJIHZKEeHIe 00eCIIeTHBALT ITO CBOHCTBO
s m00o0it dazoBoit obsacTu.

Kazk10e n3 neppoHOBCKHUX U JIAIYHOBCKUX CBONMCTB JTAHHBIM JHHEHHBIM PHOJINKEHN-
eM b0 obecrieauBaeTcsd, MO0 He oDecrevnBaeTCs, HO cpa3y B 0O0UX CMBICIAX OIpejie-
sgenns 4. Takum ob6pasoM, obecIedInBaeMOCTh JI000T0 U3 dTUX CBOUCTB JIMHEHHBIM IIPU-
OJIMKEHHEM He 3a8ucum HUA OT BbIOOpa (as3o6ol obiacmu, HA JTazKe OT caMoro (akTta eé
dUKcaAMH, 9TO M TOATBEPXKIAET CJIEIYIONAsT

Teopema 1. Jlannoe aunetinoe npubiusicenue obecnevusaem kaxoe-aubo neppoHos-
CKOE UAU AANYHOBCKOE CBOTUCMBO M020a U MOAbKO Mo20a, k0204 0HO 00ECNENUBAEM IMO
ceoticmeo xomsa 0w, das 0010l Paso6oti obracmU.

[Ipn uccremoBaHWE PA3JIMIHBIX MEPPOHOBCKHUX H JIAMYHOBCKHX CBOMCTB IO IEPBOMY
upubzKeHnto ycaosue (8), o3Havaoiiee MMEHHO pagHomepryto 1o t € R (a me no-
MOueUHY0) MAJOCTh HEJNHEHHON T0OABKH, OKA3bIBAETCA BECHMA CYULECTNEEHHbLM, 9TO H
MOITBEPIK TAET

Teopema 2. Ecau s onpedesenuu 8 ycaosue pasHOMEPHOT MAAOCTU HEAUHETHOT do-
basru ombpOCUMb, MO HUKAKOE AUHETHOE NPUOAUNCEHUE HU 6 KAKOM U3 06YLT CMBICAOS
onpedenenus 4 He CMOHCEM 00eCnevums Hu 00H020 U3 NEPPOHOBCKUL UAU AANYHOBCKUL
ceoticmsa.

JIr06oit mape B3aMMHO IPOTUBOIOJIOKHBIX MEPPOHOBCKHUX HJIM JISIIIYHOBCKHUX CBOHCTB
MOKHO IIOCTABUTH B COOTBETCTBHUE IIapy MHOYKECTB JUHEHHBIX TpUOIIMKeHni, obeciednBa-
IOIUX COOTBETCTBEHHO 9TH JiBa cBoOWcTBA. [lepecedenne Takoit mapbl MHOXKECTB sIBJISETCS
nycmuoiM, a 00beIUHEHUE He NOKPLIAEM MHOMKECTBA BCEX JIMHEHHBIX CHCTEM, TaXKe XOTsd
OBl U OTPAHUYEHHBIX, 9TO W MOKA3HIBAET

Teopema 3. /lra xascdozo neppoHoBCKo20 U AANYHOBCKO20 CEOTUCMEA MHOHCECTEO
AUHETHBLT 02PDAHUMEHHVLT CUCTEM, He 00eCNeMUBAIOUUT IO CEOTCMEO, KAIOUAEM, 6 Ce-
0.5 MHOHCECMB0 NUHETHBLY 02PAHUNEHHLT CUCTEM, 00eCNeNUBAIOULT NPOMUBONONOHCHOE
emy c80UCMB0, HO HE COBNADAEM ¢ HUM, U dadce boree Mo20, CYUECMEYEM AUHETHAA Cl-
cmema, He 00eCnedUsaUGA Hi 00H020 U3 NEPEUUCIEHHBLT CE0TICME.

Bce deThIpe MHOXKECTBA, JHHEHHBIX IPHOIMKEHIH, 00eCIeInBaOMNX KaKue-Tu00 13
JIBYX IIEPPOHOBCKHUX UJIHU JIBYX JIAILY HOBCKUX JIOTUY€CKU Hanbojiee CUIbHBIX CBOICTB yCTOI-
YUBOCTH COOTBETCTBEHHO, a8 MMEHHO, YCTONYINBOCTh U aCHMITOTHYECKYI) YCTOWYHBOCTD,
MPOCTO COBMA AT JIPYT C APYTOM, KaK TTOKA3bIBAET

Teopema 4. Ecau dannas aunetinoe cucmema obecnequsaem roms 6o, 00HO U3 cae-
QYOUUT YEMBIPET cEOTICME:

1) yemotuusocms no Ileppony;

2) yemotivusocms no JIanynosy;

3) acumnmomuueckyto yemotuusocms no Ileppony;

4) acumnmomuueckyto yemotduusocms no Jlanyrosy,

Mo OHG 00ECNeVUBAEM U OCITNAALHBIE TPU U3 HUL.
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JIBa MHOXKECTBa JINHEHHBIX MPUOIMKEHNH, 00eCIeInBAIOIINX OCTAJIbHbIE, JTOTTIeCKH
caMble cjiabble CBOMCTBA YCTONIUBOCTH, COCTOAIINAE B OTCYTCTBUH ITOJTHON HEYCTONINBOCTH
o Ileppony nin no JISIIyHOBY COOTBETCTBEHHO, TAKYKE COBIAIAIOT APYT C APYTOM, O UEM
U TOBOPUT

Teopema 5. Ecau dannoe aunetinoe npubsustcerue obecnevwusaem roms 6. 00HO U3
caedyrowus 0syr ceoticms:

1) omcymemsue noanoti neycmotwusocmu no Ieppony;

2) omcymemeue noanotl neycmotuusocmu no Janynosy,

Mo 0becnevusaem u 6mopoe us HUL.

JIBa wracca JauHEHBIX NpPUOJIMKEHUI, OMUCAHHBIE B TeopeMax 4 um 5, HECMOTPS HA
JIEHCTBYIOTIEE MK Iy HUMU 8K.AH0UEHUE, IPYT C IPYTOM YiKe He CO8Nnadarm, B TOM CMBICIIE,
KOTOPBIA pa3bsaCHIET CJIeIyIoNnasd

Teopema 6. Cywecmsyem deymepHan SUHETHAL CUCMEME, YOOBAEMBOPAIOUAA 00HO-
BPEMEHHO CACIYOULUM MPEM YCAOBUAM:

1) obecneuwusaem omcymemeue noanot neyemotivusocmu u no Ileppony, u no Jlany-
HOBY;

2) ne obecnevusaem yemotiuusocms no Ileppony;

3) obecnenwusaem neycmotiuusocms no JIANYHOSY.

1 TMHEeRHBIX 2Ke TpHOJInKeHnH, 00eCcIeInBaIonX Kakne-1u00 CBOHCTBa Heycmoti-
YUBOCM U, HHOTIA OKA3BIBACTCS OCOOEHHO CYULLCMEEHHBILM YIKE TO, SIBJISIOTCS JIL STH CBOIi-
CTBa TEPPOHOBCKUMH T JISIITYHOBCKHMH, 9TO U MOJATBEPKIaeT

Teopema 7. Cywecmeyem AuHelHAA CUCTIEME, YOOBAEMBOPAIOULLA 0OHOBPEMEHHO
CACIYIOWUM 08YM YCAOBUAM.:

1) obecnevusaem u Heycmotuueocmy, U NOAHYN HEYCMOUNUBOCTD, U OMCYMEMEUE
acumnmomuveckotl ycmotinusocmu no Jlanynosy;

2) ne obecnenusaem Hu HEYCMOUBUBOCb, HU NOAHYIO HEYCMOTHUBOCTIb, HU OMCYM-
cmeue acumnmomuveckot yemotuusocmu no Ieppony.
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IIpuaIIMn MakcuMyMa JJid mapabojIm4ecKnX ypaBHEHUI B
HEOTPAHUYEHHOI I10JI0Ce B KJlacce (PYHKIUIA C OTPAaHNYEHHBIM
pocToOM

E.B. Cunbuenko
Kybanckuii rocynapcrsennbiii yuusepcuret, Kpacnomap, Poccus

Annomauusa. Kiraccuveckul npunuun Maxcumyma 0i8 napaboasue-
CRUX YpasHenuli 0600uaemca Ha KAGCC HEOPAHUNEHHBIT PEULeHus 6
HE02PAHUYEHNHOT nosoce.

Maximum principle for parabolic equations in an unbounded
strip in the class of functions with bounded growth
E. B. Silchenko
Kuban State University, Krasnodar, Russia

Krnaccuueckuit mpuHIUT MaKCHMyMa OOBIYHO (hOpMYIUpYyeTCs AJis MapadoIuIecKuX
(1 JMOTHYECKUX) ypaBHEHUIT B orpaHndeHHbIX obactax. B [9] on pacnpocrpanén Ha
caydail OrpaHUYeHHBIX PeIieHnil napaboInyecKux ypaBHEHHU B HEOTPAHUYEHHON 110JI0CE.
B macrogmieit padbore Mbl CHEMaeM YCJIOBHE OIPAHUYEHHOCTH U 3aMeHseM ero Ha ycJo-
BHE OrPaHUYEHHOI'0 pocTa. MBI MOKa3bIBaeM, YTO MPUHIIAII MAKCHMYMa OCTAeTCs BEPHBIM
npu OoJsiee cIabBIX TPeOOBAHUAX, M1 KJIACCA HEOTPAHUYEHHBIX (DYHKINH, KOTOpPBIE VI0-
BJIETBODSIIOT OIPEJIEJIEHHBIM YCJIOBUAM (OPAHHYEHUSIM) HA CKOPOCTHh pocra. [logobHbre
Pe3yIbTATHI BAYKHBI IIPW H3YUE€HUN PA3JIUTHBIX SBOJIONUOHHBIX ypPaBHEHWH mapabosiie-
CcKOro Tuma. B yacTHOCTH, IpH IMOCTPOECHUH AIPUOPHLIX OINEHOK Ha Pa3/IMYHbIe HOPMBI
perenuii s ceMeiicTs mapabosndeckux ypasueruil |6, 2|. OcoGeHHO aKTYATbHBIM TO
CTAHOBHUTCS TOTJA, KOTJIA JPYTHEe sIBHbIE MeTO/bl (HAmpuMep, [5]) He MOryT GBITH mpuMe-
Henbl. Hapsily ¢ HuKHUME OnleHKaMu [4] HOBbIe AlPUOPHBIE ONEHKH MOTYT ObITh IT0JIE3HbI
IPH MATEeMATHYeCKOM ONHUCAHUY fBJeHUi TypOysenTHOCTH [8].

Cdhopmymupyem mpejiaraeMblit Pe3yabTaT B BUE CAeIYIOIel TeoOpeMbl.

Teopema 1. Ilycmv Q@ = (0,T) x R" u dynxyua u(t,z): Q@ — R 6 obuacmu Q
ABAAENCA KAGCCUMECKUM PEUEHUEM YDAGHEHUA

u + (V- Vu) — Au = F, (1)
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ede V(t,z): Q = R", Au= 31" | ajjus.,;, a;(t,2): Q =R, F(t,z): Q = R.
ITycmo wucao M maxoe, umo dasa a0b0t mouku xog € R™ u dasa aobot nociedosa-
meavnocmu {(t,,x,) € Q}, crodawetca x (0,z9), coomseememeyrowuil eeprrul npedes

ydoe/zemsopﬂem HEPABEHCTNEY hm U(tn, l’n) S M.
n—-+o0o

Iyemov u(t,x) < Colz|® dunaasvio npu x — oo, 2de Cy — HEKOMOPAA KOHCMAHMG U
0<a<?2.

Hyems W(t, z) aokaavro oeparnuvena u |V(t, x)| < Ci|z|? Punarvro npu x — oo, 2de
C7 — nexomopaa xoncmarma u f < 1 — a.

Hyemo mampuya A(t, x) = (a;j(t, x)); j=1.n HEOMPUYAMEALHO 3HAKOONPEDEAEHA, PYHK-
yua tr A(t,x) = Y o ai(t, ) aokaavro ozpanuvena 6 obaacmu Q u tr A(t,z) < Chlz|”
Punaarvro npu x — 00, 2de Cy — nexomopas xKowcmarwma u y < 2 — Q.

Haxoneu, nycmo F(t,x) <0 6 obracmu Q.

Toeda sepro HepPasERCME0

sup u(t,x) < M.
(z,1)eQ

HamoMHIM, 9TO HEKOTOPOE CBOMCTBO BBIMOJHEHO (DUHAIBLHO MPH T — OO0, €CTH ITO
CBOWCTBO BBINOJIHSETCSI B HEKOTODPOH OKpecTHOCTH GeckoHednoctu |1, mr. 3, § 2 m. d,
crp. 135]. DyHKUMS ABAFETCS JOKATBHO OIPAHWMYEHHOl, €CIM OHA OTPAHNYIEHHA HA KaiK-
JIOM OI'PaHUIEHHOM MHOZKECTBe.

Sameuanne 1. YcaoBue TeOpeMbl O MOBEAEHUN (PDYHKIUU U MPU MPUOINKEHUHN K TPa-
mune {0} x R” Bemmosmnsercs, ecan u wenpepssia B [0,7) X R n

sup u(0,z) = M < 4o0.
TER™

Bameuanue 2. YCJIOBUAM TeOpPeMbl yIoBJIeTBopsieT omeparop Au = Awu npu JrobbIx
0<a<2muf<1-—q, H0cKOIBLKY B 3TOM caydae tr A(t,x) =nuy=0<2— a.
[IpuBegemM HECKOJIBKO MPUMEPOB IIOAXOAANIUX IapaMeTpoB o U [3, IpH KOTOPHIX BBI-
IMOJHSETC TeopeMa, 1.
Ecin a = 0, T0o ecTh © orpaHnveHa, ToO MOAXOIAT Jo0ble f < 1 1 v < 2.
Ecaun =0, To ects ¥ orpanundena, o nogaxonar jgwoodee 0 < a<luy <2 — .
Ecnu 8 = 1/2, o noaxomar yobsie 0 < a < 1/2um vy <2 —a.
Ecnu 8 = —1/2, To moaxoagar mobsie 0 < a <3/2u v <2 —a.
Ecim 6 < —1, to moaxoagar jodble 0 < a<2u vy <2 —a.
B kauecTBe cefCcTBUs U3 TeOpeMbl 1 TIOIyYaeTces CIeyoomas TeopeMa st 0000IeH-
HOT'O ypaBHeHUs Broprepca.
Teopema 2. ITycme Q@ = (0,7) x R u ¢ynryus u(t,x) 6 obaracmu Q asisemca
KAGCCUMECKUM DeweHuem 0bobuLernozo ypastenus bropeepca

Up + f(u>u:b — Ugax = O; (2)

2de [ — p0KaADHO O2paHUMEHHAA GYHKUUA.

Hycmy wucao M maxoe, wmo dasa moboti mowku ro € R u daa a10600 nocaedosa-
meavrocmu {(t,, r,) € Q}, cxodswetica % (0,xy), coomeememeyrowuli seprrull npeden
ydoeaemeopaem HepaseHcmey nl_i??oou(t"’ ) < M.

Iyemo u(t,x) < Colz|* dunarsvro npu & — oo, 2de Cy — nekomopasa KoHcmanma
0<a<?

Iyemo |f(y)] < Cily|* dunarvro npu y — oo, 2de Oy — nexomopas Koncmanma u
A+ 1Da < 1.
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Tozda eepro nepaseHcmeo
sup u(t,x) < M.
(z,t)€Q

HoxkazareabcrBo. locrarouno yoeaurnest, uro V(t, x) = f(u(t, z)) sokanbao orpa-
anaennas u |V (¢, x)| < Cf|z|*® dunanbro npu x — oo, rae C] — HeKOTOpas KOHCTAHTA.
Janee pesyabrar cieayer u3 reopemb 1. O

B kadecTBe BaKHBIX YACTHBIX CIy4YaeB, IPUBEIEM HECKOJIBKO MPUMEPOB MOIXOIAIIMX
HapaMeTPOB (v U A\, IPU KOTOPHIX BBIIOIHSETCS TeopeMa 2.
Ecmu a = 0, To ecTh w orpaHnyena, To MOAXOTUT JI000€e .
Ecmu A = 0, To ectb f orpanmdena, o moaxoant Jioboe 0 < a < 1.
Ecaun A = 1, ro noaxoaut a060e 0 < v < 1/2.
Ecan A < —1/2, 1o noaxoaur sob6oe 0 < o < 2.

AHanu3upyst pasandHble YacTHbe caydad PYHKIUE [, B YACTHOCTH CJIEAYIONIHe IPH-
Mepbl HHTEIPUPYEMBIX YPABHEHUI

ut_u:m:oa utiuux_uxxzoa

MOKHO C/IJIATh MPEJIOJIOKEHHe, YTO YCIOBUe HA POCT HA OECKOHEYHOCTH MOXKHO CYIIie-
CTBEHHO 0cJ1abuTh. TeM He MeHee, MOKHO MOKA3aTh, MIOJHOCTBIO OTKA3ATHCS OT OIPAHU-
deHuii Ha pocT B OOIIEM ciydae HeJab3s [3, 7).

JIumepamypa

[1] Bopuu B. A. Maremaruuecknii anaaus. Yacrs I. — Uz, 4-e, ucup. — M.: MITHMO,
2002.

[2] Bupiok A. 9., Ceumnos A. A.; Cunsuenko E. B. cnonbzosanne vopm [éapaepa s
OIEHOK HOPM MPOW3BOJIHBIX PEIleHuH SBOMOIUOHHBIX YpaBHeHuil // [eomerpuaeckuii
aHaJM3 U ero npuioxkenus. Boarorpaza. 2016. — C. 27-29.

[3] Biryuk A. Note on the transformation that reduces the Burgers equation to the heat
equation. — 2003. — Ne. MP-ARC-2003-370.

[4] Biryuk A. Lower bounds for derivatives of solutions for nonlinear Schridinger
equations // Proceedings of the Royal Society of Edinburgh Section A: Mathematics.
— 2009. — V. 139. — Ne 2. — P. 237-251.

[5] Biryuk A. An optimal limiting 2D Sobolev inequality //Proceedings of the American
Mathematical Society. — 2010. — V. 138. — Ne 4. — P. 1461-1470.

[6] Biryuk A., Craig W. Bounds on Kolmogorov spectra for the Navier-Stokes equations
// Physica D: Nonlinear Phenomena. — 2012. — V. 241. — Ne 4. — P. 426-438.

[7] Biryuk A., Svidlov A., Silchenko E. On the heat integral identity for unbounded
functions // IMpobsembr anammsa. — 2018. — T. 7. — Ne Crenbimyck.

[8] Biryuk A., Svidlov A., Silchenko E. Remarks on KO41 theory of turbulence. // Kowm-
IUICKCHBII aHATH3 U ero npuioxkenus. KybancKuil rocyjapCTBeHHbIH YHUBEPCHTET. —
2018. — C. 34.

[9] Hormander L. Lectures on nonlinear hyperbolic differential equations. — Springer.
1997.

105



HANOPEPEHIINAJBHBIE YPABHEHUS, TMHAMUYECKUE CUCTEMBI U TEOPUA VIIPABJIEHW

Csedenusn 06 asmopax

Cunwsuenko E.B. Accucrent, Kyol'V, silchenko-e@ya.ru, maremarndeckuii aHams,
asirebpa, PYyHKIUOHAJIBHBIN aHaIn3, JuddepeHiinaj bible YpaBHeHUs.

VIK 517.917
BBK 22.161.61
T 49

OI_[eHKa qHncCJia MHBAPUAHTHBIX IITPAMBIX ITOJIMHOMMAJIBHOTO
BEKTOPHOI'O IIOJIA Nn-0il cTeneHn CIIEINaJIbHOT'O B A&
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Annomayus. Ha ocrose nonamui uneapuaHmH s MHOHCECTNE, Y340~
BUIT U BHEY3N0BHLL MOYEK JAHG OUEHKD YUCAL M UHBAPUGHITHBLE NP
MBLE QUPPEPEHUUAALHOT CUCTNEMDL, NPABBLE HACMU KOMOPOT NPEIcmac-
AL0M c000T NoAUNOMBL N-0T cmenenu. B wacmuocmu noxazano, wmo
NPU ONPEOEAEHHBIT YCAOBUAT OUEHKA umeem eud m < 2n + 2.

The number estimation of invariant straight lines for polynomial
vector field of the n-degree in special case

V.B. Tlyachev

Adygeya State University, Maikop, Russia
A.D. Ushkho

Adygeya State University, Maikop, Russia

OJiHUM U3 PUOPUTETHBIX HANPABICHUN MCCICOBAHUN B KAUECTBEHHONH TEOPUH ABTO-
HOMHBIX JudpepennuaibHblX CUCTEM THIIA

{(§ = Zhrosory = Pl N
d_? = Z?+j=0 bijr'y’ = Q(x,y),

SBJISCTCH U3y YCHHe BOIPOCOB, CBA3AHHBIX C AJIre0pandecKUuMI NHBAPHAHTHBIMI KPHBBIMI.
. _ n(n+1)

B uspectmoii pabore Jap6y [1| mokasamo, uro mammume y cucremsl (1) p = =5= + 1
Pa3J/JIMYHbIX ,ZLeI/UICTBI/ITeJ_H:)HbIX HEIIpUBOJIMUMbIX HaJl 110JIeM ﬂeﬁCTBI/ITeﬂbeIX quceJ1 a,HFe6—
pandecKux WHBApHAHTHBIX KpuBbX f;(x,y) = 0, ¢ = 1, p no3BossieT IpeacTaBuTh OOIITHI
nHTEerpaJl 9TOI CUCTEMBI B BUJIE

a1 o ap
L fe® e P = const, tie a; € R

Huzkeropopckuit maremaruk M.B. [losoB B crarbe |2] gokaszan Teopemy: ecm cpean

dy _ Qz,y) "
MHTErpaJibHbIX KPUBHIX JuM EPEHINAILHOTO ypaBHEHN @i = Pley) TPaEKTODHIl cucTe-

Mol (1), re (P, Q) = 1, coiepKuTcst KOHEIHOE 9UCI0 S MonapHO PA3JTHHBLX, HEMPUBOIH-
MBIX HAJI IIOJEM KOMILICKCHBIX 1HCe airebpamiecKux Kpusblx, T0 S < 2 nppyen
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JUIs 1 = 2 olleHKa TouHas. Kak ormedeno B pabore [3], onenka, nanuas /1o710BbIM B pabo-
Te |2| siBasiercst TouHOl 1 ipw 1 = 3. JleficTBUTENBHO, U N = 3 CYNIECTBYIOT KyOUIeCKne
CHCTEMBI, y KOTOPBIX COOTBETCTBYIOINIEE YPABHEHHE UMEET TOJbKO CeMb aIredpandecKux
MHTErPAIbHBIX KPUBBIX, a BCE OCTAJbHbIE HHTErPAIbHbIe KPUBbIE TPAHCIEHIEHTHBIE.

BasKHbIM 4aCTHBIM CJIyYaeM 3312491 00 OIeHKe YHC/Ia aJIredpandecKnX NHBAPHAHTHBIX
KpuBBIX cucrembl (1) sBiasercsa 3a1ada 00 ONEeHKe YHC/Ia HHBAPUAHTHBIX MPSIMbIX.

3ydennem cucrembl (1), uMerolieii HHBApHAHTHBIE MpPsIMble, B DA3HbIE TOJBI 3aHU-
MAJINCh KUTAHCKHEe MaTeMaTHKH, a TaKzKe MaTeMaTwuku B Poccum m crpamax 3amaiHoi
Esponbr. Tak B pabore [4] nokazano, 4ro qucio N uHBADUAHTHBIX HPMbIX cucTembl (1)
OoTpaHWYeHo JucjoMm 3n — 1.

B namnoit pabore nzydaercst BOmpoc 00 OIeHKe YNC/Ia WHBAPHAHTHBIX MPAMBIX CHCTE-
Mbl (1) mpy Haamann y Hee MuozecTB M, uw M*, rne ki, ky € R, ky # ky. Hamommm,
9TO 1O CUMBOJIOM ME crielyeT MOHMMATL MHOMKECTBO, cocTodIee u3 S U ToabKo S ma-
pPAJLIEJIBHBIX MEK/ly COOON MHBAPHUAHTHBIX HPSMBIX ¢ yIJIOBbIM Ko durmentom k. Ilpu
9TOM CYIIECTBEHHO HCIOIB3YIOTCsI, BBEJeHHbBIe B pabore [5], moHITHS y3710BOii 1 BHEY310-
BOit Toukn cucreMsl (1). Onenke 9ncIa THBAPHAHTHLIX MPSIMBIX CHCTEMBI (1) TOCBSAIIEHE
Takke crarou [6,7].

IIpesk e Bcero, oTMernM, 9To cucreMy (1), mmeromyio nsa muoxectBa M'', u M*2,
rie ki, ke € R, k1 # ko.MoxkHO npuBecTu nocpeacroM adpGUHHOrO npeodpasoBaHus K
cucreme

‘Cil—f =(@—a) ... (= ap_2) - (a20®® + anzy + agzy® + a10z + any + ago) = Po(x, y),
% =(y—01) - (Y= Baa) - (b20x® + brizy + boay® + biox + bory + boo) = Qn(z,y),

(2)
e a; < @y < ... < o, f1 < P2 <...<Bu2, (Ph,Qn) =1
OueBnano, cucreMa (2) UMeeT 1Ba MHOKECTBA

M, ={y—Bi=0,y—PBo=0, ..., y—Bus=0}
o={r—a1=0,2—ay=0, ..., x—a, =0}

Omnpenenenne 1. CocrosiHue paBHOBECHs CUCTEMBI (2), Yepe3 KOTOPOe MPOXOJIAT JBe
MHBapUAHTHBIE IpAMble u3 MHOKecTBa M = MY , | J M ,, Hasosem y3/10B0ii TOUKOil 1/
cocrossHueM paBHoBecus U-Tuma.

Omnpenenenune 2. Cocrosinne pPaBHOBECHST CUCTEMBI (2), He sIBIISIOIIeecst y3J10B0it TOU-
KOIf, Oy/JIeM Ha3bIBATh BHEY3JIO0BOM TOUYKOIL.

BregeMm caeayionme obo3HaYeHUsT A0 TJIABHBIX W30K/JIUH H BHEY3JOBBIX TOUYEK CHCTE-
MBI (2).

Lo Z?ﬂ.:o bijr'y’ =0, L*>: Z?ﬂ':o ai;z'y’ =0, V =LY L™ - BreysnoBast T04-
ka V-Tuma, ToYKa, Yepe3 KOTOPYIO HE MPOXOJIUT WHBAPUAHTHAST MpPsMasi, TPUHAIIEKA-
mag MHo:kecTBy M, VU — BHeysoBad TOUKa, paclooKeHHad Ha MHBAPHAHTHON HpPAMOil
1€ M?_,, wmu cocrosanue pasuoBecus VO- tuna, V°° — BHEy3I0Bas TOUKA, PACTIOIOKCH-
Has Ha WHBAPHAHTHON mpamoit [ € M °,, uim cocrosiHue paBHOBecud V °°- Tuma.

Oueruino, yepes BHEY3/I0BYI0 TouKy VO-runa (V' °°-runa) npoxouT rjaBHas W30K/IH-
na L>®(L°) cucrembr (2).

CupasejuBa

Teopema 1. ITycmo Li(Ls) — unsapuanmuas npamas cucmemo, (2), npoxodsauas
uepes eneysrosvie mouku V-muna A u B (C u D), npuuem cpedu mouex A, B, C, D nem
cosnaswuzx. Tozda n — Hewémmno.

Teopema 2. ITycmo Ly (Ls) — uneapuawmnas npamas cucmemsvi (2), nporodauas we-
pes eneysaosvie mowku A u B (C u D) V-muna, npuuem cpedu mouex A, B, C, D nem
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COBNABUIUTL U, KPOME MO20, IMA CUCTIEMA UMEET, UHBAPUAHMHYI Npamyto L, npoxods-
WYI0 HEPE3 BHEY3N0BYI MOYUKY, Pacnoaoxcennyto Ha Ly usu Ly. Tozda L npoxodum wepes
sepuuny npamoyeosvnuka | [, obpasosarnozo uneapuarmmomu npamoimu x — oq = 0,
T— o, 0=0,y—01=0,y— B2 =0, aubo napassesvra 00not ud npamoir L1 u Lo.
Ecau L npozodum wepes sepuuny npamoyzosvrura | [, mo n=>5.

N3 Teopemsr 2 caemyer

Teopema 3. Ecau cucmema (2) umeem unsapuanmmyio npamyro Li(La), npoxoda-
wyro wepes eneyzaosve mouku A u B (C u D)V -muna, npuuém cpedu mouex A, B, C,
D nem cosnaswux. Tozda wucio m uH8APUGHMHBLL NPAMBLEL IMOT cucmemsvl Yoosaemaeo-
paem nepasencmey m < 2n + 2.

ITpumep 1. Kpome 09eBHIHBIX IIECTH HHBAPUAHTHBIX IPSIMBIX CHCTEMA,

{ ?:x(:c—%)(x—l)(—x2+10y2+:c—10y+2),
d—?t/:y(y—%) (y — 1) (522 + 4y* — bx — 4y + 2)
IMeeT WHBapUaHTHBIE TpsMble Ly :y —x =0, Ly ty+x—1=0, Lz : y — 1/2x = 0,

Ly:y—1/20—1/2=0,Ls:y+1/20—1/2=0, Lg:y+1/2x —1=0.
IMpumep 2. Cucrema

g (o—1) (o
{%:y@—%w

nMeeT MHOZKeCTBa

1) (0= 1)@= (=92 + 2y + Pr - Py +1),
D-D-DEE" -9y - Fet Jy+1)

1 1
Mgz{yzoay_zzoay_§:07y__:O7y_1:O}7

1 1 3
MX=<ox=0,2—-=0x—=-=0,2—-=0,2—1=0,.
° { ’ 4 2 4 }
Kpome sroro, cucrema umeer 1ectb UHBAPUAHTHBIX IPAMBIX: Y —2 = 0, y—$+}L =0,
y—r—3=0y+r-1=0, y+o—-=0,y+z—3=0.
Sameuanue. KoapdurmenTol cucreM, IpuBeJeHHBIX B MpUMepax 1 U 2, BHIYUCIEHB B
cpene MAPLE.
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Paccmarpupaemag cucrema

% - Qn (xvy)

riae P,(x,y) n Qn(x,y) — B3aHMHO IPOCTBIE MHOTOYJIEHBI C JeficTBUTEIbHBIMU KO3 -

(1)

[ICHTAMH.
Ocobyto Touky M (xg, yo) cucremsr (1) HazbIBAIOT 0CO00I TOUKOI BTOPOI IPYIIIIBI, €CJIH
BBINIOJIHSIOTCA YCAOBUSI:

PTILx (.7}0, yO) + Q;Ly (x(]a yO) =0 (2)

MN3BecTHO, 9TO 0CODAsT TOKA BTOPOH TPYIIIHI ABJIAETCS JUO0 MEHTPOM, JIHO0 POKycoMm,
HHave TOBOps, 9TO ocobast TOYKa, I KOTOPOH BO3HHUKAaET Ipob/eMa «IeHTpa-hoKyca.
O6mumupayto 6ubsimorpaduo 1o 1ol mpobieme MOKHO HaliTh B Mouorpaduun 1] Geso-
pycckux maremarukoB H.A. Jlykamesuua, B.B. Amennpkuna, A.Il. Camosckoro. Oguoit
3 TpobJieM B KavYeCTBEHHONW TEOPHH ABJISIETCA MPO0/IeMa COCYIECTBOBAHNS MPEIETbHBIX
IUK/IOB W TEHTPOB MOJMHOMHUAIBHBIX nudpdepennuanpabix cucrem. B pabore H.A. Jly-
KanreBn4a [2| mokazamo, uro cucrema (1) npu n = 2 He UMeeT MPeJIETbHBIX UKJIOB, €CIH
Cpesiu ee 0coObIX TOYEK eCTh XOTsl Obl OJINH IEHTP. DTUM YKe aBTOPOM B cTarhe [3| moka-
34HO, 9TO Y CUCTEMbI

T =—r+Qs3(v,y)

oTcyTeTBYIOT ipeenbhbie kb, ecan O(0;0) — nenrp, Ps (x,y), Qs (z,y) — omHOPOIHbIE
MHOTOWIeHbI Tperbeil crenenu. [locse onmybunkosanus pador [2,3] H.IT. Epyrun nocrasmn
33,129y OOHAPY KeHHS IMOJTUHOMHAIBHBIX TuddepeHIraIbHBIX CHCTEM BTOPOTO IMOPSIIKA,
MMEIOMIUX 0CODYIO TOUKY THIA «IEHTP» U XOTs Obl OUH mpeenbhblii kI [4]. Huzxero-
poackuit maremaruk M.B. /lo/ioB ycTaHOBUJI, YTO HAaUMEHbIIAs CTEIEHb 1 MHOI'OYJICHOB
P, u Q,, upu Kotopoii cucrema (1) MOKeT HMeTh IpejeIbHbIe MUKJIBI B CIydae MeHTPA,
pasra TpeM [5]. B 3amerke [6] moctpoena Kybudeckas cucteMa, HMeEIOINAs [Ba MEHTPA U

(3)
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npeiesibHbIH 1uKJI. [loaToMy ecTecTBeHHBIM 06pa3oM B pabore [7| GbLia mocTaBieHa 3a1a-
qa: eci By, — Kimace Kybnaeckux cucTeM, HMEIOIIHX M MEeHTPOB, TO P KAKOM HanOOb-
meM 3HaueHun m cucrema (1) mpu n = 3 UMeer mpeeabHbe MUKIbL. [[0TyTHO OTMETHM,
aro B pabore [8] nokazano, uro m < 5. B ynomsiayToii pabore [7] moKa3aHO yTBEpXK IeHHE:
B Kaacce Ey, (m > 3) cymecTByoT CHCTEMBI ¢ TIDeIeNbHBIME TTHKIAMH.

B naunoit pabore paccMarpuBaercsi BOIPOC 00 OTCYTCTBUU W30 IMPOBAHHBIX TIEPUO/H-
YeCKUX pelreHuit KyOudeckoil cucTeMbl, UMEIOIIei 0coOble TOUKH THUIA <IEHTP>.

Touky M (xg,Yyo), TPHHAJIEKAILYIO TIaJKOH KPUBOH L, HAa30BeM KOHTAKTOM Ha L,
ecan BekTop V' = (P,(z0,v0), @n(To,Y0)) ABJISETCS HAIDPABJISIONIUM BEKTOPOM Kaca-
TeJbHON K KpuBoit L B Touke M.

[Iycrs F(z,y) = 0 — ypaBHeHHe Daajkoii ajarebpandeckoil KpuBOi mopsika m, m > 1.

Tak kak cucTema ypaBHEHUIH

{ / F(x,y)l: 0
E, (z,y) B (2,y) + Fy(2,y)Qn(z,y) = 0

nmeer He Gosee m(m + n — 1), To cupaBenauBa

Teopema 1. Cymma gncsaa 0coObIX ToYeK cucTeMbl (1) # 9ncjga KOHTAKTOB, PACIIONO-
JKEHHBIX Ha IVIQJIKOM ajrebpanydeckoil KpuBoii opsijika m, m > 1, He TPEeBOCXOJIUT YHUCIa
N =m(m+n — 1), ecin KpuBas L He cOCTOUT u3 TpaekTopuii cucreMsr (1).

Crenyst crarne [9], BBemem

Omnpenenenune. [Ipsvas y = kx HazpiBaercsa ocbio cummerpun N-tuna cucremsr (1),
ecqiu ipeoOpa3oBaHue

T =ux+ ky,
y=—-kr+y
nepeBoauT cucremy (1) B cucremy
&~ Py "
d_% = n(fv y)

rae Pn(x_l - g) = _Pn(fa y)? Qn(rl - y) = Qn(fa y)

B crarpe 9] mokasbiBaercs, 4T0 och cuMMerpun N-Tura sBJsieTcsi H30KJIMHOT, KOTO-
PYIO TIEPECEKAIOT TPAEKTOPHU CHCTeMBbI (1) MO MPSIMBIM YIJIOM.

Teopema 2. Ilycrp cucrema (1) nmpu n = 3 umeer Xorst ObI OJHY OCh CHMMETDHU
N-Tuna u He MeHee Tpex IEHTPOB, JIBa U3 KOTOPHIX He JIEXKAT Ha OCH cuMMeTpun [N-THIa.

HokazarenbctBo. He cyxkas oburnoctu, OyjieMm cuurarh, 4To npamasg y = 0 — ocb
cummerpun N-tuma cucremsl (1) npu n = 3. Iosromy cucremy (1) mpu n = 3 MOKHO
3aIlUCATH B BHJIE:
% = y(ao + anz + asnz? + apzy?) (5)

% = bOO + blox + bQOZEQ + b02y2 -+ b30[173 + 5121‘y2

JluBepreHiust BEKTOPHOTO T10Jist CHCTeMbI (5) uMeeT BUI:

O'([L’, y) = y[an + 2[)02 + 2(@21 + bn)fL’] (6)

Ecau o(x,y) = 0, To cucrema (5) KOHCepBATUBHA U HE HMEET W30JUPOBAHHBIX IE€PH-
onmveckux perrennii. Ecam o(x,y) # 0, To neaTpsl cucrembl (5) TpUHAIIE)KAT KPHBOW
o(x,y) = 0. lpsamoit y = 0 mpuHa IeKAT X0Tst OBl OJUH TEHTD. B camoMm Jeste, ecju
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[PeJIIONI0KHUTh, YTO cucreMa (H) He UMeeT HH OJHOTO IeHTpa Ha npsaMoit y = 0, To Bce
IEHTPHl PACIOJIOXKEHBI Ha MTPSIMON

l: a1 + 2602 + 2(&21 + blg)x =0

B crty cuMMeTpHE BEKTOPHOTO TIOJIsT CHCTEMBI (5) OTHOCHTETBHO OCH abCIHCC, & TAKIKE
IPEeIIOJIOKEHUsI, UTO CHCTEMa UMeeT He MeHee TpeX 0COOBIX TOUYEeK THIA «IEHTP», IMPHXO-
AUM K BBIBOAY, YTO HaA l PacCIlOJJIOZKEHbI HE MeHee YeThbIpeX HeHTpPOB, Y€ero 6bITb HE MOZKeT
(mpsimMast epecekaeTcsi ¢ KPUBOI BTOPOTO MOps/iKa He Gostee, 9eM B IBYX TOYKaxX. Takum
06pa3oM, COIJIACHO YCJIOBHIO TEOpeMbI, crucTeMa (5) umeeT XOTs Obl OJMH MEHTD, PACIOJIO-
JKeHHBIH Ha npsaMoil y = 0 U IBa IeHTpa, paclojioKeHHble Ha npsamoii [. Ilpeamosoxum,
910 cucrema (5) uMeer mpeeabHblil MUk ly. Kak ciaeayer u3 npusnaka Bennukcona [10],
lo mepecekaer npsmyio [. CiemoBaresbHO, KPOME JBYX OCOOBIX TOUYEK THIIA «IEHTDP» HA
npaMoii [ ecTh XOTd Obl OJIMH KOHTAKT MJIM OJIHA 0CODas TOYKA, OKPYKEHHAs ITPeIeTbHBIM
koM. Tak kak mpsamas y = 0 — och cummerpun N Tuma, a Tak:ke npsamasi [ nepe-
cekaercd ¢ npsaMoit y = 0 B Touke M, To M — KontakT Ha npsamoit [. Takum obpazowm,
CyMMa, 9HCJIa O0COOBIX TOYEK W YMC/JIa KOHTAKTOB Ha HpsIMOil [ He MeHee YeThbIpeX. DTO
nporuBopeunt Teopeme 1. Teopema goxasaHa.
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Stability of the second order systems of stochastic differential
equations

M. M. Shumafov
Adyghe State University, Maikop, Russia

Abstract. The paper is concerned with the problem of stability of
the second order systems of stochastic differential equations. For such
systems sufficient conditions of stability on probability and exponential
stability in mean square are given. Necessary and sufficient conditions of
exponential stability in mean square are rendered for linear second order
systems of stochastic stationary differential equations. The investigation
18 based on the construction of special Lyapunov functions for systems
considered. As an example it is considered a harmonic oscillator
parameters of which are perturbed by white noise.

1. Introduction. In 1892 A.M. Lyapunov published his famous doctoral dissertation
[1] where he introduced amethod, which later became known as direct or second method
of Lyapunov, as a method of investigation of stability of solutions of ordinary differential
equations (ODE). This method is of great generality and a powerful tool for qualitative
analysis deterministic systems, described by ODE;, since it does not require the knowledge
of solutions themselves. Lyapunov’s direct method reduces the problem of stability to the
problem of the existence of Lyapunov’s function s which have along the solutions ofthe
given equation an appropriate monotonic behavior.

In the last 60 years,since K.Ito constructed his stochastic calculus, the theory of
stochastic differential equations (SDE) had a very quick development. Furthermore it
was recognized that Lyapunov’smethod could have been extended to investigate various
stability properties of solutions of SDE. The first suggestion of Lyapunov-like theory for
SDE appeared in the papers ofBertram and Carachik [2], and Kats and Krasovskii [3].
Afterwards this theory was developed by Kushner [4], Khasminskii [5], L. Arnold [6],

113



HANOPEPEHIINAJBHBIE YPABHEHUS, TMHAMUYECKUE CUCTEMBI U TEOPUA VIIPABJIEHW

Fiedman [7], Mao [8] and other authors. For some classes of linear and nonlinear SDE
stability conditions by Lyapunov’s direct method are derived in the papers [4, 5, 8, 9-14].
In the present article we give sufficient conditions for stability on probability and
exponential stability in mean square of solutions of second order nonlinear SDE and
systems of SDE are given. For linear second order stationary stochastic systems necessary
and sufficient conditions of exponential stability in mean square are derived.
2. Main results. First consider a second order linear stochastic system

dx(t) = (ax(t) + by(t))dt + (pz(t) + qy(t))dw(t) (1)

dy(t) = (ca(t) + my()dt + (ra(t) + sy(t))duw(?)

where z(t) = z(t,w) and y(t) = y(t,w) are scalar stochastic processes on t > 0,
w(t) = w(t,w) is a Wiener process, dz(t), dy(t) and dw(t) are stochastic differentials of
x(t), y(t) and w(t) in the sense of Ito, respectively; a, b, ¢, m, p, ¢, r and sare real constants.
(It is assumed that a probability space (2, U, P) is defined, where Q = {w} is a space
with a family of subsets U(c — algebra), P is a probability measure.)

The system (1) can be interpreted as a linear deterministic system the coefficients of
which are perturbed by white noise w(t) with intensity p?, ¢?, 72 and s?, respectively.

For simplicity we now formulate a theorem of stability of trivial solution
(x(t) = 0,y(t) = 0) of the system (1) in the case when only one of the coefficients p, ¢, , s,
for instance, ¢ is not equal to zero.

Theorem 1.Suppose that q # 0, p =r = s = 0. Then for mean square exponential
stability of the trivial solution (x(t) = 0,y(t) = 0) of the system (1) it is necessary and
sufficient that the following conditions be satisfied

1. a+m <0, am —bc >0,

C2 Y

2. ¢> < min { (atm)(be—am) 71&@},0 #0,

where u = (a +m)(c? + m* + am — be) — 2¢(ac + bm),
v = 4(am — be) + [(a +m)* + (b —¢)?.

In addition, every solution (x(t),y(t)) of system (1) satisfies the relation x(t) —
0,y(t) = 0 as t — 400 with probability 1.

It should be pointed that in dealing with physical problems in which white noise is
an idealization of a real process with small time correlation, it is often natural to regard
a stochastic system, in particular (1), as a stochastic one in the Stratonovich’s form [5,
p.220]. In this case the Ito’s stochastic differentials dw(t) are replaced by corresponding
stochastic differentials d * w(t) which is to be understood in the sense of Stratonovich.
In this connection we now formulate stability theorems on stability in probability and
exponential stability in mean square for a second order nonlinear SDE the coefficients of
which are perturbed by white noise random process. Such an equation is to be interpreted
as a second order stochastic system in the Stratonovich’s form.

Consider an equation

&+ [f(z) + o1 (D)) + g(x) + o2ia(t) = 0, (2)
where 1 (t) and 1, (t) are white noises with intensity o? and o3, respectively.
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We note that in deterministic case o1 = 0, o2 = 0 the equation (2) is the classical
Lienard’s one (1928). In the case f(x) =7, 01 # 0, 02 = 0 or 01 = 0, 02 # 0 the equation
(2) is Langevin’s one (1908).

Rewritten (2) regarded as a stochastic system in the sense of Stratonovich

{ dx(t) = ydt (3)

dy(t) = [— f(x)y — g(x)]dt — oryd * w (t) — oaxd * wy(t)

where f(x) is a continuous and bounded function for all z and g(x) satisfies global
Lipschitz condition in R, wi(t) and wsy(t) are independent Wiener processes, d * wi(t)
and d *x wy(t) are Stratonovich’s stochastic differentials.

Theorem 2. Assume that there exist constants b > 0, ¢ > 0 such that

1. f(z) >b+02/2 for |z| <e,
2. (20— o)g(x)/z > 03 for |z| <e, x #0, g(0) =0,
3. 20— 02> 0.

Then the trivial solution (x(t) = 0,y(t) = 0) of the system (2) is stable in probability.

Remark 1. The case f(z) = b, g(z) = 2cx+ 322, 05 = 0 and when d*w (¢) is replaced
by Ito’s differential dw(t) was considered in [14].

Theorem 3. Suppose that there exist positive constants by, by, by, by such that

1) by < f(x) —02/2 < by for all z,

2) by < g(x)/x < by for all x # 0, g(0) =0,

3) 2[)162 — O'% > 0.

Then the trivial solution (z(t) = 0,y(t) = 0) of the system (3) is exponentialstable in
mean square.

Remark 2. The case f(x), g(z) = 2cx + 322, oy = 0 and when d * w () is replaced
by Ito’s differential dw(t) was considered in [14].

Now we consider perturbations from another class of random processes different from
white noises. We formulate corresponding theorem of stability in probability for an equation

i+ f(2)i + glx) = o2, 2)E(t,w)

or for an equivalent system

t=y,y=—f(x)y—g(x)+o(x,y)t w), (4)

where f (), g (z) and o (z, y) satisfy a local Lipschitz condition and linear growth condition,
¢ (t,w) is a measurable random process with values in R and almost surely (i.e. with
probability one) integrable over every finite interval. Furthermore, we assume that f(0) =
g(0) = 0(0,0) = 0.

Introduce a Lyapunov type function

Vi) = (5 + oy + / g(s)ds) .
0

where ~ is some number.
We set v v
B= sup |V (22, y2) — ($1,y1)|'
(wgere |2 — 21| + [y2 =y
Suppose that stochastic process £ (t,w) satisfies the law of large numbers.
The following theorem holds.
Theorem 4. Assume that the functions f(z), g(x) and o(x,y) satisfy the conditions
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1. o < f(x) < ey forall z,

2. c3<g(x)/x <cq forallz#0,

3. o(z,y)| < cs(@® +y*)Y? for al (z,y) € R?
4. supyq ME(t,w)| < cg/csB,

where ¢;(i = 1, ...,6) are some posilive constants. Let
5. 0 <~ <min{ey, \/c3,4c1¢3/(c5 + 4es) }

Then the trivial solution x(t,w) = 0,y(t,w) = 0) of the system (4) is asymptotically
stable in the large.

The theorems 1-4 are proved by construction special Lyapunov type functions and
studying their properties along solutions of systems considered.

Example. Consider a harmonic oscillator perturbed by white noise

i+ (k4 o) + (V2 + oai(t)) =0, (5)

where 1 (t) is a white noise, k is coefficient of friction, v is a fundamental frequency, c?and
o5 are intensities of white noise.
Rewrite (5) in equivalent Stratonovich’ stochastic system

dz(t) = ydt, dy(t) = —(v*z + ky) — (01y + o21)d * w(t). (6)

Proposition 1. The trivial solution (x(t) = 0,y(t) = 0)of the system (6) is exponential
stable in mean square if and only if

1. 02 < k in the case o, # 0,00 =0
2. 02 < 2kv? in the case 01 = 0,09 # 0,
3. 02 <124 (k+1)/2— 4+ (1 —k)? + (k + 1)2/4]"% in the case 01 = 05 = 0.

Remark 3. One can be proved that if (5) is understood as Ito’s system (6), where
d*w (t) is replaced by Ito’s stochastic differential dw (t), then instead of the conditions
1)-3) we have 0? < 2k, 02 < 2kv? 0% < 2kv?*/(v? + 1), respectively.
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3. Maremarnueckoe MoaeJINPOBaHNE, YNCJIEHHbIE
1 aCUMIOTOTUYECKNE METOAbI

VIIK 519.63
BBK 22.193.2
A 50

Pa3HocTHBIE MeTOIBI perleHnsa KpaeBbIX 3aaa4 AJsd 000011 eHHOTO
ypaBHeHUs auddy3um ApoOHOro mopsaaka ¢ KyCOTHO-TIOCTOSHHOM
dbyukIueit namaTu

AL A. Anuxanos
Nucruryr npuknanuaoit maremaruku n apromarusarmun KBHIT PAH, Hansauk, Poccus

Annomavus. B dannot pabome paccmampusaemes Hosull KAucc one-
pamopos muna dpobrozo duddeperyuposanus 2de emecmo cmenennoti
Pyrryuy bepEMea HEBO3PACMANULAA U HEOMPUUAMEALHAA KYCOUHO -
nocmoanras Gyrnkyua namamu. Ha base maxuz onepamopos cmpoumcs
0600werHH0e YypasHenus JuPPY3uL U Paccmampusaromes KAACCUYECKUE
kpaesvie 3adavwu. [las pewenus Kpaesuir 3a0dad MOAYHEHDL GNPUOPHDLE
OUEHKU, U3 KOMOPLLT CAedyem eJUHCTNEEHHOCTD U HENPEPLIEHAA 306U~
CUMOCTND PeweHUs 0m 8L0OHBE danHur 3adavu. Kpome mozo nocmpo-
EHBL PASHOCTIHBLE CTEMbL ANNPOKCUMUPYIOULUE UCTOOHbe Juddepertu-
asvHoie 3a064U U 00KA3GHA UT Yemoluusocms U crodumocms. [Ipose-
OEHblL YUCAEHHDLE PACUEMBL MECTNOBHLT 36044, KOMOPBIE COAACYWMES C
NOAYHEHHBLMU TMEOPEMUYECKUMU PE3YNDMATNAMU.

Difference methods for solving boundary value problems for the
generalized diffusion equation of fractional order with a piecewise
constant memory function
A.A. Alikhanov
Institute of applied mathematics and automation KBSC RAS, Nalchik, Russia

Jnddepennuanbibie ypaBHEHUS JPOOHOTO TOPSJIKA MPEJICTABILIOT CODOI XOopoTtuii
MaTeMaTUIeCKUl HHCTPYMEHT /I OMMHMCAHUS Pa3JHIHOrO POJIa MPOIECCOB, 0OJIATAI0NTNX
sdbdexramu mamstu [1, 2, 3, 4]. Hanpumep, MaremaTudeckuil si3biK ApOOHBIX TPOU3BO/I-
HBIX HE3aMEHUM JIJIsl OMUCAHUST (DU3UIECKOTO MPOIECCa CTATUCTHIECKOTO TIePeHoca 1, Kak
M3BECTHO, IPUBOJUT K ypaBHeHHsM quddy3un 1pobHbIX mopsiakos |5, 6].

B paborax |7, 8, 9] MeTo10M IHEPreTHUECKUX HEPABEHCTB MOJIYYeHBI AIIPUOPHBIE OIIEH-
KU pellleHuil KpaeBbixX 3a/a4 i ypaBHenus Juddysun JpoOHOTO, IepeMEeHHOTO U Pac-
[IPEJICJIEHHOTO TTOPSTKOB.

PasnocrHble cxeMbl HOBBIIIEHHOIO OPs/IKA AllPOKCUMAIMYT JIJisd ypaBHeHus Juddy-
3un JPOOHOTO U PACIPEJICJIEHHOTO MOPSJIKOB, a TaKXKe J0Ka3aTeIbCTBA UX YCTONYNBOCTH
U CXOAMMOCTH ObLIN MOJIy9eHHbl B paborax [10, 11].

B paborax [12, 13| Oblin mostydeHsl alpuopHbIe OIEHKH perieHuil ypaBHeHus Tud-
dy3un ¢ 00600mEHHBIMI DYHKIIUIMEA TaMATH KakK s audpepeHnnaibHbIX TaK | st
DA3HOCTHBIX 33/1a4.
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B nammnoit pabore paccMOTpeH HOBBI omeparop apobHoro maudpepeHIupoBaHus C
KYCOUYHO-TIOCTOSHHOM (pyHKIHe#H naMsaTu. 3ydeHsl HeKOTOpbIle CBOHCTBA 9TOTO OIIepPaTO-
pa U paccCMOTPEHBbI KpaeBble 3aa9H /I 0000IEeHHOTO YpaBHeHus I dY3un ¢ KYyCOTHO-
noctosinuoit pyuknueit namaru. [locTpoen pazHOCTHBINH aHAJIOT JIJIsi 3TOTO OLEPATOPa U
PACCMOTPEHBI PA3HOCTHBIE CXEMbI, AIMIPOKCUMUPYIONINEe UCXOAHYIO audepeHnuaabHyo
3aj1a4y. JlokaszaHbl yCTORYUBOCTD U CXOJMMOCTD MPEJIOKEHHBIX Pa3HOCTHHIX cxeM. [Ipo-
BeJICHbI YHMCJICHHBIE PACYETHl TECTOBBIX 3aJ1ad.
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B pa6ote Alberto Grumbaum (|2]) paccmarpuBaeTcss KOMMYTAIIMOHHOE COOTHOIICHHE
MaTpHIBl BangepMona
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C TpeX-AnaroHaJbHOU MaTpHUIlEel

a by 0 0 0
T — bl a9 bQ . 0 0 (2)
0 0 e e bel an

B npemnosioxkenun, ato a; = 1,a9 = 0,01 = 0,by = 1 6b1iu mosrydenns hOpMYybL s
HAXOZK/ICHUsl BCEX JIEMEHTOB MaTpursl 1.
B ganuoit pabore 10Ka3bIBaeTCs, 4TO yeaoBue Kommytuposanust [T A] = [AT] = 0 moino-
CTBIO ONpeJieseT MaTpHIly A, Kak 9acTHBIN caydaii MaTpuipsl Bamgepmonga tie x; = 1,
BCE OCTAJIBHBIEC ' SABJIAIOTCS CTEICHSIMHU OJHOIO U TOrO-7K€ KOMILIEKCHOTO YHCJIA A

1 1 1 . 1
1 A A2 e AN—L
A= ., AecC. (3)
1 )\Nfl )\Z(Nfl) o )\(Nfl)(Nfl)
Takxke nokazano, 4To yciaoue by = (0 gaBisgercs HEOOXOIUMBIM YCJIOBHEM KOMMYTHUPO-

BaHusd. Dbiam mojydensl (pOpMyJibl, KOTOPBIE MO3BOJLIOT HAfTH BHJ 3JIEMEHTOB TpPEX-
JMAroHaJbHOW MaTpuikl B (GopMe MHOrOWIeHOB JlopaHa, KOTOpbIe HE 3aBUCAT OT pas3-
Mepa MaTpunbl A. JlomoaHuTebHBI HHTEPEC B 9TOH 3ajade CBA3aH ¢ aJIredpandecKuMu
obobmeHnaME ypasHeHns AV = 1, pacCMOTPEHHBIMHA B 3aK/IIOMHTEILHOM pasJiese JaHHoi
paboThI, U CBA3AHHOMY ¢ MHOTOUYJIeHaAME eObIneBa.
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Komrtekc maremMaTndeckKnx mMoJiesieii BO30OHOBJIIEMOI SHEPTUN
JJI TIePCIIeKTUBHOI OIEHKU €€ IMOTEHINAJIa

B.C. Cumankos
Ky6anckuit rocynapcrBenHblil TexHOI0OrHYecKuii yuuBepcurer, Kpacuoaap, Poccus
I1.FO. Byqarnkmnit
Anpireiickmii rocymapcTBeHHbI yHUBepcuTeT, Majikomn, Poccus

Annomauusa. Paccmompen xomnaere mamemamudeckur moodeaet oc-
HOBHBLT 6UJ08 60300HOBAAEMBLT UCTNOYHUKOS IHEP2UL U KOMNOHEHMOE
auepeocucmem. Bepudurayua modenetl na pe2uonasvrolx 0aHHbIT MHO-
20AeMHUT HaOAIEHUT NOKA3AAG UT QOCTAMOYHYIO MOYHOCTL U adex-
BATNHOCTND.

Complex of mathematical models of the renewable energy for a
forward-looking assesment of its potential
V.S. Simankov
Kuban State Technological University, Krasnodar, Russian Federation
P. Yu. Buchatskiy
Adyghe State University, Maikop, Russian Federation

Hawunas ¢ 2015 roga o6beMbl BBOa BO30GHOBJISEMBIX MCTOUYHUKOB dHeprun (BID)
IPEBBICKIN 00BEMBI BBOJA TPAIUIHMOHHON SHEPreTHKHU, YTO JeJaeT aKTYaJdbHBIM pa3pa-
O0TKY KOMILIEKCA MaTeMaTrndecKux mojesneii BUY ais mepcruekTuBHOIT OIEHKH ee TTOTeH-
nraJia U peajnu3alui CPeICTBAMA COBPEMEHHBIX TeXHOJIOTUH.

MopennpoBaHnue CUCTEMBI TTOCTYILIEHWST BO30OHOBJISIEMOI SHEPTHH JJ/IsT OIEHKH ee T10-
TeHIIMa/Ja B 3aJaHHOM pafioHe IpeacTaBisgeT cobOil CHHTe3 MaTeMaTHYeCKUX MOJIeJIeil,
OMMUCBIBAIOIIUX MPOIECCHl MOCTYILIEHAS SHEPTUUA OT PA3JIMYHBIX UCTOYHUKOB, U MapaMeT-
POB TEXHOJIOTHH ee Ipeobpa3oBaHus. KcTecTBeHHBIE IIOTOKU BO30OHOBJISIEMOI SHEpPIUH,
KaK HelpepbiBHbIE (DU3NIECKNE TPOIECCHl, MOI'YT ObITH IIPE/ICTABJIEHBI B BU/IE YHUBEPCAJb-
HBIX aHAJUTUIECKUX MOJIeJIel ¢ TepeMeHHBIMHU ITapaMeTpaMi, 3aBUCSIITUMEI OT crenupukn
IPUPOJHBIX U TEXHOTEHHBIX YCJIOBHUIl HcCaeyeMoit MecTHOCTH [1].

Ha ocHOBe TeopeTudecKHuX H dKCIePUMEHTAJIbHBLIX UCCAeOBaHUM MOCTPOEHB MaTeMa-
THYECKHE MOJIEIH BO30GHOBJISIEMBIX HCTOYHUKOB SHEPTHH (MOCTYIIEHUE SHEPTHHU COHEY-
HOM paJMAIliK ¢ YIeTOM O00JAYHOCTH, TOCTYILIEHIE SHEPIUH BETPOBOIO TIOTOKA), A TAKYKe
MOJIEJIN KOMIIOHEHTOB 9HEProcucreMbl ((hOTOIHEPreTHIecKoil yCTaHOBKH, BETPOIHEPIeTH-
9eCKOI YCTaHOBKH, aKKYMY/JIATOPHOI 6aTapen, oTO3IEKTPUIECKIX TeHEPATOPOB, HArPy3-
K1), KOTOpbIe mpejcTaBiensl B Tabir. 1 (2, 3].

Tabauma 1

KomMmiuteke Mmatemarundeckux mojeieir B n KOMIIOHEHTOB 9HEPIOCUCTEM
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Haspanue momesn Bun monesnn

tB

Momens | MOjesB s — CII [ [(—B w—C-r— DW) : sin(Al(t))} dt

CcyT
MIOCTYII- npu tonn

JeHud 0e300-
COJTHEY- JAYHOM
HOM Hebe

pamarsn w0 | OV = Qo Qi
¢ yHes f(QOTH) - ab) gTH ) (1 - QOTH>(b 2

TOM 1 .
o6nan- | Bla,b) = [ | Q5" (1= Qor)®] d(Qur)
HOCTH 0 )
[Ipuxosm snepruu Bet- | E = %qﬂg,
POBOT'O TIOTOKA ok (o \ ! o\
plo) =5 () e {‘ ()
Mozens doro- | Iy = I, — ly(exp f‘[[]{f{p )
3JEKTPUICCKON

YCTaHOBKH

Mogeas BeTposuep- | Pgoy = % {Gk(SOHOM) — Gi(Poxn) — €XP (_ <X_]31>K1) }
reTUYEeCKOU YCTAHOB-

Ku
Mogens nakomurens | Uap = E(Q; Iap) — I Rpu(Q; Iap),

saeprun  (xumuue- | E(Q, Iap) = Ey + oo (Qq, — [AB t) + o exp(— 3IAB t),

CKHe HCTOYHUKHI
—Ippt
R T — A, - Qu—Iap B .
ToKa) pH(Q; [aB) 2 Ov + 2 —I,e
Bnech QPO — BenumHA CyMMapHOiT COTHEUHON pauannm, IPHUINe/Iinei B TeYeHne THs

CcyT
Ha FOpI/ISOHT;ﬂbHyIO IIOBEPXHOCTD 1Ipu GezobaadnoM nede (Br/ m?); 5 12 — ucrunHOE
cosHeYHOEe BpeMs Bocxona u 3axofa Counna, 4.; CII — conneunas nocrosianas ( CIT =
1360 Br/M?); Al — yron BoicoThl COMHIA; W — KOJMYECTBO OCAKICHHONR U3 aTMocdephl
BOJ/IbI, MM; 7" — KOJIIYECTBO 4acTuIl iblin B 1 Ky6. cM. armocdepbl; — D — aMnupudeckue
k03 durmerTsr; Qo — OTHOCUTEIbHAS CYMMAapHasi COJTHETHAS PATUAINA, SIBISIONIASICS
dyuknueit obagnocTn; a, b — mapameTphl beTa-3aKoHa PaACTPEIeIeHNs; ¢ — CPEIHSIST TLI0T-
HOCTBb BO3/yXa, paBHas 1,225 kr/ M° pu Temnepartype 15 C°. 1 cTaHIAPTHOM JIABJICHUM;

s — CPeJlHee 3HAUYeHHe CKOPOCTH BeTpa, M/c; p(v,) — DYHKIMS MIIOTHOCTH BEPOSITHOCTH
CJIydaiiHON BeJMYUHDL Uy (CKOPOCTH BETPA) B COOTBETCTBUH C JIBYX(DAKTOPHBIM PACIIpE/ie-
smennem Beitoynna; Ay — macmrabubrit mapamerp ckopoctu; ki — napamerp opMbl KpUBOit
pactpeenenns; Iy — Tok Harpy3kn, A; I, — dororok, A; I, — 0OpaTHbIH TOK HACHIIIEHHS,
A; g —3apsn snekrpona, Kir; U, — HanpsizkeHne Ha Harpyske, B; —smnupudeckuii Koaddu-
muenT BAX @YV, gacro HaseiBaeMmblil " nuonnsiit hakTop"; K — nmocrostaHas BoJbiMana,
Jx/K; — abcomorrast Temneparypa Moayiast DY (comneunoro saementa), K; Q — ypo-
BeHb COJIHeYHOl paauanuu Ha nosepxnocts OV, Br/m? ; Psy — moumocts BIY, Br;

e — HOMHUHaJIbHas MOIHOCTH BOY, Br; Gi(¢) — TabynmupoBanHas DyHKIWs, BEIDAZKa-
fomas gpopMy KpuBoil pacupegeenus Beftoyna; Q. Puon—dMIHPHIECKUN KOIDDUITTEHT
CKOPOCTH BeTpa HpH BKJIOYeHHH BOY u BbIxoge BIY Ha HOMHHAIBHYIO MOIMHOCTD; Usg
— TeKylllee HaIps:KeHHne Ha 3a)KuMax akkymynadaropa, B; — 9JIC akkymynsaropa, B; [
— TeKyIlee 3HAUYEeHNE TOKA B IENN aKKyMyJasaTopa, A; () — TeKyImas eMKOCTh aKKyMYJIis-
Topa, A.4; Ry, — Tekylee 3HAaUE€HNE BHYTPEHHETO CONMPOTHUBJIEHUST aKKyMysaaTopa, Owm;
Ey — 9/1C paspszxkennoro akkymysasdaropa, B; Wy — pasnocts mexiay I9/1C coorBercTBy-
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IOIeil TOUKU TlepecedeHnst MPAMOTHHERHOTO yaacTka Kpusoit £ = f(Q) ¢ ocbio opauHaT
un DC paspaxKeHHOro akKymyJjsaTopa, B; ¢g — pa3HocTh ypoBHe# HalpsizKeHUs, OJIHO U3
KOTOPBIX COOTBETCTBYET HAUAJIY pa3psAgHON KPUBOIA, a Ipyroe — TOUKe IepecevdeHus mpsi-
MOJITHEITHOTO y4aCTKa C OChI0 opJmHaT, B; (), - paspaanag eMKOCTh aKKyMyIaTopa Hpn
100-gacoBom pexkuMe paspsia, A.4; (), — paspsaHas eMKOCTh, P KOTOPO HadaJbHBIe
KPHUBOJIMHEHHBIE YUACTKH CONPAraloTcs ¢ mpaMmoanHeiabiMu, A.4; A, Bo,a, - sMmnmpu-
Jeckue KOIM UIUEHTHI, oJIyYaeMble B Pe3y/IbTaTe alllPOKCUMAIUN SKCIEePUMEHTAIBHBIX
KPUBBIX.

[IpeatoxkerHbIe MOJIETH COAEpKAT OOJIBINOe KOJUYecTBO napaMmerpos. Onerka napa-
MEeTPOB MOJEEH 11 XapaKTePHbIX 0 CHAOKEHHIO KazKI6iM BuIoM BUD paitoHoB MOXKeT
MPOU3BOIUTHLCA HA OCHOBE CYIIECTBYIONIUX JIIs OOJIBITUHCTBA TEPPUTOPUil CTAHIAPTHBIX
KJIUMATUICCKUX, METEOPOJOIHIECKAX U JIPYTUX CTATUCTUICCKUX JIAHHBIX U, TAKUM 0Opa-
30M, B OOJIBIIMHCTBE CJAy4YaeB He TpeOyeT MPOBEIEeHUs CIEIUAJIbHBIX HATYPHBIX HU3Mepe-
HUH, CBSA3aHHBIX CO 3HAYMTEIBHBIMU TPY/IHOCTSME W MaTepHAJbHBIME 3arparaMu |2, 3|.
[IpuBeiennble MOJEIHN MO3BOILIOT MPEJACTABUTH ITPONECCHI, TPUBOJAAIINE K HAKOILICHHUIO
sueprun ot BUS, B Bujie yHUBEpCATHHBIX aHAJIUTHICCKUX MOJIEIel ¢ TePeMeHHBIMHE TTapa-
MeTpaMH, 3aBUCAIIUMHE OT CHEIU(MUKU ITPAPOIHBIX U TEXHOTCHHBIX YCJIOBHI HCC/IeIyeMoit
MecTHOCTH. s KostmdecTBeHHOM olleHKN moTeHnua a Bl memecoobpasHo Ipou3BOIUTH
HE3aBUCUMOE I KAayKJIOI'0 MCTOYHUKA BbIJIEJEHUE PAHOHOB UCCJIEyeMOM MECTHOCTH C
HOCTOSIHHBIME MapaMeTpaMu Mojeseii (XapakTepHbIX DalOHOB 110 CHabKEHHI0 paccMar-
pUBaeMbIM BHIIOM BO30GHOBJsieMOil sHeprun). Bepndukanns ykazaHHBIX Mojeseii Ha pe-
FHOHAJIBHBIX JAHHBIX MHOT'OJIETHUX HAOJIIONCHHH IOKa3aJ/a UX JOCTATOYHYIO TOYHOCTD U
aJICKBATHOCTD JIJISI PENIEeHUs 3319 U JIOCTHKCHUS [IEeJIH HCCJIEI0BAHNUSI.
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Kak mbI corstacyem mojesib Beenennoii?

O.B. Bepxonanos
Crnenmasipnas acrpodusndeckas oocepparopus PAH

Annomauus. Paccmampusaemcs pad co8PeMEHHBLT KOCMONO2UYECKUL
MECMO8 NPUMEHAEMBIT OAA UdMEPEHUS napamempos Beeaenwnotd. 06-
CYAHCAANOMEA NOCACOHUE KOCMONOLUYECKUE PEZYALINAMbBL, TLOAYUEHHBIE 6
PABAULHOLL HAOA00AMENOHOIL IKCNEPUMENTAL U COGPEMEHHAL CMAH-
dapmmnas Kocmonro2uveckan modeav. Pacemompenv, nexomopoie npuyu-
HOL PACTOHCOEHUSA 3HAMEHUT KOCMOAORUNECKUT NAPAMEMPOS, ONPEOEN-
EeMBLT PASHBLMU MEMOOAMU.

How do we reconcile the model of the Universe?

0O.V. Verkhodanov
Special Astrophysical Observatory of RAS, Nizhniy Arkhyz, Russia

Bregenne

[Toceauume ABaANATH JeT XapaKTEPU3YIOTCS PEBOIONUOHHBIMUA U3MEHEHHSIMH B HAIIEM
npejcraBiennn o coiicrBax [Ipupojbl. OCoOEHHO CHIIBHO 9TO HPOSIBJSIETCS] B UCCIE0BA-
Hugax Bceenennoii, rjae HOBbIE MPOPBIBHBIE TEXHOJIOIUH, CBI3aHHBIE C 3JEKTPOHUKOI, KOC-
MUYECKUMHU CUCTEMaMU, CYNEePKOMIIbIOTepaMU 1 TTPOT'PAMMHBIM MaTeMaTHIECKUM obecrie-
YeHHeM MPUBETH K BO3MOXKHOCTH MPOBOJIUTH HEMBICTUMbBIE paHee HAOJIOMCHUS JTAJIbHEro
KOCMOCA. MBI TIOCTPOUIN COTVIACOBAHHYIO CTAHIAPTHYIO KOCMOJOTHIECKYIO MOJIETh, KOTO-
pad yaoBJeTBOpAdeT IIPaKTUYECKU BCEM Ha6ﬂIO,H,aTeIIbHBIM AaHHBIM, U OIIUCbIBACT 9BOJIIO-
nuio BcenenHolt 0T MOMEHTa ee BO3HMKHOBEHHsI JI0 JECSITKOB MUJLIHAPIOB JIeT BIIEPe.
PeHleHHbIe 3aJa491, CBA3aHHbIEe C U3MepeHueM IIJIOTHOCTH PA3JIMYHBIX KOMIIOHEHTOB BCG—
JIEHHON U 0COOEHHOCTSIMHU B3aMMOJICHCTBHH Ha MAJILIX U OOJBLIHX MACIITabAX, MO3BOJIIIH
BHECTHU CYIIECTBEHHDbIE YTOUHEHUsSI B MOJeJb MHpa W HE3aBUCHMO OT HA3EMHBIX IKCIIE-
PUMEHTOB MPOBEPUTH 001IyI0 Teopuio otHocuTeasroctn (OTO), KoTopas, B 9acTHOCTH,
UCIOJb3YEeTCd U B KOCMHYECKUX CUCTEMAaX, MPOBOIAIIIX HAOIIOAEHUS 3eMHON aTMoc(ephl
" ITOBEPXHOCTH.

Hawubosiee cymecTBenubie pe3ysabraThl 3a nociaeaane 10 jeT ObLIH MOJIyYeHbl IPU UC-
CJIeIOBAHUSIX HA TOJHON cdepe HeoTHOPOIHOCTEH paclpeIeeHnusl PETHKTOBOTO U3y Ue-
HUsI WJIH KOCMUIECKOr0 MUKPOBOIHOBOTO hbona (Cosmic Microwave Background - CMB),
KOTOPBIE MTPOBOIMIACH C MIOMOIIBI0 KocMudecknx obceparopuit: NASA WMAP
(http://lambda.gsfc.nasa.gov, Wilkinson Microwave Anisotropy Probe) [1,2| 3aBeprimus-
meiics B 2010 1., w ESA Planck (http://www.rssd.esa.int/Planck/) [3,4] 3aBepmuBieiics
B 2013 1.

B pesynbraTe paboOThl 3TUX MUCCHHA OBLIN U3MEPEHBI KOCMOJIOTHYECKHE TTapaMeTphl ¢
HEJIOCTHAKUMOM panee TodHOCTBIO (R 1%) u 3as10keHa OCHOBA JIsl HOBBIX SKCIIEPUMEH-
TOB. Cpe,ZLI/I OCHOBHBIX ITapaMeTpOB, HPEeACTaBJICHHBIX B OKOHYATEJIbHBIX pa60TaX MHuccuun
Planck [4], MOKHO OTMeTUTH HapaMeTphl IOTHOCTH KOMIIOHEHTOB SHEPTUH, TapaMeTphl,
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OIMCBIBAIONIUE POCT MEPBUYHBIX HEOJHOPOJIHOCTEH pacIpe/ie/IeHHd MaTepUuu U 30Xy 00-
pPa30BaHHs NIEPBBIX 3BE3.

Jlanuwie muccun Planck monyumin He3aBHCHME MOATBEPKICHNE B pe3yJIbTaTe aHaIU-
3a onruyecknx 063opoB SDSS [5] B nporpamme moncka Gapuonubix ocumstsinuii BOSS
|6], rme OblAnm W3MEpeHBI MapamMeTphl MIOTHOCTH MAaTepHH W MOCTOsiHHasg Xabbma, omm-
ChIBAIONIAs CKOPOCTH paciupenus Bcenennoit, o63opa DES [7| u paa apyrux. Ogaako
no3aaee Pucom u gap. [8] 6bLI0 0OTMeEUeHO, YTO B psijie IKCIEPUMEHTOB, TAKUX KaK W3-
MepeHust OJiecKa CBEPXHOBBIX THIA [a, BCIBIXMBAIOIINX IPHU B3PBIBaX OEJBIX KapJIUKOB
1 HUCIOJIb3YeMbIX B aCTPOU3NKE IPU OHPEeIeHUH PACCTOSHUI METOI0M CTAHIAPTHON
cBeun, OOHAPYZKMJIOCH PACXOXKIEHIE Ha YPOBHE TOpsiaka 4sigma B ONMEHKaX MOCTOSHHO
Xab0s1a ¥ MJIOTHOCTH MaTEPUH.

B namnom KopoTKoM 0630pe MBI IIONOBOPUM O KOCMOJIOTHYECKUX TECTaX U BO3MOYKHBIX
IPUIHHAX PACXOXKICHUSA U3MEpPEeHHil.

Kocmogaornueckue Tecrsr

MokHO BBIIEINTH TPH TPYIIIBI KOCMOJOTHIECKAX TECTOB, XapaKTePU3YIOIUX CBOMCTBA
Beesennoit B nesom. Oun 6b111 nipeiozxkensl B pasnoe Bpemst [9,10,11,12,13] u coorser-
CTBEHHO CJIYYKUJIU TTPOBEPKON JTHOO MPUMEHSIUCH JIJIsi U3MEDEHUsl Pa3IudIHbIX (bU3nde-
CKUX ¥ KOCMOJIOTHIECKHX TTaPAMETPOB U CTATUCTUICCKUX OMHCAHUM.

[lepBas rpyliiia TeCTOB, IIPEJJIOKEHHbIX B 1E€PBOI 110JI0BuHe XX BEKa 10CJe CO3/a-
auss OTO u orkpeiTust DaBuHOM XabbsioM paciupenus BeemeHHON, TPUMEHSIIACH /st
MPOBEPKH OJIHOPOJHOCTH U u3oTponuu Beenennoit m orseuasa Ha Bonpoc "Kakosa Bcee-
JleHHas1?”, BKJIIOYAET CJIeIYIONINEe U3MEePEeHHs:

1. mogacuers ooberTOB N (2),
2. nmarpamva Xab0sa 'cBETUMOCTB — KpacHoe cMererue’ m(z) - cmandapmmuas ceeua,

3. mmarpamma 'yriaoBoil pazmep — KpacuHoe cMmemienusi theta(z)- cmandapmnas au-
Helra,

4. TIOBEPXHOCTHAS! SIPKOCTDH IIPOTSIZKEHHBIX 00beKTOB < sb > (z) (rect Tosmena).

Kpacnoe cMmerenne JIMHWT B CIEKTPe UCCAEIYEMBIX JTAJEKHX 00HEKTOB XapaKTepu3y-
eT CKOpPOCTh MX VIaJieHHsl OT Habsomarens. A paccrosHue 10 OObeKTOB yiKe sSIBJISeTCS
MOJIEJIbHO 3aBUCHMOM Betmuunoil. IloaTomy Tpebyer HE3aBHCHMOTO OIpEIeJIEHHS ¢ TIOMO-
mpio acrpodbusndeckux usmepennii. [Togcuersr 06bEKTOB (PAIHOUCTOUHUKOB) OKA3AJIH,
9TO IBOJIOIMOHUDPYET KaK cama Bcemennasi, Tak m 00beKThl BHyTpu Hee. [Ipwyem 3g-
GdEKTH BO BTOPOM CJIydae OKa3aJMCh 0oJiee CYIIECTBEHHBIMU, W 3aTPYIHAIN U3MEePEHUEe
mapaMeTpoB Bceesnennoit. TecTsl, cBI3aHHBIE CO CTAHIAPTHBIMU CBETUMOCTBIO U JIMTHENKOIA,
TOYXKEe MOYKHO PAaCcCMAaTPHBATDL KAaK CBSI3aHHBIE C IBOJIONMOHUPYIOMUME oObeKkTaMu. OJI-
HAKO /TSI OIpeJeeHnsl PACCTOIHUI IO CBETUMOCTH CYIIECTBYeT JIECTHHIIA PACCTOSHMIL
BKJIIOYAIOIIAd IOCTEIeHHBIA 1epexo/] OT IPAMBIX U3MEPEHU#l pacCroduuil 10 3Be3[ ¢ I10-
MOIIBIO MAPAJIAKCOB, Jlajee - UCIOIb30BaHNe TIEPEMEHHBIX 3Be3/1 Ieder ] CO CTAHIapTHO
3aBUCUMOCTBIO 'CBETUMOCTDL — IEPHUOJI JIIs Iepexo/ia K OJTU3KUM raJlaKTHKaM U JaJjee —
K JAJIEKHM TaJaKTHKAM C IOMOIIBIO CTAHIAPTHBIX CBeveil — B3PBIBOB OEJIBIX KAPJIUKOB B
JBOMHBIX 3BE3JIHBIX CHUCTEMaX, KOT/Ia TeHEepUPYIOTCS BCIBIIKHA CBePXHOBBHIX Trma la. [lo-
CJIeJIHUE YZKe TIPUMEHSIOTCH B COBPEMEHHBIX KOCMOJIOIMYeCKHUX TecTax. /s cranaapTHoil
JIMHEH KU paHbIle Mpejiarajiuch NPUMEHIThH YIJIOBbIE pPasMepbl TaJaKTHUK U, B 4aCTHO-
CTH, THTAHTCKUX IUNTAYECKUX TAJAKTHK, HO /s HUX BCe-TaKU UMEIOTCS OIPDAaHUIeHN d,
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CBsI3aHHBIE C HEOIIPEIeJIEHHOCThIO H3MePeHHs TPaHuIlbl radakTuku. Tect Toamana, mpe-
HOJIATAIOIINI TPOBEPKY CKOPOCTH IIaJeHUs 0/IeCKa TAJIAKTHKHE B 3aBUCHMOCTH O MOIEIN
9BOJTIONNH BeeneHHoi, panee gaBa HeompeaeaeHHbIe MOKA3aHUsI KaK pa3 M3-3a CJI0XKHO-
CTH U3MEpPEeHUsl TPAHUIBI TAJTAKTHKE, HO nociae paborsl Canumka [14] MoKHO roBOpUTS,
9TO U OH JEeMOHCTPHUPYET, 9T0 BceesleHHasT He CTAIlMOHADHA, a PACIIHPAETCA. DTa IPYIna
KJIACCHIECKUX TeCTOB IIPOJEMOHCTPUPOBaJIa, 9T0 BeemeHHas TeficTBUTENBHO PACIINpPIeT-
cd M, CKOpee BCero, OJMHAKOBO II0 BCEM HAIIPAaBJIE€HHIM. A CKOpPOCTh ee pacIHIupeHus B
OJIU3KOM 0O'beMe oIpeeaseTcsd 3aKoHoM Xaboaa: v = Hyx D = cz, roe Hy — nocrossHHas
Xab66ua (ceituac Hy = 67.66 knm/c/Muk, 1 Mok = 3.26 c¢B.rona), D — paccrosinue 10 ra-
JIAKTHKH, ¢ — CKOPOCTb CBETa, 2 — U3MEPSIEeMOe Ha, TEJECKOIe ¢ IOMOIIbIO CIIEKTPATHLHBIX
METOI0B KPACHOE CMEIeHNE.

Bo BTOpOI#i IpyIIIe KOCMOJOITIECKHX TECTOB IPUMEHSIOTCS COBPEMEHHbBIE TeXHOJIOIU-
YecKre BO3MOXKHOCTH JIJIsl OIpejiesieHust (M3MepeHusi) IBOMIOIUOHHBIX TapaMeTpoB Bee-
siernoft. HanboJsiee 4acTo ucnosib3yeMbie U3 HUX CJI€/LYIOIIue:

1. Cranmapruas cseda (SNla)

2. Crangapraas auHeiika (pazmep AGN)

3. Crammaprabie 9achl (Bo3pact gE-rasakTuk)
4. Tlogcuernl 0OBLEKTOB

5. AGcopOImoOHHbIe JITHIH

6. TTapaMerpsl cKy4YuBaHus (KOppeJIAIHOHHbIE (DYHKIUN, GAPUOHHBIE OCITULISAIMI, IBO-
JIOIHOHHBIE MOJIEJIN KPYITHOMACIITAOHOH CTPYKTYDHI)

7. I'paBuTanmoHHOE JTUH3WPOBAHUE
8. TlapameTpnl CKOMIEHN TaTaKTHK

9. Xumuuecknuii coctas Beesiennoi

[lepBbiil, BTOpOil 1 4eTBEPTHIfl TECTHI UCTOPUUECKU SIBJASIOTCH KJIACCUICCKUMU U YZKe
00Cy K 1a1ucCh Bhime. OTMETUM TOJIHKO, 9TO BO3MOYKHOCTH PAJTUONHTEP(HEPOMETPUIECKUX
U3MEpeHHil B TecTe CTaHJapTHad JUHelKa ¢ pa3pelleHueM 10 MUKDPOCEKYHJ JIYTH 1103-
BOJISIOT CTAaBUTH 3aJIa4d 110 U3MEPEHHIO YIVIOBBIX Pa3MePOB aKTUBHBIX fJep TaJaKTHK.
AKTHBHBIE A/pa TAJAKTHK (MM KBa3apbl) HPEJCTABJISAIOT OOl CBEPXMACCUBHbBIE Yep-
HBIE JIBIPBI, Ha KOTOPBIE CTEKAET Ta3, COOPAHHbIH 13-3a IPAaBUTAIIMA U OOPAIEHUsT BOKPYT
4epHO#l JBIPbl B aKKPEINMOHHBIN JUCK. ['a3 pasorper /10 OYeHb BBICOKUX TEMIIEPATYp H
HOTPYZKeH B MarHuTHoe mosie. CHIOBBble JTUHUU MArHATHOTO MOJIS HAMATBIBAIOTCA HA OCh
BpAIlleHUs YePHOI JIBIPBI U MOMOTAIOT ¢OPMUPOBATDH YJIETAIONe OT UYePHOM JBIPHI TO-
TOKH TLIa3Mbl — JIZKeTHl. Pa3Mep aKKpPEeMHOHHOTO TUCKA CBA3aH ¢ Maccoii (a 3HAYNT u
pas3MepoM) YepHOii JBIPHI. DTO MO3BOJISET CTABUTH 3a/a4l [0 HE3aBUCUMOMY OIIDe/Iesie-
HUIO PAcCTOSTHWIH JI0 KBAa3apoB 10 BHAWMOMY YIVIOBOMY Pa3Mepy aKKPeIHOHHOTO JIMCKA,
eCJIN yAaeTCsd OIeHUTh Maccy HeHTPaJbHOM 4epHOll JbIpbl B TaJlaKTHKE.

CrangapTHbIe Yachl — HE3ABUCHMBIH OT KOCMOJIOTUHU CIOCOD OMEHKHU BO3PACTa 3Be3]I-
HBIX CHCTEM IO CKOPOCTH TEPMOSIEPHBIX PEaKInil BHYTPH 3Be€3/l, KOTOPOil MO3BOJISET IO
dboromerpruecKuM n3MepeHns TaTaKTUK (a HMEHHO 3Be3HOTO HACEIEHHsI) OIEHHTh BO3-
pact rajgaktuku. Torjga BbllopaB HamuboJjee cTapbie raJaKTHKU Ha 33JaHHLIX KPaCHBIX
CMEITIeHHAX MOXKHO MPOBECTU OTHOAONIYIO, COOTBETCTBYIONIYIO BO3pacTy Bcemennoil, n
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3aBUCUMOCTH t(Z), CBSI3aHHON ¢ KOCMOJOIHIECKUMH TTapAMeTPAMHU, OIPEIeJUTh JTHHAMUA-
Ky pacmmpenus Beemennoii. s Tecta JIydine Beero IPUMEHATh JAHHBIC IO THTAHTCKAM
SJUINNTHYCCKUM TAJAKTHKAM, B KOTOPBIX 3BE3IHOC HACEICHHE SBOIIOINHIOHUDPYET MACCHB-
HO, 63 MO3/IHUX BCIBIIIEK 3Be31000pa30BaHus, U3-3a MaJIOr0 CoAepKanus rasa. Ho Takux
rajJlakTHK HE TaK MHOTO.

A6copOruoHHbIe JIMHUA B CIIEKTPaX KBA3apoB 00pa3yIoTCd IPH NPOXOKICHUN W31y de-
HUS CKBO3b 00JIAKA BOIOPOJA B CKOILICHHAX MaTepuu, (GOPMUPYIONICH KPYHHOMACIITAO-
HYIO0 CTPYKTYypy Bceenennoii. Ilo mmpune n aMILIaTyae TAKMX JUHANR HOLJIOIEHHS MOK-
HO y3HATh TOJIUHY O0JIAKOB U KOJHMYECTBO COJEPKAINEHiCa B HUX MAaTEPUU HA PA3/In4-
HBIX KPACHBIX cMentennsax. OTCrona MOYKHO IOy IUTh TapaMeTphl CKy YMBaHusA MATCPUH 1
OTIPeIeIUTH KOCMOJIOTHIECKHE TTapaMeTphl. [lapaMeTpnbl CKyYuBaHusa MOYKHO U3MEPUTH 1
U3 NPSMBIX HAOMIOACHUN IPKUX FaJIaKTUK U CKOILJICHHUH TaJakTHK. JIg 3T0r0 NpuMeHsIoT
PA3IMYHBIC AITOPUTMBIL JJIS ONEHKH YPOBHA KJIACTCPU3AIMNA MATEPHH: KOPPEISAINOHHLIC
dyurnuu, Mmero 6anzKaiero cocena, MeTo, OCTOBOrO Jepesa u aApyrue. Meroab npume-
HAIOTCA K HAOII0aTebHBIM JAHHBIM U K MOJEISAM — CUMYJIAIUAM SBOJIOIUA KPYTHOMAC-
mrabHol cTpyKTYphl Beestennoii (cBoiicrBa BeesteHHON B pasindHbie KOCMOJIOTHYECKHE
9MOXH ), KOTOPBIE PACCUUTHIBAIOTCSI HA CYyIepKOMIIbOTepax (puc.l).

Puc. 1: Yucaennas mogesb Illustris kpymaomaciraGHoli cTpykTypbl Beesennoit (koc-
MHYECKOH TayThHbI), nocrpoertas B pamkax LCDM-kocmonorun. Kaxnas orienbHast
CBETSAIASCS TOYKA — rajJakTuKa. B mpuBeaeHHON MpOeKInyu MOKA3aH CKeJeT U3 MayTH-
HBI TEMHON MaTepu B COYCTaHUM C BbILAYBACMBIM I'OpAYUM I'a30M B KPYIITHOM CKOIIJICHHHA
TaJIaKTHUK.

YpespbryaitHo BayKHBIM HCTOYHHKOM KOCMOJIOTHYECKON MHMOpMAINN ABIAIOTCI KOP-
peadinnoHHbIC beHKL[I/H/I raJaKTUK 1 CKOILJIEHUN TaJIaKTUK, KOTOPBbI€ MTO3BOJAIOT HAXOJUTh
BbIjIesIeHHBIe MaciTabbl Bo Beenennoit. Boigesennbie MacmiTabbl ¢BA3aHbI € SMOXO0H 00-
Pa30BaHUA TEPBUYHBIX HEOIHOPOIHOCTEN M IBOJIONMOHHPOBAIN BMecTe co BceeneHHoil.
[TosTOMy WX MOXKHO HCIOJb30BATh s U3ydeHusi (POPMUPOBAHUS KPYITHOMACIITAOHOI
cTpykTypbl Beenennoit. Tak kak ¢pusmka pocra HEOJHOPOAHOCTEH JOCTATOYHA POCTA, TO
ee JIErKO TTapaMeTPU30BaTh, U B PE3y/IbTaTe MPUMEHHUTD TAKOH BbIAEJCHHBINH MacITab Kak
CTAHJAPTHYIO JIMHEHKY, YTO ¥ ObLIO CJIeJJAaHO B IPOECKTE HMOMCKA OAPUOHHBIX OCIU/LIAIMI
BOSS [6]. Pe3yabrarsl u3aMepeHuii KOCMOJOTHIECKAX TAPAMETPOM ¢ BBICOKOH TOYHOCTBIO
IOATBEPININ JaHHBIe KOCMUUecKoi muccun Planck.

MGTO,ZLBI aHaJIn3a I'PABUTAIIMOHHOC JIMH3UPOBaHUA HCIIOJIb3YIOT 3HAHUE 06 3HAYNMOM
HCKPHUBJEHUN IIPOCTPAHCTBAa KPYIIHBIMU CKOIIJIECHUAMU MaTeTepHUHu — HallpUMep, CKOILIe-
UdAME TaJIAKTHK. DTO JIAeT HECKOJBbKO BO3MOXKHOCTeHl m3MepeHus cBoOicTB Bceenennoii:
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OIeHKY OTHOIIEHUS BUJAMMON MaTepuu 110 ONTUYECKONl CBETUMOCTH TaJlaKTUK K IOJIHOM
10 YPOBHIO MCKayKeHUsT (DOHOBBIX TalakTUK (CM. pHC.1) HA PA3HBIX KPACHBIX CMEIIEeHUSIX
Z, TOUCK JAJEKUX 00BEKTOB ¢ MOMOIIBIO IPAaBUTAIMOHHON (DOKYCUPOBKH U YCUJIEHUS CJIa-
O0ro m3/Iy4YeHus, ONEHKY BPEMEHU MPOXOZKJIEHU CBETa OT JIMH3UPYEMOro 00beKTa /10 HAC
U BOCCTAHOBJIEHWS 0 HEMY JWHAMHUKHU pacimupenus Bcenennoit u npyrue. Camu no cebe
CKOILICHHS T'aJIAKTHK MO3BOLAIOT ONEHUBATH ILJIOTHOCTD Beestennoii n nmocrogunyio Xaoo.1a
B pa3/IMuHbIE KOCMOJIOTHYECKHE IMIOXH, IPUIeM B Pa3HBIX JIMAIIA30HAX JIEKTPOMATIHUTHO-
ro CIeKTpa: ONTHIECKOM, PEHTTEHOBCKOM, PAJIH0 ¥ MUJLITUMETPOBOM U CYOMUJLIXMETPO-
BOM.

Puc. 2: T'paBuranmonnoe JuH3upoBaHHe (POHOBHIX 00HEKTOB (Iyru Ha W306parkKeHws )
ckonieHreM ragakTuk SDSS J10384-4849.

PenukToBOoe m3irydeHue

Baxkue#mmium KOCMOJOTHYIECKUM TECTOM, a Ha CAMOM JieJie MeJIbIM HabOpOM KOCMOJIOTnYe-
CKUX TECTOB, SIBJSIOTCSI U3MEPEHUsI PEJUKTOBOTO m3aydenus [1,2,3.4, cm. Takxke. 15]. U
3/1eCh MOYKHO CKa3aTh, YTO HAPSIY € YCTAHOBJIEHHEM OOIIeil KOCMOJOIHIeCKOH MOIeu:
pacimupsomasics Beesiernas ¢ ropsauM HadaoM, 110 gaaabiM CMB MOXKHO ¢ TOYHOCTBIO
no 1% upouenta m jazke Jydine U3MEPUTH €€ OCHOBHBIE M JONOJHUTEJbHBIE KOCMOJIO-
ruvecKne mapamerpbl. TecTbl, KOTOpBIe TTO3BOJIAIOT 3TO CJIeIaTh CBSI3aHbl (HE3ABHCHMO) ¢
HU3KUMHU, CDETHUMA W BBICOKHMHU MYJIBTUIOJTBHBIMA MOMEHTAMHU B YIJIOBOM CIIEKTPE MOITII-
HOCTH aHHU30TPOIHUHU TeMIEPATYPHI, CTATUCTUKON U PACTIONIOKEHTEM TOPIINX U XOJOTHBIX
nsaTeH Ha cdepe, TaHHBIMUA JIeKTPUUECKON M BUXPEBOH MO MOJSAPHU3AINE PEIUKTOBO-
ro M3JIy4eHHS U UX KPOCC-KOPPEJSIMOHHBIX CBOWCTB, JAHHBIMU 110 MUJIIAMETPOBBIM H
CyOMUITUMETPOBBIM U3MEPEHUSAM TEMIIEPATYPhl PEJTMKTOBOIO U3IYYEHUA U JPYTUMU.

Kax yxe ormedasnock panee [1,15], KocMosorndeckne mapaMeTpbl OJHO3HAYHO OIpe-
JISJISTIOTC U3 yIJIoBoro crekrpa moinaoctu CMB. U jjig ero BoIYHCIEHHS HCIIOJIB3YeTCA
KapTa aHu30Tponuu Temueparypbl PU na nosmmom Hebe, pasziaraemble Ha cdepHUIecKue
rapMOHUKHU (MyAbTUTIONH). K03 hDUIUEHTHl pa3IoKeHust ay, TpH ChepruuecKux rapMo-
HUKAX BBIYUCALIOTCS C IIOMOIIBIO CTAHIAPTHOIO Npeodbpa3oBaHusd KapThl:

oo m=l

AW,0) =D amYim(0,9),

=2 m=—
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(204 1) (I —m)!
dr (I+m)!

Yzm(ea ¢) = le(x>€im¢>7 L = COS (97

rae DT (z, f) — pacupenesenne aHu30TPONUN TeMIeparyphl Ha cdepe,
Y™ (x, f) — cdhepudeckne rapmonuky (man Myabrunosn), P (r) — npucoeanHenHbie M0-
JuHOMBI JIexkanapa, [ — HOMep cepruaecKoil TapMOHUKH, 1, — HOMED MOJbI MYJIBTHIIONS.
Mg wenpepoinoit dyuxmun DT (z, f) kosddhunmenTs pa3iokeHust ay, BBITHCISIOTCS
CTEIYIONIAM 00OPA30M:

1 2

G — / dz 0/ SAT (2, )Y (1, 6),

rie Y;' obo3HadaeT KOMILJIEKCHOE COIPAKEHHE Y.

Yropoit ciektp Mormuoctn C'(1) CMB BorauciasieTcs /s CUTHAIA PEJTUKTOBOTO M3-
JlydeHust, odunieHnoro or ¢oua. OH ompejesieTcs KaK B3BEIIEHHAs CyMMa, KBaJI[PaTOB
aMILTUTY/, MOJ, FApMOHMK JIJd 33J@HHOIO HOMEpPa [, ONUCHIBAEMBIX KOI(DDUIMEeHTaMI Ay -
Kak Mbl oMM, 3TH KOIMDMUITHEHTHI BRIYUCASIOTCH PH PAa3/I0KEHUN KapPT MO MYJIbTHU-
[OJIAM U IOKa3BIBAIOT BKJIAJ TAPMOHUK B aHATH3UPYEMYIO KapTy.

Yriosoit ciiektp mommoctu C'(1) Beraucasercs mo dhopmyJie

1 2 l 2
C) = 5 [lewol” +2 > laml?| -
m=1

@opma crekTpa MOITHOCTH 0OYCJIOBIEHA BJIUSHAEM OOJIBIIOrO HabOpa IIPOIECCOB Ha
PaHHUX dTaIax IBOJIOIUN BeeleHHON, reHepupyIONUX aHI30TPOINIO PETUKTOBOIO U3J1Y-
YeHHUsI B IEPHUOJ PEKOMOWHAIMN BOJIOPO/A U CBS3aHHBIX C BO3MYIIEHUSIMHU IJIOTHOCTH,
CKOPOCTH M METDPUKH, IBOJOIMUOHIPYIONINX B PEKHUME 3BYKOBBIX BOJIH. AMILIATY/1a BO3-
MyIeHuii peaukToBoro uznydenus (PU) mocie peKOMOMHAIMI MOYJIUPYETCs 3BY KOBBIMHE
BOJIHAMH B I1a3Me Ha (ase 10 peKOMOMHAIUKA B TOYHOM COOTBETCTBHH C IIPEICKA3AHHBIM
A.d.CaxaposbiM [16] acbdbekToM GapHOHHBIX OCHULISANHI. XapaKTePHUCTHKON aHH30TPO-
uun PU, obycsiosiennoit CaxapoBCKUMU OCIAJLISIIIASIMA, W SIBJISIETCS CIIEKTP MOIIHOCTH
daykryanuit B mpocrpancTse MyJabTunoseii. Takum obpazom, yciaoBus GHOpMUPOBAHUS
daykryannit CMB, a, caegoBaTebHO, B ONPEIEIAIONINE HX KOCMOJIOIHYECKNe apaMeT-
PBI, “BIleYaTaHbl’ B CIHEKTP MOITHOCTH 9TOI0 U3y YeHUs U (DAKTUIECKH OIPEJIeTUIH COBPe-
MeHHoe cocTosgnne Beenennoit. /s uaMepenuss KOCMOJIOTHYECKUX TTAPAMETPOB, B IEPBYIO
odepe/ib, HeoOX0 MO tocTpouTh Kapty P, u Ha OCHOBE BBIYUIIEHHBIX JAHHBIX HOCTPO-
UTh yTJI0BOI crekTp momtaocTu. OcuoBuas kapta PU muccun [lranka n coorBeTcTBYyI0-
mwii yriaosoit crektp morHoctn C(l) mokaszaner Ha puc. 3.

Kak a1 JaHHBIX Ipeaplayineil Kocmumdaeckoil mmccun - WMAP, npu ammpoxcuma-
MM YIJIOBOTO CIEKTPa MOIIHOCTH, W3MepeHHOro ciyTHukoM Planck, mpumensiiach Mo-
JeJTh, OMUCHIBaEMasl MECTHI0 OCHOBHBIMU KOCMOJIOTHYECKIMH TlapameTpamu [13,14] (rak
HasbiBaemas mogenb LCDM — ¢ noMuHUPYOIMUME TeMHON 3Heprueil u XOJI0HOH TeM-
HOW MaTepHeﬁ). Huke npesesabl pe3ysibrarhl H3MEPEHU TapaMeTpoB 10 COrJIACOBAHHBIM
¢ JIDYTUMH SKCIEpUMEHTaMH JaHHBIM 3aKJIIOYUTEJbHON paboTsl Kosutabopamun Planck
2018r. [17]. Cpenn OCHOBHBIX TTApaMeTPOB - YIJIOBOI pa3Mep TOPH30HTA HA MOMEHT pe-
KoMOuHaIuu. Ero BenanHa OMeHUBAETCs 10 MOJIOKEHUIO MMKOB B YIVIOBOM CIIEKTPE MOIII-
noctu, obosnagaercs 1000, u papua 1.04101° + 0.00029°. Hpyroit onpeaeasieMblii mapa-
MeTp - aMILIUTY/a MEePBUIHBIX Bo3MyIneHuit. [lapamerp obo3nauaercs A, a COOTBET-
CTBYIOITEe IMPUHATOE CTAHAPTHOE 3HaYeHue OepeTcs B BHJIE HATYPaJbHOTO Jiorapudma:
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Angular scale
02

0 18° 1 01° 0.07°

~500 — e 500 p1H 0

2 10 50 500 1000 1500 2000 2500
Multipole moment, ¢

Puc. 3: Kapra peaukToBOro M3jydeHus 1o JaHHBIM [laadka (cjeBa) W yrioBO# CIeKTp
motHocTH (crpapa). Kocmudeckast Bapuarusi (MM KOCMHYeCKas HEONPEIEJHHOCTD) B
CIIEKTPEe MOIIHOCTH OTMEYEHA 3eJIeHBIM (DOHOM.

In(10A,) = 3.047 & 0.014. Cneayrouuit onpeje/siemMblii KOCMOJIOTHYECKHil TapaMerp -
CKAJIAPHBIHA CIEKTpaJbHbI HHIAEKC. B mpocTeiimeM ciydae mpenoJaraercs, 9To y Hmep-
BHYHBIX BO3MYIIEHMH IJIOTHOCTH PA3HBIX Pa3MEpPOB BEJIHUMHA aAMILIUTYIbI OJMHAKOBASI,
HO HA CAMOM JIeJjie MMEETCsl HEKOTOPbIN HAKJIOH, KOTOPBIH U3MePsieTCsl CIHEKTPAJIbHBIM HH-
nekcoM ng = 0.9665 + 0.0038. Eme npa napamerpa - mioTHOCTH GapHOHHOM (BHAMMOIT)
u TeMHON Marepun. VIx 3HadveHuss 6€pyTCsS MO OTHOIIEHUIO K KPUTUUECKON TLJIOTHOCTH U
paBubl coorBercTBeHHO 2, = 0.049 u Qcpyr = 0.261, a ux cymma - IJIOTHOCTH MaTEepHH
Q,, = 0.311. 1, nakoner, smoxa (BpeMsi) BTOPHYHON MOHU3AIMH, KOT/Ia HEHTPAIbHBIN Ta3
B0 BeeslenHOM ¢Tal HOHM30BAHHBIM 34 CUeT YABTPApUOIeTOBOTO H3IYUEHHUS MEPBHIX 3BE3]T
1 aKTUBHBIX SIJeP FaJaKTHK. JTOH 3IOXe COOTBETCTBYET KPACHOE CMEIleHHe 2., = 7.82,
YTO TOBOPUT O BPEMEHH IMOSBJICHHUS MEPBBIX 3BE3/ B 310Xy, Korja Bceesennoit 6b110 660
MJIH.JIeT. BMecTo mocseinero mapamMerpa 2..B pacdeTax HUCIOJIb3YIOT JAPYIYIO, HO IOJHO-
CTHIO COOTBETCTBYIOILYIO0 eMY BEJMUUHY — ONTHYECKYIO TOJIILY t B 9MOXY PEHMOHU3AIUH (110
nauabiM [Lranka 7 = 0.056 4 0.007), KoTOpasi XapakTepu3yeT ypOBEeHb B3aNMOJeHCTBUs
doronos PU u snekrponos. Yem GoJibiite onTuveckas TOJIIA, TeM CHUAbHee “‘pa3Ma3blBa-
10T’ PAYKTyallud ¥ aMILTUTY1a THKOB B CIIEKTPE MOITHOCTH najaeT. M3mepennbie napa-
METPBI HO3BOJIAIOT 3a(UKCHPOBATH KOCMOJIOIIIECKYIO MOJIEIb W OIPEJICJTUTh OCTaIbHbIE
napaMeTphbl KaK ¢ HCHOJb30BaHUEM TOJIBKO JAaHHBIX [lnanka, Tak u ¢ mpuMeHeHHeM JIaH-
HBIX JIDYTHUX 9KCIEPUMEHTOB B COIJIACOBAHHBIX OleHKaX. Cpeau OCTaIbHBIX ITapaMeTpoB
OTMETHUM IJIOTHOCTH TeMHOi sneprun 2y = 0.6889 4+ 0.0056, BesmamHa KOTOPOIi CBsI3aHa
U C pa3MepoM ¢, U ¢ npoxoxjaeruem (oronoB PU ckBo3b dopmupytoriuecs ckorie-
HUsI TAJAKTHK 38 KOCMOJIOTHYECKOe BpeMsi (I/ie MEeHSIeTCsT SHePIHsl MTPOeITaoIero horo-
Ha 3a cuer apdekar Cakca-Bosbda). IpyruM BazKHBIM NAPAMETPOM SIBJISIETCS TTADAMET]
pacmupenus Xab0ja B HACTOSILYIO SMOXY — IOCTOsSHHAsE XabbJia, paBHas 10 JTAHHBIM
[lhanka u coryiacoBaHHasi C JIAHHBIME 110 GapUOHHBIM ocuuurdnusaM Hy = 67.66 + 0.42
kM/c/Mnk. C mapamerpom Xabbsa cs3am u BospacT Beesennoit ty = 13.787 £ 0.020
MJIDJI.JIET, KOTOPBIil B MpOCTeIeM Caydae MOKHO TTPeJICTABUTD, €CJIN CIUTAThH TTapaMeTp
Xab6sa mocrostHuoi (a 9TO He Tak) Kak obparmyio Besmuauny: 1/Hy. 3uamme omnTmde-
CKOM TOJIIIH, KOTOpas OIpeJIessieT CBOMCTBA Cpelbl U CBI3aHa C IJIOTHOCTHIO MAaTEepPHH,
a TaKKe TpUMEHEHHUe JTAHHBIX O TPABUTAIMOHHOM JIUH3UPOBAHUN (PUKCUPYET JTUCIEDPCUIO
CIIEKTPA MOITHOCTH PACIIPE/Ie/IEHUsT BEIECTBA. DTa BEJUYNHA OMUCHLIBAETCS MAPAMETPOM
sg = 0.8102 = 0.0060, xapakTepu3yOIM CKy4YruBaHUe MaTepuu B Kyoe pajguycom 8 Mmk.
Emte oaun mapamerp miaorHoctn — (Qx = 1 — §)y, onmceiBatouii KpuBu3Hy BcesleHHOI,
CBA3aH C CYMapHO# IJIOTHOCTBIO BCeX KOMIOHEHT sHepruu 2y, oobeaunsionieit Qx, Qapar,
)y, IOTHOCTHU U3JIYUCHUSA W HEHTPUHO, U ¢ pa3MepoOM XapaKTepHbIX maTeHn Pl Ha MomenT
pekoMOnHanuu . Mcrnoab3ys Toabko ganubie PU ¢ yyerom imH3upOBaHMST U JAHHBIM 110
OAPUOHHBIM OCHULIATINAM uMeeM OreHKy Kpuu3Hbl: (Qx = 0.0007 + 0.0019, a ¢ yuerom
JIAHHBIX OINTUYECKUX 0030POB - Ha MOPSI0K MEHbIIe, DTO ABJAZeTCS IPU3HAKOM TOI'O, YTO
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Hatia BeesieHHast ¢ BBICOKOW TOYHOCTBIO IJIOCKasi (T.e. CyMMa YIJIOB JIOOOIO TPeyroJib-
HUKA, TIOCTPOEHHOTO Ha Gosbmimx maciirabax pasaa 180°), 4To B CBOWO 0Yepejib TOBOPUT
B MOJIB3Y TeOpPUU UHQMIAIMOHHOTO pacimuperus. OTMeTHM ellle NATh ITapaMeTpoB, JIBa
U3 KOTOPBIX CBsi3aHbI ¢ Heiffrpuno. OOHApyKeHHe OCHUJISAINI COMTHEYHBIX HEHTPUHO -
[PU3HAK TOT'O, YTO OHM UMEIOT MacCy U COOTBETCTBEHHO BJIUSAIOT HA MPOIECCH (POpMU-
poBaHUs KPYIHOMACIITaAOHON CTPYKTYPBI, B KOTOPOH HAOJIONAIOTC IOCIeICTBALA Oapu-
OHHBIX OCHUJLIANME, 9TO MposiBisgeTcd u B pachpegaenenund PU. Ho Baugnme HedTpuno
MOZKeT OBITH KOMIIEHCHPOBAHO JIeHCTBHEM HapaMeTpoB (2, H, Kak ciaeactsue, Hy. DTo
HEMHOI'0 OIDAHUYUBAET IPUMEHEHUE METOJUKH, HO BCE YK€ MO3BOJISET MOJIYyYUTh OIEHKY
BepXHell IPAHUIBI CyMMAapPHOI MacChl Pa3HbIX THIOB HEHTPHHO (0003HAUAETCA KaK Y | ;)
no gauabiM P w kpymaOoMactrabuoit crpykrypst »v; < 0.120 3B. Kpowme doroHos,
IJIOTHOCTH U3JIyueHus BceesleHHOM elne cBa3bIBaeTCs ¢ 9P@PEKTUBHBIM YHCJIOM THIIOB Heii-
Tpuno (0603HadaeTcst Neff). DTa BeIHUIHHA TAKKe, KAK U MAcca HEHTPHHO, 3aBUCHT OT
pa3Ho0bpa3us UCIO0JIb3yeMbIX jlaHHbIX. [1o ganubiM KpynHomacurrabuoi crpykrypol u P
[Iranka norydeno 3aadenne Nopp = 2.99+0.33. D1a BeuunHa coracyercsd co CTaHAAPT-
HOIl BeJMYMHON U3 JIAHHBIX 10 HyKjeocuHTe3y Bosbmoro Bspoisa, rie Negp = 3.046.
JpobHocTh Yucaa TUIOB HEHTPUHO HE JIONZKHA CMYIIATh, TAK KaK 9TO JIUIIb MOJOKEHNEe
TOYKH MAKCUMyMa Ha GYHKIUH TPaBao60o106ust (IpU HCMOTH30BAHUH HYZKHO OKPYTJISATS).
[To panusim P Planck ompejesni Takzke ;10110 6apUOHOB B HEPBUYHOM I'€JIMU, PABHYIO
Yp = 0.249 4+ 0.026, Han0Kna1 BEPXHIOK T'PAHUILY HA YPOBEHb BO3MYIINEHUH ITPOCTpPaH-
CTBa 3a CYeT TPABUTAIMOHHBIX BOJH BO BpeMst Bosbimoro Bapeisa (910 Tak Ha3biBaeMoe
OTHOIIIEHHE TE€H30PHOM MOJbI BO3MYIIEHUN K CKAJIAPHON; 6€3 JAHHBIX 10 HOJSPU3AINH
[Lranka ecTh TOJIBKO BEpXHssS IpaHUNa 7ggoe < 0.07, TaK 9TO BBIBOJALI O BEJHYHHE IIa-
paMeTpa JeaTh PaHo), a TaK:Ke MOKA3aj, UTO, €CJU PACCMATPUBATH TEMHYIO SHEPIHIO
KaK JHHAMHYECKOe 1oJIe (KOTOpoe 0603HAYAeTCs MapaMeTPOM W B YPABHEHUH COCTOSHHS
W HA3bIBAETCS KBUHTICCEHIMEl ), TO naHHble [[1aHKa He 1eMOHCTPUPYIOT BAKT ero cyIie-
crBOoBanud. B mocaeaneM ciaydae — Jjid JUHAMUYECKOTO IOJIA — IapaMeTp w JOJKeH
OTJIMYAThCS OT —1, HO TIOKa ero yCTaHOBJIeHHOe 3HadeHue paBHO w = —1.019 £ 0.080.

Cpean ponosHUTENBHBIX ¢BOiicTB Beenennoit n3 pamabix CMB Takzke onpenpesisgior
dbopmy Beemennoit (rpexmepnas runepcdepa), HaIndne aHH30TPOITHOTO PACITHperHus (He
0BHAPYZKEHO), HAJMIHe TOMOJOTHYecKuX neeKkToB (Ha ypoBHe dyBcTBHTERHOCTH Planck
He 0OHAPYZKEHO), CTaGHIBHOCTD 3aKOHOB [IpUpPOIHL.

ITpobaema u obcyKaeHuUe

O BO3MOXKHOI TIpoOJIeMe B MOHUMAHUH KOCMOJIOTHYECKHX IPOIECCOB 3arOBOPUJIH ITOCTE
yTBepKaenust B pabore Puca u np. [8], uro manuble kocmudaeckoit muccun Planck moryT
HMeTh CMEIEeHHYIO OIeHKY apamerpa XabbJia, HApUMep, W3-3a KaKOro-HUOY/b CHCTe-
MaTHYECKOTO CJBHUTA, WJH JIJIS JIOKAJIBHOTO PACITHPEHUsT (TO €CTh B HACTOSIIYIO JMOXY)
TpebyeTcs BBeJeHIEe HOBBIX ITapaMeTPOB, HAIIPUMED, PACHaIAIOIINXC YACTUIl TEMHON Ma-
repun. Ouenka Puca misa nocrosuuoit Xaboua: Hy = 73.8 + 2.4 km/c/Muk. dra orneHka
oTiM4aeTcs npuMepno Ha 4 curma ot udmepenuit muccuu Planck. Ckazannoe gemoncrpu-
pyercs Ha Puc.3.

B obmem Bue mpobieMy MOXKHO c¢pOpMYIUpoBaTh Tak. PelMKTOBOE M3/ydeHne jaeT
HanboJiee TOUHBIE M3MEpeHHs HOCTOsSHHON Xabbsa Hy — BejnmuynHe mapamerpa Xabb.ia
H(z) B macrosmuii MOMEHT BpeMeHH, OMHCHIBAIOIIEH paciinpenne BeereHHON B 1eI0M.
Nszmepennsa Hy 110 jjanHbIM CBEPXHOBBIX THIIa [a, BHIOOpKa KOTOPBIX cobpana jjis Beenen-
HOI Ha KPACHBIX cMemeHusx z < 1.5 (¢ > 4.5 mupa.jier) ¢ oCHOBHON Maccoil 00BEKTOB ¢
z < 0.3,t > 10 Muap/. JteT), Tak Kak GoJiee Jajiekue O0beKThl He YIAeTCs PerHCTPUPOBATH B
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OOJBIINX KOJIMYECTBAX, MOKA3bIBAIOT, YTO CKOPOCTh paciinpeHus BceeaeHHOR moydaercs
Jpyrasi, B oTjimaue oT JaHuabix Planck.

76 1

Riess et al. (2018) et
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Puc. 4: @yuknuu npasaono10oms, moCTPOEHHbIE st U3MEPEHUs JIBYX KOCMOJOTHIECKUX
napamMeTpoB: noctosgHHoi Xab0saa Hy # MJIOTHOCTH BEIeCTBA B PA3JIMIHBIX YKCIIEPUMEH-
Tax.

[Ipenyaratorcs pas3andnbie 0ObsCHEHHS ITONH HECTHIKOBKU: OT 3aMe4YaHuil B HeydeTe
cucrtemaruku B skcnepumente Planck no cymecrBoBanus nosoit pusuku. Bompoc o kpurn-
YeCKOM KCIIEpUMEHTE B JAHHOM cjIydae oTcyTcTByeT. OcOOEHHOCTH MPOBEIeHUS HaOJII0-
JeHu# u 0OpabOTKHU JaHHBIX B 3aBeplIuBileiics kocmudeckoit muccum Planck, a Tak:ke
CaMOCOTJIACOBAHHOCTD JAHHBIX ITOr0 0030pa MO3BOJSIOT TOBOPUTH O TOM, YTO 3TO U OBLI
KpuTHYecKnil sKcrnepument. ObIee KOIMIecTBO 3HAYNMBIX (He 3aBUCSIIUX JPYT OT JIPYyTa)
neoxuopoanocteit B kapre CMB onenupaerca xax 22°° — o 4meny cBasanHBIX ¢ paspe-
menneM Testeckona ( 5’') M3MepeHHbIX MyIBTHIONBHEIX MoMeHTOB (I < 2500), B TO Bpems
KaK KOJIu4ecTBO cBepxHOBBIX THHa la N < 2000. Kak BuIHO, BHIOOPKH HECOIOCTABUMBI.
Kpowme toro, nannsie BOSS o ontudeckomy 0630py SDSS, rae BEIYUCIIIOTCS KOPPesIi-
oHHble PYHKIMU U OOHAPYZKUBAETCH ITMK B pacipejejienun Ha maciradbax 120-150 Mk,
HOJTHOCTBIO MOATBEPKIAIOT pe3yibTarhl Planck.

B npunmnume, MOXKHO pacCMaTpPUBATDL U HOBYIO (DU3UKY JjId OObACHEHHS PaCXOZK]Ie-
HHUs CKOPOCTH PacIIupeHus Bo Beell BeesenHoit n ee JIokaJbHOM 00beMe. 37ech U pacia
YaCTUI[ TEMHON MaTepuy, NPUBOIAIICH K U3MEHEHNIO OTHOCUTEIHLHON MIOTHOCTH TEeMHOMN
MaTepu# B JIOKAJIbHOM OO0beMe, U BO3MOYKHbLIE HEPABHOMEPHOCTH B IIPOCTPAHCTBEHHOM
pacipejejieHun TeMHON SHePIrur B HACTOSILYIO 3MOXY, U OCOOEHHOCTH JIBUYKEHUS MECTHOI
IPYIIbI TaJaKTUK Ha TPaHUIEe CKOILICHHS M BOWHJa, YTO IPOCTO MOXKET BHOCUTH CHUCTE-
MaTHKy. MoxKeT ObITh CYIIECTBYeT MHOI'O (PaKTOPOB OJHOBpeMeHHO. OJHAKO IOHSITHO,
YTO 3HAUEHUs, H3MepeHHble B Mucun Planck, 6ojee ycTofdnBBI K OIMIIOKAM, Y€M OCTAIhb-
Hble n3MepeHus. B cranmapTHbIe TECThl BBEJIEHO HOBOE TIOHSITHE - “CTAHIAPTHBIN yIJIOBOM
CHEKTP MOIIHOCTU ; KOTOPBIfl 00beIMHACT pa3Hble HANPaBJACHUS HUCC/IEI0BaHUs (PUBUKH
HEePBUYHBIX HEOIHOPOIHOCTEH U BKJIIOYAET B ceOd MPAKTUIECKU BCe paHHUE U COBPEMeEH-
HbIe KOCMOJIOTHYECKHEe TeCThl. Pe3y/ibTaThl aHa/iM3a CIIeKTPpa COTJIACOBAHBI C SKCIIEPUMEH-
TaMH, MPOBEJIEHHBIMU B JPYTUX JAUAIA30HAX JIIUH BOJIH.

[ToxBost UTOr, CKaXKy, 4TO TEKYIasd KOCMOJIOIUs O0CYZKIaeT yzKe He THUI KOCMOJIOTH-
geckoit momenn — LCDM, kotopast COOTBETCTBYeT MPAKTHIECKH BCEM JPYTHM IKCIIEPHU-
MEHTaM, & TOYHOCTH OIpeJeeHUust KOCMOJIOTHYECKUX MapaMeTpoB. KadecTBo uaMepeHmii
MO3BOJIIET M3Y4YaTh IMOTEHIHMAJIBHO CYIIECTBYIONIYIO HOBYIO (du3uKy. U 3T0 BHYyIIaeT oIm-
TUMH3M.
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OnTumMu3zanmsa KOHCTPYKIIUU YJIbTPAa3BYKOBOTO CKAJIbIIEIS HA
OCHOBe KOHEYHO3JIeMeHTHOoI 3D-momenn

T. E. I'epacumenxko, II. A. Oranecan, A. C. Ckannyx
FOxubiit ®enepasbubiit ¥Yuupepcurer, Poctos-na-/lony, Poccust
A.H. Conosben
Houckoit @enepasibubiii Y uusepcurer, Pocros-na-/lony, Poccus,
FOxuwiit @enepanapubiii Yuupepcurer, Pocros-ua-/lony, Poccns
A.A. Conosbena
FOxxuwrit Hayuneiit Llearp PAH, PocroB-na-/lony, Poccus

Annomauus. B pabome pacemampusaemcs mpermepras KoHewHOo-
INEMEHMHAA MOOCAL YADMPAZCYKOBO20 CKANONEAA U GHAAUSUPYENCA
BAUAHUE 2EOMEMPUUECKUT NAPAMEMPOE MOOCAU HA OAUZOCND U32UOHBLL
cobcmeennulx wacmom % paboueli wacmome ycmpolcmea.

Design optimization of the ultrasonic scalpel based on the finite
element 3D model

T.S. Gerasimenko, A.S. Skaliukh, P. A. Oganesyan
Southern Federal University, Rostov-on-Don, Russia
A.N. Soloviev
Don State Technical University, Rostov-on-Don, Russia,
Southern Federal University, Rostov-on-Don, Russia
A.A. Solovieva
Southern Scientific Center of RAS, Rostov-on-Don, Russia

Vcnosb30BaHue yIbTPa3BYKOBBIX YCTPOMCTB B MEIUIMHE W MOJEJTHPOBAHUE IIOBE/Ie-
HUs TKaHel 1ox Bo3JeiicTBreM YIbTPA3BYKOBBIX HPUOOPOB MpeACTaBIsAeT 3HAYUTEIbHbII
MHTEpeC U AKTHBHO MCCIEYETCs Ha TPOTsiKeHue nociaeanux et [1-5]. B pabore [6] pac-
CMaTPUBaJI0OCh CPaBHEHUE OCECUMMETPUYHON 1 TPEXMEPHOH KOHEYHO-3JIEMEHTHBIX MOJIe-
Jieit yIbTPa3ByKOBOTO CKaJjbies. [l ana m3a ncnoib30Baaach 60jee mpocTast ¢ BHITUC-
JIATEJIbHON TOYKU 3penud oceCuMMeTpruYIHad MOJeJIb. AHaﬂI/IS OCeCI/IMMeTpI/IqHOf/i MOJAeJINn
C 3aIUTHBIM KOXKYXOM HPOBOHJICs B pabote 7). OHAKO TaKkasi MOJIeb He YUUTHIBACT He-
OCeCHMMEeTPHYHBIE KOJIeOaHUsI, KOTOPbIe MOIYT BO3HHKATH IpH paboTe YIbTpa3ByKOBOI'O
CKaJlbIl€JId U HEI'aTHBHO BJIMATDH HA €I'0 XapaKTEePUCTHUKHU. Pa60"H/IM PEeKUMOM JIJid uCCJjie-
JIyeMOT0 KJIACCa, YCTPOICTB SIBJIAIOTCA POI0OIbHBIE KoTebanns. B ¢BsI3u ¢ 5TUM BO3ZHUKAET
3aj1a9a BbIOOpa Takoi (popmbl Ipubopa, KOTopast MO3BOJIUT N30eKaTh BOSHUKHOBEHUS W3-
rubHBIX KoJsiebaHnil BOIM3KM pabodeil 4aCTOTHI.

PaccMoTpuM TpexMepHYIO KOHEIHO-9JIEMEHTHYI0 MoIe/1b. PaccMaTpruBaeTcss MOeNb ¢
OpamIIeii, 6yim3Kasg o GopMe K psiAy UCHOJB3YEMbIX B MEIUIIMHE HHCTPYMEHTOB, HAIIPHU-
Mep, B HOXKHUIAX s SHIOCKOMIIECKUX BMeInareJbcTB. Ha puc. la mpeacraBieno K-
pa3bumenne CKaJble s U 00JaCTH, MOJAETUPYIOMEH BSI3KYI0 CPeLy, KOTOPas UMUTHDPYET
MOBEJIeHNsT TKAHEeH MO BBICOKOYACTOTHBIM BO3/eiicTBreM. Bojiee MeaKasi CeTKa HCIOJIb-
30BaJIACh /I Pa30MeHns 9acTH MOJIE/IH, COOTBETCTBYIOIIEH TBEPIOMY TeJry, bosiee rpybast
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I[OHO.‘IHHTSIIBHAFI
Macca

Puc. 1: Koneuno-sjieMeHTHAsT MOJIeJIb yCTpolicTBa ¢ pasbuennem (ciieBa) u 06JacTh KOH-
TAKTa Mbe303JIeMeHTa U pabouero tena (cmpasa).

— JUIA aHaJM3a BA3KOi KugakocTu. [Iporece onpenesiennst pa3Mepa KOHETHO-3,IEMEHTHO
CEeTKM aHAJOIWYIeH MeTO/y, KOTODbIii ObLT IpuMeHeH B padore [8].

Ha puc. 16 nsobpazkena reomerpus ocHOBaHudA ycTpoiicTa. Luwiunapudeckuil mbe30-
9JIEMEHT COeJUHeHNEe ¢ MeTALTHIECKUM OJJOKOM, TIepeXoadlmuM B TOHKUN muaunap. Pop-
Ma HEPEeXOHON YacTu yCTPOWCTBA ONMUCHIBACTCH YpaBHEHUEM HAlpaB/Idolieil Kpusoil. B
PEeJICTABIEHHON MOJE/N TeOMEeTPUIECKHe CBONCTBA ONMMCAHBI B MAPAMETPUIECKOM BHUJIE.
Ha puc. 2 npejicraBiensl pa3andible (pOPMbI IIEPEXOHOIO 3JIeMEHTa KOHCTPYKITMH JIJIsT
Pa3HBIX 3HAYECHHI yHpaBJIAONIero mapamerpa. Kpome (popMbl paccMaTrpuBaIuCh TaKiKe
TOJIIAHA MTHE30CJI0sI, TOJIMNHA CJISAYIONEro 38 HIM METALINYECKOrO CJI0d U JITUHA IIe-
pexomHoro 3jiementa. B rabauie 1 mpuBOASTCS T'PAHUYHbIE 3HAYEHUs JJIsI BCEX YIIPaB-
JISTIOTITUX  TTAPAMEeTPOB, KOTOPBIE OBILJIN HMCIIOIB30BAHBI TPU ONTUMHU3ANMH Mojean. [[is
ompejiesieHus UHTepecylonieil 4acTu 4acTOTHOIO JUAlla30Ha OBLI HMPOBEJIEH MOIAJIbHbBII
ananu3. Ha puc. 3 npeacrasiiensl pabodasd Moja IpOJOabHBIX Kosiebanuit Ry n naubosee
Om3Kas K Heil m3rubnas mona Rs. LeneBas bynkmust, MakcuMyM KOTOpoit obecreunBaer
ONTUMAILHYIO PAbOTy KOHCTPYKIIUHU OIPEIe/IIach CJIELYIONUM 00Pa30M:

f(hcaaa ba k) = |R1 - R2| =AF (1)

[Touck onTuMa bHON KOH(MUTYPAIUHA OCYIIECTBSICA aBTOMATH3MPOBAHHBIM 1epedo-
POM IapaMeTpPOB, TaK KaK HMEIOIINECS B KOHEUHO-3JIEMEeHTHOM IIaKeTe ONTUMUI3AIHOHHBIE
HHCTPYMEHTHI He ITOJIeP:KUBAIOT UCIOJIb30BaHIEe HECKOJBKUX COOCTBEHHBIX YaCTOT B Ka-
JecTBe 1eaeBOi (DyHKINH.

a 0 B

Puc. 2: Popma OCHOBaHWUs MPH 3HAYEHUSAX YIPABJSIONEro napamerpa kpusoit k: -80 (a),

0 (6) u 80 (s)
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Tabmuna 1: ObsacTb ONTUMH3AINT

[TapameTp MuaumanabHO¢ MakcuMmaabHge
3HAYCHHE 3HAYCHHE

k, yrpasJsioniuit napamerp Kpu- | -80 80

BHU3HBI IIEPEXOIHIKA,

he, Tommuua xkepamudeckoro | 0,0025 0,01

CJI0ST, M.

a, Tommuua wmetammaeckoro | 0,0025 0,01

CJIOS CJIOS, M.

b, Tonmuna metassudeckoro me- | 0,01 0,02

PEXOIHUKA, M.

Puc. 3: Pabouast mona (ciesa) n Gamrkaiiimas k Heit u3rubnast Moza

B xoge uccie10BaHuS BIRSHIS PACCMATPUBAEMBIX TapAMETPOB Ha PACCTOSHUE MEXKIY
cOOCTBEHHBIMH YAaCTOTAMM IPOIOJILHBIX U U3THOHBIN KoJIeOaHnii ObLIN TPOBEIEHBI CepHu
YUC/IEHHBIX dKcnepuMenToB. Ha puc. 3 mpuBesieHbl pe3yjbTaThl PAcdeToB COOCTBEHHBIX
HaCTOT KOHCTPYKIMU IIPA U3MEHEHUN YIPABJIAONINAX TapaMeTPOB.

AF, ™ AR
DT I'n
b,m k
a 6
AF, ™ » s
’ AF,
I'm ., T

he,m ' ' a, M v

Puc. 4: Pesysnbrarsl pacderos , ['11 ¢ y4eToM U3MEeHeHUsT PA3/IHIHbIX IapAMETPOB MOIEJINU:
pa3mepa nepexoHuKa (a), Gopmbl nepexoaHnka (6), TOJIUHBL CJI0ST THe30KePAMUKH (B),
TOJIIIHBI CJIOST MeTaJlJIa MeKLy TePeXOJHUKOM U Mhe30KepaMuKoii (T)

M3menenne pa3Mepa MepexoHUKA B 3aJaHHOM JIUala30He He OKa3bIBAeT OILYTUMOTO
BJIMSTHUS Ha [eJIeBYIO (DYHKIIMIO, TP 3TOM (POpMa IepexoTHUKa UMeeT BayKHOe 3HAUYCHHIH
— HAWJIYYIIHe PE3yTbTAaThl MOKa3biBaeT BOruyTas dpopma (puc. 28). VI3MeHeHEEe TOIIUHBL
bE30aKTUBHOIO CJI0S TaKzKe OKa3blBaeT BiamgHHe Ha AL B 3aJaHHOM Juamna3oHe OITH-
MaJibHble 3HAYEHUs TOJIMUHB KePaMHYEeCKOTO CJI0ST OKas3bIBalOTCA B Tpejgenax 6-7 MM.
Bnaungame mapamerpa a, OTBEYAIONEro 3a TOJIIUHY MeTAJINIecKOro CJI0d MeXKIy Iepe-
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XOJIHUKOM U ITH€303JIEMEHTOM HE3HAYUTETHHO, YTO COIJIACYeTCs ¢ pe3yJbTaTaMu JIjisd Ia-
pameTpa b: 31eMeHTBI, XapaKTepU3YIONIHecs STHMHU MapaMeTpaMu, (pOpMUPYIOT € IMHbBI
0J10K.

[Ipeji1okeHHbIE MOJIEJIM TIO3BOJISIOT PACCMATPUBATH TPEXMEPHYIO I'€OMETPUI0 XUPYP-
IUYECKUX YJIBTPA3BYKOBLIX TPUOOPOB U MOJAOUPATH (POPMY, MUHUMHUIUPYIONLYIO BJIHSTHUE
U3rUOHBIX PE30HAHCHBIX KoJjiebanuit Ha paboumne pe:xkumbl npubopos. [Iposejentbie ync-
JICHHBIE 9KCIIEPUMEHTBI IIOKA3aJId, 9TO OTJIeJIbHbIE ITapaMeTpbl HMEIOT OoJIbIIee BIUSHUE
Ha VIAJEHHOCTH U3THOHBIX PE30HAHCHBIX YACTOT OT MCCJIEIYEeMOI IMpOoI0IbHONR pe30HaHC-
HOM 9aCTOThI, 8 UMEHHO TOJIIMHA IIbe30aKTUBHOTO CJIos 1 (pOpMa HallpaBJIsIONieil KpuBoi
MAJIMHAPA-TIEPEXOTHUKA MEXKY ITHe303/IeMEHTOM U PAbOIUM TEJIOM.

Paboma svinoanena npu punarcosoti noddepocku epanma POOU Ne 17-08-00860 A.
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Annomauusa. O6pabomka U aHGAU3 OAGHHOLL TOMOKG UHIMEPHEM-
MEMOE — MO COBOKYNHOCTSH MEMOO08, HANPABACHHBIL HA PeULeHUE
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Intellectualization of data processing flow of internet memes
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Tak Kak HHTEepHET-MeM IpeJcTaBasgeT coboit m3obpazkeHue, cogepzkaliee oOpas3 U TEKCT,
TO CTABUJIACH 3ajada pa3paborTku cucteMbl pacnosHasauust (OCR), koropast oGHAPY K-
BAaeT TEKCT B 3allyMJEHHOM H300paKeHWH W W3BJIeKaeT ero. lIpm 3Tom Jijisi u3Bjiedennst
rexcra u3 uaTepHer-mema OCR moskHa: 1) HaxomauTh TeKeT; 2) JIesarh IpegaoopaboTKy
1300paKeHNs, COMEPIKAIIET0 TEKCT; 3) PACIO3HABATH TEKCT.
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s pacro3HaBaHHsI TEKCTa HCIOJIb30Bajaach oubanoreka Tesseract, paspaboraHHAas
komnanueit HP |3, 4] wa ocrose Heitponnoii ceru LSTM jyis pacnosnaBamusi Tekcra. OJ-
HAKO, B pe3y/IbTaTe TeCTUPOBAHUSA OKA3AI0Ch, UTO IS HOJIYIEHHS XOPOIINX Pe3yJIbTaTOB
pacro3HaBaHust HeOOXOIMMO TIPEIBAPUTEHLHO VIV UIINTh KA9eCTBO N300PaKeHNsI, MepeIa-
Baemoro Tesseract. O0paboTKa H300paskeHns OCYIIEeCTBIAIACH B HECKOIBKO TamnoB. [lep-
BBl — 9TO aHAIM3 KOHTYPOB. [[poBepka BJIOKEHHOCTH KOHTYPOB M IOUCK JOYEPHUX KOH-
TYPOB HO3BOJISIET OOHAPYKUBATH U PACIO3HABATh KaK YePHBIH TeKCT Ha 6esioM (poHe, Tak
1 Ha0060poT. KOHTYpBI 00beINHAIOTCS B CTPOKH, & CTPOKH — B TEKCT. TeKCTOBBIE CTPOKH
pa3bMBAIOTCS HA CJIOBA B 3aBHCUMOCTH OT MEXKCTPOYHOIO HHTEPBaJja. BTopoil sramn BKIIIO-
qaerT B cebs MPOIece pacmo3HaBAHWA TeKCTa. JIIs 9TOro pacmo3HaeTcs KazKji0e CJIOBO 110
ouepen. C10BO, KOTOPOE OBLIO PACIIO3HAHO KJIACCH(PUKATOPOM ¢ OOJIBITAM YPOBHEM yBe-
PEHHOCTH, IepeJaéTcd aJalTHBHOMY KJaccudHUKATOPY B KadecTBe 0OyYAIONIUX JaHHBIX.
[Tocse vero aganTUBHBIN KJIACCUPUKATOP MOIYIaeT BOZMOXKHOCTDH PACIO3HATH OCTAJILHOI
TekcT 0oJiee TOYHO.

Onnako B Iporecce pa3paboTKH €Taja0 OYEBHJIHBIM, 4TO ¢ nomoinbio Tesseract me
BCErJa MOXKHO BBLIEIUTH TEKCT, KOTOPBIH HaJI0XKEH MOBEepX M300parkKeHusl U MOKA3bIBAET
HEYJIOBJIETBOPUTE/IbHBIE PE3YJILTATHI IPU KJaccudukanuu HedoJibux (ppas uim cjioBoco-
TeTAHNN, XAPAKTEPHBIX JJIsI HHTepHeT-MeMa. 110 3Toil npuvunHe BO3HUK/IA HEOOXOIUMOCTh
B paszpaboTke cobcTBeHHOM crerumannsnposarnoii OCR.

s pemenust 3a1a49u oucKa Tekcra Ha n3obparkenun Boibpan asroputm EAST (An
Efficientand AccurateScene Text Detector) [5], ncrmonp3yomuii moTHOCBA3HYIO CBEPTOY-
HYIO0 HEHPOHHYIO C€Th, KOTOPasi MPUHUMAET PeIeHusi, OCHOBBIBAsSICh HA, YPOBHE CJIOB U
CTPOK. AJITOPUTM OTJIMYAETCS BBICOKOH TOYHOCTHIO M HeDOJBIIHM BpeMeHeM pabOTHhI.
KirroueBbIM KOMIIOHEHTOM aJCOPUTMA, SIBJISETCA HefipoHHad ceTh, KOTOpas 00ydYeHa Hello-
CPEJACTBEHHOMY ITPOIHO3UPOBAHUIO CYIIECTBOBAHUSI TEKCTOBBIX IK3EMILISIPOB M UX T€OMET-
pun B uCXOmHBIX m30bpazkenusix. Momenb mpescraBisger co0Oil MOTHOCBA3ZHYIO CBEPTOY-
HYIO HEHPOHHYIO CeTh, aJalTUPOBAHHYIO /1711 0OHAPYKEHUS TEKCTA, KOTOPAS BBIBOIUT /TSI
KazKJI0ro MHUKCe/Id IPeJICKa3aHus CJI0B MM TEKCTOBBIX CTPOK. DTO UCKIIOYALT MPOMEKY-
TOYHBIE TAIBI, TAKKE KaK IIPpeIoKeHne KaHIuaaTa, (OPMHPOBAHEE TEKCTOBOM 00JIacTH
u paszbueHue CJI0B. DTAIbI MOC/eAyIoneil 00paboOTKK BKJIIOYAIOT TOJIHKO TOPOrOBOE 3HA-
YeHUe W TOPOT JIJIsT TPOTHO3UPYEMBIX T€OMETPUIECKUX (DUTYD.

Ha srame npenobpaborku nzobparkeHuil, 60JIbIIYI0 YaCTh KOTOPBIX COCTABJISET TEKCT,
HEOOXO/IMMO BBLJIEJIUTH TOJBKO TEKCT U u30aBuThesd OT nrymMoB. [Ipobsiemoii siisercs Tor
¢akT, ITO I[BET TEKCTA HEM3BECTEH W TEKCT MOXKET COMEPKATH HECKOJIHKO OTTEHKOB OJTHO-
ro npera. l[Ipenobpadorka BrIOUaeT B ceds KIACTEPU3AINIO M300ParKeHUil, TOCTPOCHUE
MacCKH, OTJEJSIONEedl TEKCT OT BCEr0 OCTAJILHOTO (POHA U olpejeseHue mBera (poHa.

B kadecrse asropurMa Kaaccu(pUKAIMT CUMBOJIOB BBICTYIIAET CBEPTOYHAS HEIPOHHAS
cetb (CNN), KoTOpasi TPUHAIEKAT K KJIACCY IIyOMHHBIX HEHPOHHBIX ceTeii, Hanboee
YaCcTO IPUMEHSIEMBIX JI/Isd aHAJIN3a BU3YaJIbHBIX 00pa3oB. CNN-ceTn dBasgioTCd peryasapu-
30BAHHBIMHU BEPCHSMHU MHOTOCJIONHBIX ITepCENTPOHOB. MHOrOCIOMHBIE HEPCENTPOHBI 00bI Y-
HO OTHOCSTCS K TOJIHOCBSI3HBIM CETSIM, TO €CTh KaXKJbIil HEHPOH B OJTHOM CJIO€ CBSI3aH CO
BCeMU HeHpOHAMU B ¢jieaytomiemM cioe. «lloiHas CBSI3HOCTDY 3TUX ceTell J1e1aeT UX CKJIOH-
HBIMU K TT€Perpy3ke AaHHbIX. THIHIHBIE CITOCOOBI PEry/IsIpU3aIlni BKIIOYA0T 100aBIeHTE
HEKOTOPOit (bopMbI u3Mepenus BecoB K pyuknun norepb. Oanako CNN ucnosab3yior apy-
roif MOJIX0/ K Peryadpu3aliui: OHU HCIOIb3YIOT HPEUMYIIEeCTBA HEPAPXUIECKOro MIabI0Ha,
B JIAHHBIX U COOMPAIOT OoJIee CJ0XKHBIE MADJOHBI, UCHOIB3YST MEHbINEe U 00J1ee TPOCThIe
mabsionabl. Takum obpaszom, mo mkaste cazannoctu u caokaoctu CNN waxomgrca Ha
6os1ee HU3KOM ypoBHE. CeTh MOXKET YCIENTHO 3aXBaThIBAThH MPOCTPAHCTBEHHBIE U BPEMEH-
HbIE 3aBUCAMOCTH B H300paKeHNN C IIOMOIIBIO COOTBETCTBYIOMIUX (DUIBTPOB. APXUTEKTY-
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pa CBepTOYHO# HeHPOHHOM ceTn oOecleunBaeT JIyUIlee COJIACOBAHUE ¢ HADOPOM JaHHBIX
n300pazkenus 6Jarogaps YMEHbIIEHUIO KOJINIeCTBA 33 1eCTBOBAHHDBIX IIapaMeTPOB U BO3-
MOXKHOCTH ITOBTOPHOIO UCIOJIB30BAaHUS BecoB. pyrumu cioBamu, ceTb MOKHO HAYUHTD
JIydilie TOHUMATh CJIOZXKHbIe H300pazkeHus: |2].

Bxoaubie manubie — 310 m3obpazxkenue B 1BeroBoit mogenn RGB, paznenennoe Tpe-
M IIBETOBBIMH IIJIOCKOCTSIMH — KPacHBIM, 3ejieHbIM u cuauM. Poas CNN cocrout B TOM,
qTOOBI ITpeobpa3oBaTh n3obpakeHus B (popMy, KOTOPYIO Jerde oOpabaTbiBaTh, He Tepss
P 9TOM NPHU3HAKOB, KOTOpPbIe UMEIOT pellalolee 3HAUEHHE I MOJYyUYeHUs] XOPOIIero
nporuo3a. B KavyecTBe JAHHBIX MCIOJIH30BAJIACH 00y UIAIOINIas BEIOOPKA, KOTOPAsT BK/IIOYa-
Ja B ceba 59567 obbekToB, pazdUTHIX Ha 37 KJAACCOB: 33 OYKBBI BEPXHEr0 PErucTpa u
4 GYKBBI HUZKHETO perucrpa — a, 0, e, é. [I1g co3manus BHIOOpKM ucHob30Ba uch 1814
mpudToB. Beibopka pasjesiena Ha TPEHUPOBOUYHYIO, cojepzKaliyio 47653 obbekTa U Te-
CTOBYIO, cojepzxkamiyio 11914 obbekToB. Peanmsanun HefipoHHONR ceTH HMPOBOAUIACH Ha
Python’e ¢ ucnosibzoBanuem Oubsmnorekn Keras. Mojenb cBeprounoit Heliponnoit ceru
st Kiraccudpukanun Oyks Oblia o0ydena na 30 smoxax n nokasasa kadectso — 98.8 % na
TPEHUPOBOYHBIX JaHHBIX.

Ha »srtame pacrnosnaBanust JUHUNA U OObeJIMHEHUS PACIO3HAHHBIX OYKB B CJIOBa I
BBIJICJIEHHBIX KOHTYPOB HalIeHbI MEHTPHl MACC, HOCJe Yero NOCTPOEHBI OCHOBHBIE CTPOKH
KOTOPbIC COCTABJIAIOT TEKCT. ECJH/I BEPXHAA U HUZKHAA TOYKaA JIe2KaT COOTBETCTBECHHO BbIIIE
n HUZKe JIMHUN TEeKCTa, TO ,ZLaHHbeI KOHTYD TO2KE JIC2KUT Ha ,ZLaHHOfI JIMHNN. ECJH/I paccTo-
dHUE MEXKJYy KOHTYpaMH OOJIbIe CPeHEr0 PacCTOSHUS YMHOXKEHHOTO Ha, ONpe e EHHbII
KO3 PUIHEHT, TO 3TO 3HATUT, YTO MEXKYy KOHTYPAMH HAXOJIUTCA MPOoOes. DTO IMO3BOJId-
eT He TOJIBKO OIpeJesiTh IPABUILHYIO MOCIEI0BATEILHOCTH 00pabOTKH CHMBOJIOB, HO H
n30aBaAsgeT OT MIYMOB, KOTOPbIE MOTJIH OCTAThCs MOCae 00paboTKu n3o0Opazkenus. lamee,
OCHOBBIBasChb Ha UHTEPBaJIaX MEXKIY 6yKBaMI/I, KOHTYDa OGT)G,ZLI/IHHIOTCH B CJIOBa.

Paspatorannas OCR xopomro BblgesnsieT TeKCT U Kaaccupumupyer HeOOJbITHE CI0-
Ba, OJHAKO B IIPOIECCe pa3pabOTKU BO3HUKJIHN HPOOJIeMbl IpH Kaaccudukanuu O0bIIHX
o0beMoB TekcTa. [losTomMy buHaabHast Bepcusl IMPOrpaMMBbl 10 U3BJICYCHHIO TEKCTa W3
n300paskeHns BKIOIAET B cebs aBa vrama. Ha mepsom stane aaroput™m EAST Boimeasser
TEKCTOBbIE 0JI0KK. FC/im TAKOBBIX MHOIO, U OHU OOPa3yioT OOJIBILYIO I'PYHILy, TO Jad UX
pacro3HaBaHus UCIOJb3yeTcs Tesseract. Ecim TekcToBhIX OJI0KOB HEMHOTO, TO HCIOJb3Y-
eTCs ONMCAHHBIN II0J/IXO0/I 110 U3BJICYCHUIO TEKCTA.

YETO CTOHLLE
YENOBER

I s 27 it S YR

Puc. 1. Ocnoenvie waeu anzopumma onpede,/zeuu;i mexcma

Jna ananusa cpeibl pacnpocTpaHeHHs MHTEPHET-MEMOB BbIOpaHa cOIUaIbHAs CEeTh
«BKontakTey. O0bekTaMu KJIaccupUKAINNA BHICTYIIAIOT 3aMHUCH, KOTOPBIE COAEPKAT TEKCT,
NPUJIOKEHNe B BUJE MHTePHeT-MeMa 1 KoMMeHTapuu. OObeKThl JTaHHOH CPesibl PacIpo-
CTpaHeHUs KJACCH(PUIMPOBAJINCH KaK IMOJUTHYECKNE UAN HenojuTndeckue. Kiracec obb-
eKTa OIpeJiesisieTCsd KAaCcCOM TeKCTa 3allUCH, TEKCTa NHTEPHET-MeMa 1 TEKCTOM KOMMEHTa~
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pues. Takum oOpaszoM, HEOOXOIUMO IIOCTPOUTDH KIacCH(pPUKATOP, CIOCOOHBIN OIpeIe/INTh,
OTHOCHUTCS JTU TEKCT K HOJUTHYCCKOMY KJIACCy WU HET.

J11sa penenus 3Toi 3a1a9u coOpaHa BEIOOPKA, COCTOSIIAA 3 63 MOTUTHIECKIX MEMOB
u 44 menosuTuYecKuX. B KagecTBe J0MOTHUTEIBHBIX 00 bEKTOB HCIOJ/IH30BAJICT TEKCT KOM-
MeHTapueB u3 conmaabuoii cetn «BKonrtakres, comepkaiiuii KaK NOJUTHYECKUIl, TAK U
HEIOJUTHYECKUI KOHTeHT. B ob1meil cyioxkHOCTH /1 00y YeHHus HCIIOIb30BaIoch 168 mpe/i-
Jiokenuit. /[nsa Basuganuu cpopMUPOBaHa BRIOOPKA, cOCTosMad U3 11 moauTudeckux u 7
He TOJUTHYecKuX MeMoB. [lepen oOydyenuneM kaaccudukaTopa JaHHBIE OBLIH HOPMUPOBa-
HBI aJTOPUTMOM CTEMMWHTA U PEoOPA30BaHbI B BEKTOPHBIN BH/I.

YunureiBast HeOOJIBIION pa3Mep TPEHUPOBOTHBIX JAHHBIX B KQYECTBE AJTOPUTMA KJIAC-
cudukanmm BHIOpAH MeTOJ| ONOPHBIX BEKTOPOB [1].

st 060X KJIACCOB OBLIM HOCTPOEHBI Obsiaka ¢JIOB (puc. 2, 3), U3 KOTOPBIX MOYKHO
3aMETUTD, UTO K KJIACCY «MOJUTHIECKHE MEMbI» OTHOCUINCH U300parkeHus, COIepKaIIie
Ha3BaHUs CTPaH, PEIMOHOB, UMEHA HMOJUTHYECKUX JinjiepoB. Kiacce «Henosmrnyeckue me-
MBbI» He 00/1aJ]aJl 9eTKO BbIJICJIAIONIEiicsa IPyHIoil C/I0B, TaK KaK OTHOCHAIIHECS K 3TOMY
KJIACCY TPEJIJIOKEHUS UMEIN PA3HYI0 TeMaTHKY.

Ha tecropoii BoiGopke KiaaccudpuKaTop IoKa3aa To9HocThb B 81.25 %. Ilo mepe yBenu-
YeHUd TPEHUPOBOUYHBIX JIAHHBIX OYJIET PACTU M TOYHOCTH KJIAcCH(pUKATOPA.

p}‘;E”'EJR ; KoCca q T:]aMI_I J TRA el
BPEMEH P -Lc 240 s
‘Eglﬂ‘ KOTDp nTnz HOUT K I R i
XU : m% o o
*yaC=< pO(.(.M_ﬂ 4 e 2
TaK JE e ||'-6|-: ) 3 pOCC
; I s Y03 EOHURDT | weA ks ;.; CEQ ::(; epB npqcT
MHE nosT ] _eTERL A BETHWK
I i)
] H%?‘BBJP O4H r’ﬂe::rrapsa OH nppsMAEHTc*sanpe He Tp et
ey eI P - R o SRE = crrranpea s KQEM
o Haxa C/10B==""Hg: £ --...HaLLlr— o
E e AR 02607 33 onnetAHY T :Si 00 o ASTYIAT Aol BOE
Puc. 2. Obaaxo caoe 06sexmos nenoasu- | Puc. 3. Obaako cros 066ekmos noaumu-
MUNECK020 KAGCCA YecKo20 KAACCH

JI1a aHanmu3a MOJYYEHHBIX pPe3yJIbTATOB OBLIM BHIOPAHBI D IPYIIN B CONMAILHON ce-
1 «BKontakres. [Ipn nmomomnu pa3zpaboraHHOro MHCTPyMEHTAPHUs Y/1aJ0Ch U3BJedb 43
MOJIUTHIECKUX MeMa. [loc/e moydeHns CIuCKa MOJUTHIECKUX MEMOB OBLITH BBIIEJIEHBI
CIUCKH YYaCTHUKOB, KOTOPBIE <«OIEHUIN» BBIOPAHHYIO 3anuch. K mOJydeHHBIM JaHHBIM
IpUMeHeH aJroput™ k-cpenuux [1|, ¢ neabio o0beIuHEHHsT YIACTHUKOB € OJMHAKOBOM
HOJTUTHIECKON aKTUBHOCTBIO.

Takum ob6pazom, pazpaboranbl aJrOPUTMbl U IIPOTPAMMHOE O0ECIIedYeHUe BbIIeJIeHUs
TeKcTa u3 u300parkeHuil, KaacCu(PUKAI TEKCTa U KJIacTepus3amuu jJanubix. [Iposenen
CPaBHUTEbHBIN aHAMN3 PA3JIUYHBIX AJTOPUTMOB KJIACCH(DUKAIINN TEKCTa U H300pazKke-
Huii. Pean3oBanbl aaropuT™Mbl BBLIEIECHUS TEKCTa U3 N300parkeHus U UX BU3YaATU3AIMS:
HAXOKJIEHUsI TeKCTa mpu momomniu ajgropurMa EAST; rpynnmupoBka m300parkeHnii ¢ TeK-
cTOM; 1peodpaboTKa n300pakeHuil ¢ TEeKCTOM; BblJIe/IeHUE JIMHUN TeKCTa Ha u300pazke-
HUSX; U3BJIEYCHIEe KOHTYPOB OYKB; Kjaaccudpuraiusga Oyks; obbennenne OYKB B TEKCT.

Pazpaborana cucrema o6pabOTKM U aHAJIN3a MOTOKA WHTEPHET-MEMOB.

K cymiecTByomuM HeJ0CTATKAM CJIEYeT OTHECTH, YTO MOIEIb HoKa3auaa TOIbLKO 85 %
TOYHOCTH OIpEJIeJICHHsI, OTHOCHTCS JIM 3aIUCh K NOJTUTHICCKHM MeMaM WA HeT. DTO CBs-
3aHO € HEOOJIbIIUM HADOPOM TPEHUPOBOYHBIX JIAHHBIX, OTCYTCTBUEM KJlaccudukanum oo-
pa3oB n300parkKeHus, ONMMMOKAMY TIPU U3BJIEUEHNN TeKCTa U3 n3o0paykennii. B gaabaeiieit
pa3paboTKe, UCIOIb3Yd METPUKH COTH, ILTAHUPYETCS Pean3aIius aJropuTMOB, CIIOCOOHBIX
IIpe/ICKA3bIBATD, OyIeT JIK MeM IONYJIIPHbIM WUJIH HeT.
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KoneuyHo-3/IeMeHTHOe penieHne 3a7a4 rOMOTeHU3aun JIJisd
HAaHOCTPYKTYPUPOBAHHBIX MOPOYNPYTUX KOMMO3UTHBIX
MaTepPUAJIOB C MOBEPXHOCTHBIMU 3¢ dekTamm

A.C. Jlanunsaenko, A. B. Haceakun, A. A. Haceakuna
FOxubiit benepanbublit yuupepcurer, Pocros-na-/lony, Poccus

Annomavus. /Jlaa uccaedosanus nopoynpyeur 06YTKOMNOHEHMHbLE
KOMNOZUMHBLT MAMEPUAN0E HA HAHOYPOGHE UCTIONDBI0EAH NOOT00, 0CHO-
BAHHBLT HG MeoPUY IPPermuenvls Modyset U HA KOHEYHO-INEMEHMHBIL
MELHON02UAT MOJEAUPOBAHUA NPEICTNABUMEALHUT 006EMO8 U PEULEHU
Kkpaesvlr 3aday 20mozenusayuu. Ipoepammmras peasusavus 6ouaa ocy-
WLCMBAEHA 8 KOHEUHO-IAemeHmHoM Komnaerce ANSYS ¢ ucnoavsosa-
HUEM MEPMONOPOYNPY20T GHAN02UL U CNEYUAAOHBLE NPO2PAMM, HANU-
caHHBLT Ha Komardnom asvike APDL ANSYS. Hanopazmeprocms k.a10-
YeHUT YHUMDBLBAAACH NO MEOPUU NOSEPTHOCMHBL dfiermos Typmura-
Muypadozxa.

Finite element solution of homogenization problems for
nanostructured poroelastic composite materials with surface
effects
S. A. Danilchenko, A.V. Nasedkin, A. A. Nasedkina
Southern Federal University, Rostov on Don, Russia

Bsenenune. /g onucanng pa3mMepHbIX 3hdEKTOB HA HAHOYPOBHE B MOCJEIHEe BPeMs
IIAPOKO UCTIOJIB3YeTCsI MOJIeIb TIOBEPXHOCTHBIX Hampsixkenuii ['ypruna-Mypaoxa (Gurtin—
Murdoch). Dta momesns B psiie paboT ObLIa MCIOJb30BAHUSI JIJIsI UCCJIEJI0BAHUS TEPMO-
YIPYIUX KOMIIO3HTOB C HAHODA3MEPHBIME BKJIIOYeHHsIMEU uan nopamu. Hanpumep, B |1,
2, 6] uccaenoBanUCh TEPMOMEXAHUYECKHE CBOHCTBA MaTepHasoB €O chepHIecKuMH Ha-
HOBKJIIOYEHUSIMU WJIM HAHOTOPAMHU W BOJOKHUCTHIE HAHOKOMIIO3UTHI B PaMKaxX TEOPUU
TeMIIepaTyPHBIX HAIIPAKEHWI ¢ TOBEPXHOCTHBIMU WJIH WHTepdecHbIME P deKTaMu.

g monemupoBanus 3(MdEKTUBHON TENIONPOBOIHOCTH KOMIIO3UTOB C HECOBEPIIIEeH-
HbIMU HHTEP(hEHCHBIME IPAHUIIAMI U3BECTHA MOJIEJIb CHJIbHON TEILIONPOBOAHOCTH, AHAJIO-
rugHas mMozenn ['ypruna-Mypaoxa mrsa ynpyrux nosieii. Ddgdexktuabie Ko3hDOUIuEHTH
TEIJIOMPOBOAHOCTH TSI MUKPO- W HAHOKOMIIO3UTOA C HECOBEPITeHHBIMU WHTePheHCHBIMI
IpaHUIAME HCCJIeI0BATUCH B |5, 7| u ap. paborax.

HaHoCTpyKTypUpOBaHHBIE TIOPOYTIPYTHE KOMIIO3UTHI U3y YeHbl B MeHbIeli crenenu [10].
Onako, B CHUJTy W3BECTHON TEPMOMOPOYIPYTOil aHAJIOTUH TOPOYTPYTHe KOMIIO3UTHBIE Ma-
Tepuajbl MOT'YT HCCJIEI0BATHCS B PAMKAX TEX K€ TMOJXO/0B, UTO W JJIsi TEPMOYIPYTUX
KOMIIO3UTOB. B HacTosieit paboTe paccMaTpUBAIOTCS aHU30TPONMHBIE HOPOYIPYTHE Ma-
Tepuasibl ¢ HAHOBKJIOUEHUSIMU WM C HAHOMOPDAMHU II0 METOJWKe, ONUCAHHON B [8] mjist
TePMOYTIPYTUX KOMIIO3UTOB. [I/IsT yueTa HaHOPa3MepPHOCTH Ha I'PAHUIIAX pa3/esa MaTepH-
aJIOB C Pa3JIMYHBIMHU CBOHCTBAMU MCHOJIH30BAHBI MOJETh TOBEPXHOCTHBIX HHTEP(heCHBIX
HaNpsDKeHUit 1 Mojie1b uaTepdeiicHoil huabrpamm.

1. Onpenenenune 3¢pPEeKTUBHBIX MOAYJIElH TBYXKOMIOHEHTHBIX MOPOYIPYTUX
HAaHOKOMNO3UTOB 0 MeTo1aM 3P DEeKTUBHBIX MOAYJIell I KOHEYHBIX 3JIEMEHTOB.
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Ilycrs V' — npejcTaBUTebHBIE 00beM JBYXKOMIIOHEHTHOTO KOMIO3UTHOIO MaTepuaJja ¢
HAHOPa3MepHBIME BKIodeHnsaMu win nopamu, V = VUV @ V) - ogpem, 3annMaenmsrit
OCHOBHBIM TIePBBIM MaTepraaoM (Marpureii), V(2 — coBokymHOCTh 06HeMOB, 3aHHEMACMBIX
BTOPBIM MAaTEPHAIOM (BK/IIOYCHUAME UK TopamMu), S = OV — BHEINHsS rPAHUIA IPE/ICTA-
BUTEILHOTO 00beMa V, S — COBOKYTTHOCTEL mHTeP(eHCHBIX TPAHIIL Pa3AesIa MK Iy AByMs
marepuagamu (S' = OVINIV2) n - pexTop BHemHe ! e IMAMYHOH HOPMAJIH, BHEIITHE 110
ornomrenmio K V(| T.e. K o0beMy, 3aHIMaeMBIM MATEPHAIOM MATPHIL, X = {T1, Ty, T3}
— paJInyc-BeKTOp TOYKH B JIEKapTOBOil CHCTeMe KOOpIWHAT. Bynem mpejmoaraTh, 4To
oobembr VW i V) zanosrmens! pasamyHbiME aHH30TPOIHBIME HOPOYIPYTHMA MATEpPHa-
jgamu. Torja B paMKax KJIaCCHYeCKO CTATHYeCKON JIMHEHONH TeOpUn Mopoynpyrocta buo
uMeeM CJIEJIYIONLYIO cuctemy jtuddepeHnuaabHbIX ypaBHenuii B oobeme V

V-o=0, o=c:e—bp, e=(Vu+ (Vu)")/2, (1)
V'Vf:O, vf:—kf-Vp, (2)

rjIe o, € — TEH30pbl BTOPOr0 paHra HaIpsiKeHuil u jgedopMaluii, COOTBETCTBEHHO; U —
BEKTOP TepeMeIeHuil; p — HopoBoe JaBIeHHe; C — TeH30p MOIY/Ieil YIPYTUX KeCTKOCTeil
4eTBepToro panra; b — rensop xoaddunuentos csaszannoctn buo Broporo panra; vy —
BekTOp ckopoctu duasrpanun; ky = K /(prg); Ky — renzop xoaddunuenros duisrpa-
1MU; Py — IJIOTHOCTD »KUJIKOCTH; g — YCKOpEeHUe CBOOOIHOTO MajleHud; C = c™ b =bm,
ky = kgcm), x €™ m=1,2 urui

B coorsercrue ¢ mozgennio ['ypruna-Mypgoxa mpumem, 9410 Ha HAHOPA3MEDPHBIX WH-
TepdeiicHbIX rparnmax S BBIIOMHACTCH YCIOBHe

n-lo]=V'.o', xe5, (3)

re [o] = o) — 0@®); V' — nosepxmocTHbil Habna-omeparop; Vi = V — n(9/0r), r —
KOOpJIHaTa, OTCUYAThIBaeMas BJIOJbL HopMaad K S%; o' — TeH3op MOBepXHOCTHLIX (HH-
TepdeiicHbIX) HampszKeHuil BTOPOro panra. llpemmosaraercs, 9TO TeH30p O CBA3AH C
IepeMeIeHHsIMH U U TIOPOBBIM JABJIEHHEM P CUCTEMOil ypaBHEHHIl

o'=c:e —bp ¢€=(Vu+(Vu))/2,6 u=A-u A=I-nn", (4

e €' — TeH30p MOBepXHOCTHHIX (MHTepdeiicHbX) nedopManuii BTOPOro panra; ¢’ — TeH-

30p MOBEPXHOCTHBIX (HHTEepdEiCHBIX) YIPYTUX MO/yJiell yeTseproro panra; b’ — Tensop

MOBEPXHOCTHBIX (MHTepMdEHCHBIX) KOAbDMHUIMEHTOB CBI3aHHOCTH BHO BTOPOTO paHTa.
Ananormuno (3), a1g HAHOPa3MepHBIX HHTEPdEHCHBIX rpanu S° MpuMeM yCJI0BHe

n-[vg =V.vj vi=-kj-Vp, xed, (5)

rae vi — BexTop ckopoctu mirepdeiicnoii duaprpamun; ki = Kb /(prg); Kj — remsop
K03 bUIUEHTOB TIOBePXHOCTHOU (uHTepdeiicHoit) dbuabrpauu.

CornacHo Metony 3hGeKTUBHBIX MOJYJIeli MEXAHUKH KOMIIO3UTOB JIJIST OTPEIeTCHsT
JKECTKOCTHBIX ¥ (PUJIBTPAIMOHHBIX CBOHCTB HOPOYIPYrOro KOMIO3UTHOIO Marepuasia Oy-
JgeM pemath 3agady (1)—(5) co crenuaJbHBIME TJIABHBIMH TDAHUYHBIMHU YCJIOBHSIMU HA
BHEIIHEH ITOBEPXHOCTH S IPeICTaBUTEILHOr0 00beMa V', JI0myCKaIMMMHA JIjisd OJHOPO/I-
HOIt Cpebl CpaBHEHM IIOCTOSTHHBIE O/ HANPAZKeHuH, qedbopMaliii, IOPOBOIO JaBJIeHUsI
st ypasrennii (1), (3), (4) wim ckopoctn dbuabrpanuu aas ypasuenuii (2), (5). danee,
U3 yCJIOBUS PABEHCTBA CPEJIHUX HANPSIKEHUN Wi CKOPOCTeH (hUabTPALUK JIJisl HEOHO-
POJIHON M JIId OJIHOPOJIHON Cpe/ibl cpaBHEHUS OyAeM onpeaeadaTh 3OMEeKTUBHBIE MOJYJIH
KOMIIO3UTHOI'O IOPOYIIPYTOr0 MaTepHaJIa.
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Kak M0zKHO 1MoKa3aTh, JIjid onpejieenns 3(PpGeKTUBHBIX MOLY/IeH YIIPYTHUX KECTKOCTe

cofly myzKuo pemmars 3anaun (1), (3), (4) co cleAyOMUME PPAHHYHBIME YCIOBHAMH
u= 60(ZL’kel —+ xlek)/2, p= 0, xesS = C;;-f]fcl = <0',‘j>/€0 , (6)

e €9 = const; k, [l = 1,2,3 — puKcupoBaHHBIE YNCIA, & CPEJHIE BEJTUIUHBI DU HAJIUIHN
nHTeP@ERCHBIX TOBEPXHOCTHBIX (MM HEKTOB BHIYHCASIOTCI KaK 10 o0beMmy V) Tak u 10
uHTepdeicHbIM IpanumaM S*:

() = ﬁ(/v(...)dv+/5i(...)ids>. (7)

s mHaxoxkaerus: 3hhpeKTUBHBIX K03(D(DUIIMEHTOB cBg3aHHOCTH buo bi‘;ﬁ HYKHO pe-
muth 3a7a4y (1), (3), (4) ¢ ApyrUMH TPAHUYIHBIME YCIOBUAME (po = const):

u=0, p=p#0, x5 = bf}ﬂ:—wij)/eg. (8)

Ormernm, 910 B KpaeBbix 3amavax (1), (3), (4) ¢ rpanmaubivu yeaosusmu (6) wnn (8)
TOJIS OPOBOTO JIABJICHUST M3BECTHBI U SIBJSIOTCS TIOCTOSTHHBIME: p = 0 — 1151 yerosust (6);
p = po — Juis ycaopus (8).

Hakonen, nns onpenenenus 3ddeKTUBHBIX (PUIBTPAINOHHBIX KO3(MDDUIIHEHTOB k‘]‘;’g
HAJI0 HafiTH cpejHue 10 00beMy M 10 MHTepdEeHCHBIM TPaHUIAM CKOPOCTH (DHIBTDAIIMH
u3 pemennst 3aga4qu (2), (5) ¢ rpAHUYHBIM yCJIOBHEM JHHEHHOIO OPOBOIO JABJICHUS HA
BHEITHE NOBEPXHOCTH

p=ux,Gy, x€85 = k;?ﬁ:—(vfi)/Go, 9)

riae Gog = const; [ = 1,2, 3 — pUKCHPOBAHHOE YUCJIO.

Kak moxx#HO 3amMeruTrh, cchbopMyIupOBaHHbIE BhIIIe 3a,/1a49u 00 omnpe/iesieHun 3hPeKTHB-
HBIX MOJIyJIeff HAHOCTPYKTYPUPOBAHHBIX MTOPOYHPYTHX KOMIO3UTOB OTINYIAIOTCSA OT 33,721
FOMOTEHU3AINY MOPOYIPYTUX KOMIO3UTOB C BKJIIOYEHUAMU WM HOPAME OOBIYHBIX pa3-
MepOB HaIUIHeM WHTepGEelCHbIX IMPaHIIHBIX yeaoBuii (3)—(5), TpUHAMAEMBIX JIJIs y4eTa
HaHopa3MepHocTH B Mojein I'ypruna-Mypoxa 110BepXHOCTHbIX MHTePMENRCHbIX Hallps-
KeHuit u B Mojiesin uHTepdeiicuoit puabTpaun.

JJ1s1 9mueIeHHoro KOHEeTHO-9IeMEeHTHOTO pertenns Kpaesbix 3amad (1), (3), (4) ¢ (6)
win (8) u (2), (5), (9), Kak 0OBIIHO, CAEAYET MEPEHTH K CIa0BIM TTOCTAHOBKAM, MPUMEHSIS
CTaH/IAPTHBIE PEOOPA30BAHUS, CBSI3aHHBIE C YMHOXKEHUEM I0JIEBbIX YPABHEHUN HA [PO-
eKITMOHHBIE (PYHKINN, HHTETPUPOBAHUEM IOy YeHHBIX PABEHCTB M0 00BEMY M MCIOJIb30-
BaHUEM TEOPEM O JUBEPTEHINH C yIeTOM nutTepdeiicabix 3pderTon. [ns quckpern3anuu
HOJIyYeHHBIX CJA0BIX MOCTAHOBOK MOZKHO HCIIOJIB30BATH AIMPOKCUMAIUU C KJIACCHICCKHU-
MH JIATPAHKEBBIME WJIA CEPEHIUIOBBIMUA KOHEUHBIME 3JIEMEHTAMH CO CTEIIEHIMHU CBOOOIBI
Y3JI0BBIX TIEPEMEIIeHN U MOPOBOTO JaBICHUs. 3aMETUM, YTO B CHJIY CTPYKTYPHI UHTEp-
(eiicHbIx MexanmUecKuX U QUILTPAHOHHEIX mosteil (3)—(5) B KauecTBe MOBEPXHOCTHBIX
97IEMEHTOB MOYKHO HCIIOJIb30BATh 000J0UETHBIE IEMEHTHI € OMIUSIMH MeMOPaHHBIX Ha-
UPSAZKEHWH, 119 KOTOPBIX CTEHeHAMU CBOOOJIBI ABJIAIOTCS TOJBKO Y3JI0BBIE IT€peMeneH s,
a Takke (bUIBTPAIUOHHBIE 000I09€UTHBIC 9JTEMEHTHI. /I 9TUX 3JIEMEHTOB MOXKHO B3STh
DUKTHBHYIO e TMHIYIHYIO TOIIIHY TaK, 9TOOBI TIOBEPXHOCTHDBIE MOLY/IN Ha naTepdeiice S
u3 (4), (5) onpeaeaanuch 4epes Mpou3BeJeHHs CIEeNUATbHO 33JaHHBIX OOBEMHBIX MOJLY-
Jieit u TosrmuHbl 00009Ku. [IpeacraBuTeIbHBII 00beM MOYKHO 33/aBaTh B Oe3pa3sMepHOM
BH/Ie, IPUYEM MUHUMAJIBHYIO CTOPOHY OTJIEJIHHOIO KOHEYHOI'O 3JIEMEHTA MPUHITD PABHOM
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1. Takum obpazom, mapameTp 00e3pa3sMepUBaHHUA MO MPOCTPAHCTBEHHBIM KOODJIMHATAM
MOKHO MPHUHATH PABHBIM MUHUMAJBHOMY Pa3Mepy BKIIOUEHUSI.

llpr wmcmonb30BaHWY CTAHAAPTHBIX KOHEYHO-3JIEMEHTHBIX MAKeTOB B CJIyYae OTCYT-
CTBUS 000JIOYETHBIX TOPOYIPYTUX KOHETHBIX 9JIEMEHTOB MOZKHO BOCHIOJIH30BATHCH U3BECT-
HOI aHajormeil MexKjy 3a/adaMu MOPOYHPYTOCTH M TEPMOYHIPYTOCTH W PEIIaTh 3aa49u
HOPOYTIPYTOCTH, KaK 33129l TEPMOYIPYTOCTH C COOTBETCTBYIOIIUME 3aMEHAME MOy Ieit
u mepeMeHHbIX. VIMEHHO 9TOT MOAX0/l MPUMEHSJICS aBTOPAME MPU PEIeHNN PAacCMaTp-
BaeMbIX 3a/1a4 TOMOI€HH3AINN B IIPOrpaMMHOM Kominiekce ANSYS.

2. KoHeYHO-3JIEMEHTHOE MOOEJIUPOBAHNE NIPEICTABUTEJILHOrO o0beMa. Kak
0TMeYaJIoCh, PeATH3allys OMUCAHHBIX BBIIIE MOIX0/10B ObLIa BhiMoHeHa B makere ANSY'S
U C UCHOJIb30BAHUEM AHAJOTUU MEXKIAY 3aJa9aMi TOPOYNPYTOCTH U TEPMOYIIPYTOCTH.
[IpeacraBuresibabil 00bem S cTpouscs B popme Kyda, peryasapHo pazdUTOro Ha MEHbBIITNE
reOMeTPUIEeCKN OIMHAKOBBIE KyOUKN — TEPMOYIIPYTHE TeKCadIpaIbHbIe IBAIIATHY3/I0BbIE
KoHeunble dmeMeHTsl SOLID226 ¢ onmueit cega3annoctu TepMoynpyrux mnosieit. [lepsona-
JAJIbHO BCe OObeMHBbIe KOHEUHbIe JIEMEHTHI HAJIEJsINCh MaTepHAJbHBIMEU CBOMCTBAMU
OCHOBHOTO TE€PMOYIPYTOro (T.e. IOPOYNpyroro) Marepuaia. Jlanee B COOTBETCTBUN ¢ TIPH-
HUMaEeMO HAHOCTPYKTYPOH KOMIIO3UTA BbLACIANUCH 3JAEMEHTHl CO CBOICTBAMHU BTOPOH
¢azwr. B caygae koMosnTa HEPEryISIPHON CTOXACTHIECKON CTPYKTYPBI, UCXOsI U3 33,72~
BaeMoit 00beMHOfl /10T BKJIIOUEHUH, /I BBIJICJICHHON CIyYailHbIM 00pa30M 9acTH KOHed-
HBIX 3JIEMEHTOB UX MOJIYJIA U3MEHSINCH Ha MOJIYJIN MaTepuabHa BTOPOil haszel. OTMeTHM,
YTO TAKOH aIrOpuT™M sBJseTcsS HauboJiee MPOCTBIM, HO OH He TMOMIePYKUBAET CBI3IHOCTHU
MaTepuaJia mepBoil (pasbl 1 HE OTPAKAELT CTPYKTYPBI CBA3HOCTU MATEPUAJIOB BTOPOil (ha3bl
(3aKpBITHIE WM OTKPHITHIE BKJIOUEHNsT WK TOpbI). OTMeTHM, 9TO JAPyTHe METOJbI, O/
JIEPYKUBAIOIIHE CBSI3aHHOCTH SJIEMEHTOB MepPBOil (a3bl, TMOAeP:KUBAIOIINE CBI3aHHOCTD
97IEMEHTOB MATPHIIBl U H30JIUPOBAHHOCTH BKJIOUEHUH, a TaKzKe MOJJIep:KUBAIOIINe CBd-
3aHHOCTBH JIEMEHTOB JIByX (a3, Oblin onucansl B |9, 3, 4], cooTBeTCTBEHHO.

s aBTOMATH3UPOBAHHOT'O Pa3MeleHrss WHTePMEHCHBIX KOHETHBIX 3JeMEHTOB MPHU-
MEHSIJICA CJCAYIOMUNA aJropuT™M. BHaYae BBIIEISIINCH KOHEUHBIE JIeMEHTHI C MaTepu-
AJBHBIMHU CBOMCTBAMU BTOPOil (ha3bl. BHemHme IpaHUIlbl TOr0 MACCHBA, 3JIEMEHTOB 110
komarge ANSYS TSHAP,QUAS noxkpsiBainch KOHTAKTHBIMEA BOCHMUY3JIOBBIMU 3JIEMEH-
tamu TARGE170 Buma QUAS. 3arem ynaiasinch KOHTAKTHBIE SJ€MEHTbI, HAXO I s
Ha BHeITHell TpaHuIle MpeCTaBUTEIbHOTO 00beMa S, a OCTaBIIHecs KOHTAKTHBIE dJIeMeH-
THl 3aMEHsIJIUCh Ha 000J0uedHble BOChbMUYy3a0Bble dteMenTl SHELL281 ¢ onmueit mem-
OpannblX Hanpskenuit. B pesyiabrare Takoil mporeaypbl Bce mHTepdeiicHble rpaHu co-
NPUKOCHOBEHUS OO BEMHBIX 3JIEMEHTOB C PA3INIHBIMU MATEPUAJIBHBIMEI CBOWCTBAME ObLITH
HOKPBITHl MEMOPAHHBIMIA KOHEYHBIMU dJIEMEHTaMU.

Ha cieaytorem srare /1t Oy 9€HHOTO TTPEICTABUTETHHOTO 00beMa, PETTATNChH CTAII-
OHAPHBIE 33JIaYW TEPMOYIPYTOCTH, MMATHPYIOIIHe 3a1aqu nopoymnpyrocru (1), (3), (4) ¢
(6) wim ¢ (8). Hasee, B moctporeccope ANSY'S BHIUUCISLINCH OCPeTHEHHbBIE HATIPSKEeHUS
(0i;), upudeM, B coorBercTBHU ¢ (HOPMY/I0H (7) ITH BBIYHCJICHUS IPOBOJUINCH KAK JJIst
00'bEMHBIX IJIEMEHTOB, TaK U JJIs MIOBEPXHOCTHHIX. HaliieHHbIe CpeTHIe HATPAZKEHUS 110
dbopmynam (6), (8) mozBossiim onpeaeauTh 3DhEKTHBHBIE MOLYJIH KECTKOCTH 1 (DHIBTpa-
nuoHHbIe KO duiimeHThl. [lo aHATOrMYIHBIM cxXeMaM, HO ¢ 00 beMHBIMU U 000/ 109€YHBIMUI
TeMIIePATYPHBIMH KOHEUHBIME d/1eMeHTaMu, pemayinch B ANSYS 3a/1a9u TerionpoBoHo-
cru, umurupyomue 3agaun Guisrpanuun (2), (5), (9) .

3. ObcyxkaeHue pe3yabTaToOB. B pe3ysibTaThl TPOBEIEHHBIX BHIUYACIUTEIHHBIX IKC-
HEePUMEHTOB JIJIsl PsIJia TTOPOYHPYTHX HAHOCTPYKTYPUPOBAHHBIX KOMIO3UTOB ObLIN O0HA-
PY?KeHBI U3BECTHBIE /I HAHOCTPYKTYPUPOBAHHBIX YIIPYTUX U TEPMOYIPYTHX KOMIIO3UTOB
TeHeHNnN. Ecm cpaBHUTH Ba MOI0OHBIX IIPE/ICTABUTEIBHBIX 00bEMOB ¢ OOBITHBIMH PA3-
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MepaMH M C HaHOPa3MepaMH, TO /s KOMIIO3UTa ¢ HAHOPA3MEPHBIMH BKJIIOUCHUSIMU HJIH
¢ MOpaMH 3a CYET HAJHYHS HOBEPXHOCTHBIX HAIPS2KEeHHH 3P DeKTUBHBIE »KECTKOCTH OY-
IyT OOJBINE, 9eM Y KOMIIO3UTA C BKIIOYEHHSMH WX C MOPAMU OOBIYHBIMH pa3MepaMHu.
Kpome Toro, ussecTno, 4To /g MOPUCTOrO0 MATEpPUaIa C OPaAMHi OOBIYHBIX pa3MepoB 3¢h-
deKTUBHBIE YIPYTHe KEeCTKOCTH YObIBAOT ¢ pocToM mopuctocTr. OgHako 3(hdEeKTHBHBIE
YKECTKOCTHU MOPHUCTOI'0 HAHOKOMIIO3UTHOI'O MaTepHaJia OJUHAKOBON TOPUCTOCTH MOT'YT KaK
YMEHBIIATHCS, TaK U YBEJIUUUBATHCA B 3aBUCUMOCTH OT BEJUYUH IOBEPXHOCTHBIX MOJIY-
JIeil U pasMepoB rpaHul mop. Axamorundabie 3h@deKThl ObLIN TOJYYeHbl W I 3HAYCHU I
3 ek TUBHBIX PUABTPAIMOHHBIX KOIDDUITMEHTOB.

Pabora Boinosinena B pamkax npoekta PODU Ne 19-58-18011.
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Bsenenue

Becnimnormsie seraresnpubie annaparsl (BILJIA) — 310 oTHOCHTEIbHO HOBas TEXHOIOTH,
B IIpoIiecce MpHMeHeHUsT KOTOPOl MOT'YT IIPOSIBUThCS CJIOXKHBIE W HessBHBIE ITpobsieMbl. Ha-
IpUMeP, 11 YCKOPEHUS MPOIECCOB MIPUHITHS BaXKHBIX PEIIeHUil IPOHBI MOTYT paboTaTh B
o6 benHeHHOM cpeie oz yrnpasiaenuem Hazemuoii crannuu (HC). Ho o6bem undopmariun,
nepeaaBaeMoil MexK/y BO3YIIHBIM CYJHOM M HA3eMHOH cTaHImeil, orpaHuYeH OOJIBITIMHI
PACCTOAHUAME, MAJIBIM Pa3MepPOM IIOJIOCHI IIPOIMYCKAHUA, OTPAHUICHHBIMU BO3MOZKHOCTSI-
MH 00pabOTKH M SHEPTreTUICCKUMHE OrpaHndeHusIMu. [lepednciiennble HeJJOCTATKA OrPaHu-
BAIOT UCIOJIH30BAHUE TAKUX OOBbEIUHEHHHE B KPYHMHOMACIITAOHBIX OIEPAIUIX, TAKHX KaK
obcaenoBanne OOJIBIINX ILIOIMIAICH.

B nacrosiiee Bpemst BILJTA ucmnosb3yrorcsa B pa3iudHbIX 3a/a4ax (MOHHTODUHT, Ha-
6roieHue, TornorpadudecKue U apXeoJOrHuecKie UCCIeJI0BaHus). DTa YHUBEPCATBHOCTh
00bICHSIETCS CIIOCOOHOCTBIO JPOHOB BBIMOJIHATEH CIOXKHBIE JEHCTBHS C BBICOKOI MaHeB-
PEHHOCTBIO 1IPU OTHOCUTEJbHOU JienieBu3He. BO3MOKHDBI 10JIETHl B OOBIYHBIX YCJIOBUIX
(omepaTop KOHTDOJHDYeT MOJOKeHHe ammapara), B moayaBroHomHoM pexxknme (BITTA
BBITIOJTHSIET TTOJIET CAMOCTOSITEJLHO Yepe3 3a/laHHble MyTeBble TOYKN) U MOJTHOCTHIO aBTO-
HOMHBIN pekuM. B mociieineM ciydae JeTaTebHbIH annapar HOJK/II0YaeTcd K CUCTEMe
HabIoieHns (T.e. HA3EMHON CTaHINM), KOTOpas OOBIYHO PACTIOIOKeHa B 00JIaKe U OTBe-
JaeT 3a BCIO 00paboTKy uHMOPMAIUU BHICOKOI'O yPOBHS.

[Ipumenenue obaKa MOXKET ObITH TPOOJIEMATHYHBIM B CHCTEMaX PeajbHOI0 BPEMEHH,
TpeOyionux 60J1ee BHICOKUX 3aTpaT Jjsd oOecliedeHus ITPUEeMJIEMOr0 YPOBHS ITPOITYCKHOM
CIOCOOHOCTH CBA3MU MPH OOMeHe JTaHHBIME MeKIy ycTpoiicTBaMu. KpoMe TOro, BO3MOXKHBI
OTCYTCTBAE MOOUJIbHOW CBS3M, 33/I€PKKH IIePeladn JIAHHbIX, SHEPreTUYeCKHe OrpaHuye-
HUsI BCTDOEHHBIX CHCTeM U H30biTounocTh nidopmanuu [1]. g emsrdenus nepeducieH-
HBIX TPOOJIEM B HACTOMAINEE BpPeMsi PEKOMEHYeTCs MPUMEHSTh HOBBIH TPEHJ BbIYUC/IU-
TeJIbHO MapaJuIrMbl — TYMAHHbIE BBIYUCJICHHUS, CYyTh KOTOPBIX B IIPUOJIMKEHIHN OIePaluii
BBIYMCJIEHUs] 1 XPAHEHHsI JIAHHBIX K KOHEYHBIM ycTpoilcTBaM (aponam). TyMaHHbBIE BbI-
uncsienust (fog) BOSHUKAIOT KAK MPOMEKYTOUHBI YPOBEHb MEXKIY 00JAKOM M KOHETHBIMH
yCTPOHCTBAMHU JIJI yMEHDBIIIEHUS 33/1eP2KKHU, CHIUYKEHHUS YPOBHS SHEPronoTped/ieHus, yBe-
JITYEHUS MacTabupyeMocTu U 3POEeKTUBHOCTH.

B coorBercTBHM ¢ STUMH JTONYIIEHUSIMH IIpeJIaraeTcsi OCHOBAHHAS HA TYMAHHBIX BbI-
YUCJEHUAX CTPYKTYpPa, OPUEHTHUPOBAHHAS HA TOMOJOTHIO COBMECTHOTO WCHOTH30BAHUSI
JIPOHOB. DTOT TOaX0 nuco ib3yer BILJIA B kKaduecTBe TYMAHHOTO BBITHCJIUTETHHOTO Y3714
Jutst ipeocTaBieHust yeayr. Ciry:KObl JIOKHBL OBITH PA3BEPHYTHI B 3TOM y3Jj€ BMECTE
¢ MexaHu3MaMu (PUIbTPAIU U Kjiaacrepusanuu. [Ipeaioxkennas meroaoiorus puibTpa-
MK [BJseTcs Kaaccupukaiumeil, OCHOBAHHON Ha BaKHOCTH, MO3BOJISIONIEH JOCTABISITH
KPUTHUIECKYIO0 HH(MOPMAIHMIO B COOTBETCTBUU ¢ TPEOOBAHUAMUI ITPUIOZKEHHS.

B crarne npejiaraercd MareMaTrudeckas MOJIE/b PACIPE/IEJIEHHON CUCTEMbI, KOTOPas
OTpaxkaeT IOBeJIeHHe OCHOBHBIX IAapaMeTPOB, TAaKHX KaK 3aJepzKKa U IIPOIYCKHAas CIIO-
CcOOHOCTD.

AKTyaJpHOCTBH

Pabota c1y:k6 moMcKa U cuacenus, obecredeHnss MOHUTOPUHTA IIPOCTPAHCTBA OOBIYHO BbI-
HOJHSIOTCA B YIAJEHHBIX MECTaX ¢ OTPAHUYEHHBIMU KOMMYHUKAITMOHHBIMH PECYypPCaMHU.
Obecnieuenne napopManueil Mpyu BHIMOJHEHHH TAKUX 3339 OCOOEHHO YYBCTBUTEIHHO K
3aJjiepzkKaM. Kpome Toro, HeoOXoauMo 00ecnednTh HU3KUH YPOBEHb IHEPronoTpedeHus
B TyMaHe W o0JIaKe I YBEJUYCHHS BPEMEHH I10JeTa U 00ecIevdeHus YCIyT, MpPe10CTaB-
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JsgeMbIX JApoHamu. JIrobasg onTuMu3aIus MOXKeT 3HAYUTETbHO YJIYYIINTh OOIILYIO MPOU3-
BOJIUTETBHOCTD CUCTEMBI.

AKTyaapHOCTH TpearaeMoil paboThl COCTOHT B MPUMEHUMOCTH OOJATHBIX BBIUHC-
gennit ¢ meckosmpkumu BILJTA. OcHoBHas 3a1ada COCTOUT B TOM, YTOOBI MPEITIOKUTH
ApPXUTEKTYPY I ONEHKH HPUMEHUMOCTH COBMECTHON paboThl TyMaHHBIX U OOJIAYHBIX
BBIYUCJIEHUH C TeTbI0 ONTUMAZAINY 33/IePKeK [IPU COXPAHEHUH MPOITYCKHOM CITIOCOOHOCTI
U YPOBHS HEPronoTpedIeHns B MPHeMJIEMBIX Mpejenax. 1.0. OyIyT pelleHbl IBe Uccie-
JIOBaTeTbCKIE 3aa9H:

e npubanKeHne Mecta 06pabOTKM JIAHHBIX K KOHEYHBIM YCTPOHCTBAM;

® CO3JaHne MOJENH [ aHaan3a 3PGMEKTUBHOCTH COBMeCTHOI pabOThI OOJAdHBIX H
TYMaHHBIX BhIaucjaeHnit u ee Tpebosannii k BILJTA.

BILJTA, HasHaYeHHBIN B KAUECTBE IVIABHOI'O KOOPANHATOPA, OTBEYAET 38 BHIYUCIUTE b
HYIO Pa3rpy3Ky KaHaa obsako-TymMan. OH aHAJIU3UpYyeT JaHHbIE /71 00pAOOTKYU UIH TIpe-
obpa3oBaHus UX B NOPIUHU BuIOpannoit nudopmaru nepej nepejadeii B8 obsiako. Ilycts B
kaxkaoM BILJTA mmeercst BcTpoeHHast CTPYKTypa, OTBEYAIONIasa 33 IJIaHHPOBAHUE 3a1ad,
napaMeTpbl HOCTABJICHHOM 3374l U HapaMeTpbl HoJieTa Jjid obecledeHus aBTOHOMHOM
paboTpl. KpoMme TOTO, 3Ta CTPYKTYpa COAECPXKHT TyMaHHOE YCTPOMCTBO, VIIPaBJSIOIIee
nndopmMalmeif cooTBeTCTBYIONIEH TPYIIIHI.

Coemectraass padbora Heckoabkux BILJIA st BbIOJTHEHHsT 3aa9 HMEET HECKOJIbKO
IPEUMYIIECTB: YIyUIIaeTCs Ka9eCTBO U YMEHbBIIAETCS BPEMs BBITIOJTHEHHUST TTOCTABICHHO-
ro 3aJlaHus, YBEJIUIUBACTCA BEPOATHOCTb 3aBEPINCHHA IIOCTABJICHHON 3aJa4d, a TaKiKe
BO3MOKHO mepepacupenenenre BILJIA npu ux moBpe:kaeHHH B IeJISX TapaHTHPOBAHUS
3aBEPIIEHHOCTH TTOCTABJICHHOrO 3ajanus. HemgocTaTok KOJLJIEKTHBHOTO BBIIOJHEHHS 3a-
JIaT: CJI0KHOCTH COBMECTHOTO MCIOJIB30BAHUS PECypcoB n mHMOpManun — 00/ 1a9HbI 1101
x0/1 TpebyeT DoJiee BLICOKHUX 3aTpaT Ha obecredenne mpornycKHoi clioCOOHOCTH, CHUYKEHU S
3aJIEPKKN Mepeadn JaHHBIX, TPEOI0JeHNe YHEPTETHIECKUX OTPAHUIEHWH BCTPOEHHBIX
cucTeM U U30BITOYHOCTH HH(pOpMAIIIH.

Jnsa uamepenust 3pPeKTUBHOCTH T0IX0/1a, BKIIOYAIONIEr0 BCTPOECHHBIE CUCTEMBI, He00-
XOAUMO UMETHh MATEMATHIECKYIO MOJEb JIjis BAJUIAINN PACITPEIeJeHHOT apXUTEKTYPHI.
[Tpemstaraemast Mojiesib BKJIOYAET HECKOJHKO JIPOHOB, epeatoniux nH(OpMAaIuio B 00-
JIAKO M TYMaHHBIH cjoit. Kaxkaprit 6ecimIoOTHUK CaMOCTOATE/IHLHO OIPEeIeiseT CBOI0 TPa-
eKTOPUIO Ha OCHOBE IOCTAaBJICHHOU 3aja4ud. Kpome Toro, KaxKaplil amnmapar 3axBaThIBaeT
n300parkeHus 1 HHAMOPMAIHIO, HEOOXOIUMYIO /I BHITOJIHEHUS UM 33, 1aHus. Bo BpeMs BbI-
HOJIHEHUSI 331291 HEKOTOPbIe KOMaH/ bl HaxosTcst B Begennn HC, nampumep, KOHTPOJIb,
KOHTPOJIb MOJIOYKEHNUsI, XPAaHEHHE BUIE0-TaHHBIX U HA3HATEHUE 33,1a9.

TexHNKO-9KOHOMUYECKOE MoaOeJInpoOBaHUEe

B mporecce MomennpoBaHnst CHCTEMBbI, ONMUCHIBAEMOM B padotre 2|, HeoOXOIUMO yCTaHO-
BUTHh KODPEKTHBIe orpaHudenus: 1) dusmdeckue orpaHUdYeHHs TyMaHHOTO YCTPOHCTBa,
OrpaHUYMBAIOT 00pabOTKY — pabodas Harpy3ka l; pacipejesdercd o CIIOCOOHOCTH 0Opa-
6oTKH TyMaHa v;/°%; 2) YCTOHYMBOCTD CBS3HM TyMaH-00JIaKO M CpeIHss IIPOMYCKHAA CIO-
COOHOCTH, TpebyeMast TYMaHHBIM YCTPORCTBOM, KOTOpas JOJIZKHA OBITh HUKE MPOMYCKHOM
CHOCODOHOCTH CETH.

[Ipomyckuas CIOCOGHOCTL TyMaHHOTO cros B;/°9 aas coBmecTnoit paboThl ¢ 0b1ad-
HBEIM MOKET OBITH CMOJeHPOBaHA KaK (bYHKIHA CpefHell CKOPOCTH HOCTYILTeHus 0;/%9,
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CpeJHero pasMepa IakKeTa S;/°W CKOPOCTH IAKeTOB, OTK/JIOHEHHBIX A1d 0OpabOTKH Ty-
MaHHOTO cjios (1-r;). 3amerum, 4o u3MUecKre OrpaHUYEHUsT CHCTEMBI MOTYT BIHSITH
Ha IPOMYCKHYIO CIIOCOOHOCTD, TaKMe KaK HOMHWHAIbHAS BBIUMCINTE]bHAs] MOIITHOCTH U
IOBeeHNEe KOHEYHOT'O YCTPOHCTBA.

B = 60 (1= 7)™ (1)

[Hes1b10 MUHUMHU3AIME 3TOTO YPABHEHUS SIBJSIETCS KOHTPOJIb 00'beMa JaHHbIX, Tepea-
BaeMbIX B 00J1aK0. Takue cuTyanuud BO3MOXKHBI IIPH HCIOJIH30BAHAN TOJBKO MOOHIBHBIX
ceTen.

[Torpebasemass momHocTh. Ha ypoenb sHepromorpebyieHnss B TyMaHe U 00JaKe MO-
IyT BIAUSTH HECKOJIBKO (DAKTOPOB (HANPHMED, HCIOIb3yeMble AJTOPUTMbI M TeMIIEPATY-
pa okpyzkartoreii cpeibr). OcHOBHOI (hakTOp — BRIYHCANTENbHAS HAIPY3Ka, CO3IaBaeMast
IIOTOKOM HHQOPMAIMH, MOCTYIAIIeH 0T KOHeYHbIX yCTPoicTB. /1 yirpornenus B mpe-
JlaraeMoil MOJIeJIM YINTBIBAETCsS CKOPOCTh Hepelady JAHHBIX, IPUHATHIX 1718 06paboTKu
u u3MepsieMast B 6ur/c. IIpu 3TOM HCHOIB3YeTCs CTAHJAPTHOE 3HAUEHUE JIJIS SHEPTOIO-
TpebJeHns B PeKUMe OKHIQHUsI, OIMChIBAEMOe JIMHEHHONH 3aBUCUMOCTHIO.

[TorpebiisiemMas MOIITHOCTH TYMaHHOTO YCTPOWCTBA MOJIC/IUPYETCsd KaK JTuHeiHas (pyHK-
sl JAHHBIX, IPUHATHIX JIJIsI CKOPOCTH 00pabOTKHU 7;, B COOTBETCTBUU C 3apaHee OIpeje-
JIeHHOHU 3 heKTUBHOCTBIO 06paboTKH >0 1 noTpedIeHIneM SHEPIUU B PeXKUMe OyKUIaHU
6 > 0. I'panuiia noTpedaeHUs B OCHOBHOM OIIPEIEISIeTCs PACIeTHON TeILIOBOM MOITHOCTHIO
uponeccopa (TDP) wan

BI0 = 0% 1 () 6 o)

3aMeTuM, 9TO IHEpronoTpedaeHue B obJIaKke He YIUTHIBACTC, 9eM 00eCIIeTnBaECTCs OIl-
TUMU3AIUs YHEPronOTPedIeHIe TYMAHHOTO CJI0s. DTO ypaBHeHue (PUKCUpyeT 00beM HH-
dopmanuu, BEIOpaHHON JIJIg JTOKaJIbHONH 00paborku. [TockobKy HamboJiee pesieBAHTHYIO
nH(OPMAIHIO KeJaTeabHo 00pabaThiBaTh TOJBKO JIOKAJIHHO, TO MUHUMHU3AIMS JHEPTO-
noTpebsieHus MpUBEIeT K HAPYIIEHUIO JJOKAJIBHON 0OpabOTKHU JaHHbIX I oOecIedeHust
9TOr0 yCJIOBHSI.

BquI/ICJIeHI/Ie BpeMeHun OzKHaHud O6ﬂaquIX BbIUMCJICHUIA. Baﬂer(Ka wlfog B TyMaH-
HOM yCTPONCTBE JO/I2KHA OBITH HUYKe, KOTIa HECKOJBKO MAKeTOB HepeTalTcs B 001aK0, 1
JTOJIPKHA PACTH B TEOMETPUUIECKOI TTPOTrPECCUN, eCIN KOJTUIECTBO TTAKETOR MPEBBITITAET BO3-
MOKHOCTH 00paboTKu vZf %9 TIpouecc 10JZKeH OBbITh CTAOUIBHBIM, €CJIM CPeJIHAs CKOPOCTD
IPUOBITHS 5if % B TYMAHHOM CJI0€ HHZKE, YeM €r0 CIOCOOHOCTL K 00paboTKe.

wf%9 = 9@l o] (3)

Ecau cpennee 3madenme BBIOpaHO TaK, 4TOOBI OHO COAEPIKAJIO TOJBKO CTAOUILHBIE
6 5fo9 fog .
nokazarean npudbiTus (0; 7 > v]%), GyHKIM AMIPOKCUMUPYETCsI:

(5ng Ty
wiFOG = vaog (4)
%

Jo9 1pescraBiena B3aUMOCBA3bIO MEZK LY I€DEIABACMBIMH B HEIO

JIAHHBIMHE, TPOMYCKHONH CIMOCOOHOCTHIO CETH W TPOU3BOIAUTENIHHOCTHIO 00JIAYHOIO TEHTPA

obpaborku gauabX. O0beM JAHHBIX, OTIPABISIEMBIX B 00J1aK0, MOXKHO OTPEJIEJUTH C T0-

MOIIIBIO CJIeYIoNIeH (PYHKITNN slf

BaepKkKa B 001aKe W

fog
.0, (-1 = d{og 1 00beMa TaHHBIX, Iepe1aBacMbIX

fog—cloud
i

MeXKJIy YCTpoiicTBaAMU TyMaHa U 00JIaKOM t . Ilocsie obpaborku B obJlake YacTb
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BXOMHBIX JaHHBIX af°“lormpapisderca o6paTHO B TyMaHHBIH c/I0il. 3ajlepzKKa Iepegadn

uHdoOpManuu U3 00J1aKa paCCINTHIBAETCS KaK

cloud cloud cloud cloud
cloud ~_ dz + dz 4, dz (5)
i ~ fog—cloud fog—cloud . oycloud
rie vfl"“d — BO3MOXKHOCTH 00paboTkn obaaxka. O0Imas 3amep:KKa ONPeaeIsieTCs:

D:LAVG — AVG(wfog7 wgloud) (6)

)

e wfog I wcloud

~ 3aJ1ePKKA B TYMAHHOM ¥ OOJIJAYHOM CJIOZX.

Jlng yupoIeHns 3a1a91 ONPEIETEHBI [BA TTAPAMETPA COCTOAHUS: OBIIee KOMUIECTBO
MAKETOB B YCTPOACTBE TYMAHHOTO CI0S &1 = 01°Y - 7; U 0BIIee KOIMYECTBO NMAKETOB B
obnaxe x5 = 67 - (1 —r;). Dra 3a1a4a MOKET GHITH IEPENICAHA s MUHIMU3ALLE TPEX

1eJIeBbIX (DYHKIMH, KaK MPEJICTaBJICHO HUXKE:

0 5% 0
T
: fog fog pAVG|" _ ol 0 T
man Bz ) Ez 7D1 ] 1 2tzfogfcloud —|—UiClOUd |: Lo :| T g (7)
20199 2.0]°9

()“IGBI/I,ZLHO7 qTO IIpeajiozKeHHad MOAeJIb OHECHHBAET KOMIIPDOMHCC MEXKIY HpOHyCKHOfI
CIIOCOOHOCTBIO, SHEPIHell B TYMAHHOM y3Jie H 3aJep:KKoii, BocnpuauMaemoit BILJTA. Kpo-
M€ TOr0, 3adBJCHHAS IIeJIb YMEHBIIEHUs 3aJePXKKI YIATHIBACT KOJHIECTBO JAHHBIX, KO-
TOpbIe OYIyT NPHHSITHI I JIOKAJILHOI 00pabOTKN B BBHIUUCIUTEILHOM y3J1e Tymana. [1o
Mepe pocTa 3HAaYeHUs ITOH MepeMeHHON dHepreTndecKne OrpaHuydeHus JI0JI2KHbI TO/Iep-
KUBATh 9TO paBHOBeCHUE B JOIYCTHUMBIX IIpeae/iaX N3-3a JIOKAJBbHBIX BapI/IaHI/HU/I BBIYUCJIN-
TEJBHON MOIIHOCTH M MOTpeO/IeHUus SHEePIuu.
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YcToiitunBOCTh TPAHUIBI MEXK/Y ABYMsi 3JIEKTPOJIUTAMM IIPU
n3oraxodopese

M. FO. ?Kyxkos, O. A. llsiBerKOBa
FOxubiit benepanbublit yuupepcurer, Pocros-na-/lony, Poccus

Annomayusa. Paccmampusaemcs Mamemamuseckas Moodesb 0it onu-
CAHUA 2PABUMAUUOHHOT KOHUEHMPAUUOHHOT, KOHGEKUUN NPU Nposede-
HUU MPOUECCH USOMATOPOPE3Q TUMUYECKY GKMUBHOT CMECU U3 08YT
anexmposumos. Hzomaxopopes — memod paddesenus MHO20KOMNO-
HEHMHOT cMecUu Ha UHOUBUIYAALHBLE KOMNOHEHRMbBL N00 deticmeuem
BHEUWIHE20 INEKMPUYECK020 NOoAA. H3omazodopes obaadaem 6wvicorotli
paspewaruweti cnocobHOCmMbo — MeNHCOY 30HAMU C OMOCALHBLMU KOM-
NOHEHMAMU UMEEMCA 4eMmKol 2paHuya, 08UNCYWAACS C NOCTNOAHHOU
ckopocmvio. 1Ipu HexKomopur 3HAYEHUAT NAPAMEMPOS 68 OKPECTIIHOCTIU
2PAHULDBL MEHCOY 30HAMU BOZMOHCHO KOHBEKMUBHOE NEPEMEUUBIHUE
nod deticmeuem CuAbL MANCECTIU, YMO MOHCEM, CYULECTNBEHHO CHUSUMD
PASPEWAIOUYI0 CNOCOOHOCHMB Memoda. [Ipedmemom uccredosanus A6-
AAEMCA 360040 0 KOHUEHMPAUUOHHOT KOHEEKUUL 6 OKPECTNHOCTY, 2P0~
HUUbL MEAHCIY 30HAMU U ONPEICACHUE NAPAMEMPOS, NPU KOMOPHLT 603~
MONHCHO BO3HUKHOBEHUE MOHOMOHHOT HEYCMOTYUBOCTNU.

Stability of the boundary between two electrolytes in
isotachophoresis

M. Yu. Zhukov
Southern Federal University, Rostov on Don, Russia
O. A. Tsyvenkova
Southern Federal University, Rostov on Don, Russia
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Jng onucanus mporecca u3oraxodopesa — Mporecca pasjieJeHns MHOIOKOMIOHEHT-
HOIT cMecu Ha OTJeJbHbIe KOMIIOHEHTHI IO/ JefiCTBUEM BHEINHErO JIEKTPHIECKOTO, B CJIy-
Jae, KOIJIa PACTBOPHTEIEM SABILAETCA BA3Kasg HeCXKUMaeMad YKUIKOCThL, HAIPAMEP, BOJA,
HCIOJIb30BAHbl yPaBHEHHs B Ge3pa3MepHbIX HepeMeHHbiX |1, 2]

d

d_‘t’ = —Vp+pdv =Y pmuk, dive =0,
dut e ko k| ko k
E—Fdlvz =0, 2"=——u'Vu' +puFE,

divj=0, j=cE, E=-Vy, o=>)» u"
k

31ech v — CKOPOCTb CMECH B TIeJIOM, p — AaBienue, u* — «3bdeKTuBHagy KOHIEHTpAIT

KOMIIOHEHTDI CMeCH, ¢¥ — IJIOTHOCTD [OTOKA KOHIEHTPALUH, (@ — KO3(DUIHEHT KHHEMA-
THYecKol BA3KoCTH cMecH, ¥ — KoadduImenT KOoHIMeATpaInoHHOro cxKaTtud, u* > 0 —
OJBUZKHOCTh KOMIOHEHTBI CMECH B 3JIeKTPHYECKOM moje, £uf — koaddunment aud-
dyzun, E, p — HaAIPAKEHHOCTH W TOTEHIUAJ TEKTPUUECKOTO MOJsd, J — IJIOTHOCTD
9JIEKTPUIECKOTO TOKA, 0 — MPOBOJUMOCTHL cMecH, kK — opT ocu z.

B mpomecce pasmenenud cMecu, Ha 3aKJIIOYATETBHBIX dTalaxX MPOIEcca, BO3HUKAET
cuJibHad CrparuduKalugd I1JI0THOCTH — (POPMUPYIOTCH 30HbI WHIUBU/LYAJbHBIX KOMIIO-
HEHT, OTAeJeHHbIe JAPYr OT APYyra JOCTATOYHO Y3KOH rpaHulei, NMMpuHa KOTOPOH 3aBu-
CUT OT HANPAKEHHOCTU BHENTHETO 3JEKTPUICCKOTO 1oJid. Hajmane 1o TaKecTu MOZKeT
MPUBOJAUTH K BOSHUKHOBEHUIO B OKPECTHOCTH T'PAHUIIBI K KOHBEKTUBHOM HEYCTOWIMBOCTH,
aHaJoruIHON HeycToitunmBocTn Paneg—Teitnopa. jig omeHOK mapaMeTpoB BO3HHKHOBe-
HUsI HEHCTOWYNBOCTH (KOHIEHTPAIUI KOMIIOHEHT, HAITPSIZKEHHOCTH 3JEKTPUIECKOTO MO,
k0o3dburpentos 1uddy3un, TOBHKHOCTEH KOMIOHEHT U T.I.) MOKHO OrPAHUIHBATHCS
rpy6oit MOZIESTBbIO, PACCMATPHBAsT OKPECTHOCTH MPAHUIIBI MEK/Ly ABYMsI 30HAMHU (BHYTDEH-
HUIl TOMPAHUYHBIN CJI01i) U MPOM3BOJIsI 3AMEHBI [IEPEMEHHBIX, COOTBETCTBY IOIITHE PACTSIZKe-
HUIO B OKPECTHOCTH MOTPAHUYHOTO ¢JIosi. B [2] mokaszano, 4To jjist Hccie10BaHus JTHHET-
HOI TUAPOAMHAMUYECKON YCTOMYNBOCTH JOCTATOUYHO OTPAHUYUTHCH JIUIIb IIOTPAHCIONHON
3aj1a4ueil Ha OECKOHEYHO! OCH, UCCJIeys COOTBETCTBYIONIYIO CIEKTPAJIbHYIO 3aJa4y JJIsd
ypaBHEHW, TUHEAPU30BAHHBIX B OKPECTHOCTH MEXaHU4IeCKOro paBHoBecud. lIpumenenne
JI7Id pellleHus CIeKTpaJbHON 337a9W CTaHIAPTHOTO METObl HOPMAJIbHBIX MOJ, OCJIOZKHS-
eTcs TeM, YTO MeXaHHIeCKOoe PaBHOBECHE HMPUXOIUTCA ONPEeIeasdTh JU0O IHCIeHHO, JTHOO0
HCIONb3ys annpokcnManun dbyukuun Jlepxa [3, ¢. 43-46], npu nomomy KoTopoil 3amuchi-
BaeTcy perienue. [IpoBejieHHbie pacdyeTbl MO3BOJIMIM OIPEJAENTh KPUTHIECKUX 3HAYECHUI
napaMeTpoOB BO3HUKHOBEHUS KOHBEKTHBHOW HEYCTOWYHUBOCTH JI/isi KOHKPETHBLIX 3JI€KTPO-
JINTOB W, TE€M CaMbIM, yKa3aTh HapaMeTpbl Mpolecca n3oraxodopesa, Mpu KOTOPOM HE
HPOUCXOJIUT CYIIECTBEHHOI'O CHMXKEHHS pas3pelnalonieit ciiocobnoctn merona. Kpome sro-
0, PACCMOTPEHbI MOJIeIbHbIe BAPUAHTHI 3aja4n: (1) coorBercrBytomuii 6e3nuddby3non-
HoMy npubsmzkenuio (¢ = 0), Ipu KOTOPOM KOHIEHTDAIUK BEIIECTB B COCEJHUX 30HAX
MOCTOSIHHBI, & TPAHUIA MEXK/TY 30HAMHU MMeeT HYJEeBYIO TOJIIHHY, (2) aCHMITOTHIECKHEe
pazoykenus ipu mapamerpe anddys3un € — 0. Pe3yabrarsl, MOJIydeHHbIe 11 YKa3aHHbIX
BApHAHTOB XOPOIIIO COTJIACYIOTCSA ¢ pacdeTaMu JJId MOJHON 33 a49H.
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MaTteMaTuiecKoe MO/IeJINpOBaHUE
HaIIPA2KEHHO-1e(POPMUPOBAHHOTO COCTOSHUS 3JIEMEHTOB MOPCKOI
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JloHckoit rocyrapcTBeHHbI Texnudeckuii yuusepcurtet, Pocros-una-/lony, Poccus

Annomauyus.  Bunoaneno  mamemamuueckoe — M0JeAUPOGaHUE
HANPAHCEHHO-0EPOPMUPOBAHHO20  COCMOAHUA ONOP HEHMAHLIT — CO-
OPYHCEHUT, MOPCKO20 DA3UPOBAHUA 6 CAYUAE CAOHCHORO HAZDYHCEHUA
CAYHaTHoIMY  SHeWHUMY  803deticmeuamu. C NOMOWDBIO KOMNAEKCA
KoHeuHo-anemenmuozo anasuza ANSYS onpedesenno wanpasrcenHo-
dehopMuposaHHOE COCNOANUE.

Mathematical modeling of stressed-deformed state of elements
of marine infrastructure

A.A. Matrosov, A.N. Soloviev, E. A. Kislyakov
Don State Technical University, Rostov-on-Don, Russia
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Pacuer coopyzkeHmii, pacioaralIuxcs B OTKPBITOM MOpe, IpeIcTaBasgeT coboit Tpy-
JnoeMkyio 3a1a9y [1, 2|. Mopckue nedremobbiBatomnue miardopMbl, KaK MPABUIO, PACIO-
Jaraiorca Ha rioyonaax ot 8 10 400 MmeTpoB. B mporniecce 3KCILIyaTalmy OMOPHl TAKUX TLIAT-
dbopm moBEpIKEeHBI BO3EHCTBUHIO HECKOJIBKUX DA3HOPOIHBIX BO30YKIaOmux cui (cefi-
CMHUYeCKad aKTUBHOCTH OCHOBaHMI, BOS,ZLGI'?'ICTBI/IG BOJIH 11O Bceil JJINHE KOJIOHHBI, BETPOBad
HArpy3Ka Ha HaJIBOJHBIE CTPOEHHs, /ISl COOPY:KeHU B MOJAPHBIX paitoHAX — BO3/eiicTBIe
noJiedi Jibga). B ¢cBoeM GONBIIMHCTBE STH HAMPY3KH HOCAT CTOXACTUIECKHUI XapakTep.

YpaBHEHHE, OIMUCHIBAIONIEE COCTOSHUE ONMOPHI KMEeT BHI:

MZ+CZ+KZ = —~MA+ o Fg + Fx + Fr + Fy (1)

e Z — MaTpHIa cMelleHnil TouKe KOJOHHBI, M A — ceficMuaeckast Harpyska, J1eiicTByIo-
ast Ha, OCHOBaHUe KOJIOHHBI, X Fp — ciyd4aiinast BerpoBasi Harpyska, Fy — ciaydaiiHasi
HArPy3Ka CO CTOPOHBI IMOABOAHBIX TE€UYEHWI W BOJIH Ha moBepxHoctu Boabl, M, C, K —
MaTPUIH Macc, AeMIPUPOBAHUS U YKECTKOCTH COOTBETCTBEHHO, X, [ — CTOXaCTUIECKHE
K03 punmeHTs.

Jlnsg pacdera ObLIM NPUHSATHI CJIEIYIONIAE TOMYIEHUI:

- Harpy3Ka OT BEPXHEr0 CTPOEHUs IIaTdOpPMBI CO3aeT IMeHTpaIbHOe CXKATHe OTOop;

- JIeJI0Bad HATrPy3Ka CTATUYHA W JICHCTBYET HA BBIJACACHHBIA CEKTOP IUJIAHAPAICCKON
MMOBEPXHOCTH;

- BETPOBasg HAarpy3Ka OTCYTCTBYET B CHJIY TOIO, UTO JJisd €€ ompejeeHnus HeoOX0IuMa
TOYHAS FeOMeTpUsd BEPXHEro CTPOCHU;

- Haberalonuii MOTOK »KUJAKOCTH HICAJTEH U HEe UMeeT MUPKY/ISIINN;

- JABJIEHUE KHUJIKOCTU 110 BEPTHKAJIN UMeeT JUHEHHbBIN 3aKOH pPaclpe/le/IeHn;

- HCTOYHHUKOM CefiCMUIEeCKON HAIPY3KH SBJISIETCSI JKeCTKas 3a/1esKa (MH/IIBHya bHbII
dbyHIaMEHT OTIOPHI).

Perenne ypapaenus (1) BBITOJTHAM METOJOM CYNEPHO3UIIUN.

Pemrenne ypaBHeHUS ceficMOCTORKOCTH:

MZ+CZ+KZ=—-MA

Oy/JeM UCKATb METOJIOM MOJIAJbHON CYIEePIO3UIIIN:
n
Z(t) =) Via(t)
i=1

s onpenenenus ¢;(t) moaydaem ypaBHeHHe:

. . 2 Qz
¢i + 2niq; + wiq = ——
M;
rae n; = 54,y — KoabduImenT HeympyToro CONPOTHBICHU:, (; = VIMA ~ 0606-
IeHHad celicMuyeckas cuna, M; = VI MV; — obobmennas Macca i-0if (bOpMBL.
Perrenne ypaBHeHUsT ©MeeT CJICAYIONIANA BYI:

D, [t. )
qt)=—— [ A(r)e ™ sin(t —7) dr
Wi 0
MaxkcumaJjibHOe 3HaYeHne HHEPIMOHHONH CHJIbI OY/1eT OTIPeIe/ISIThCS: %V;kDij(T), rie
Cw(T) — 3amanHas XapakTepucTHKa BO30yK/IeHus. Tak Kak WHePIMOHHAS CHJIA i-if Mac-

Cbl JOCTHUTI'a€T CBOEI'O MaKCHMYMa B pa3Hble MOMEHTBI BpEMEHU t, HEeBO3MO2KHO I'OBOPHUTDL
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0 MAaKCHMAJIbHBIX HAIPAKEHUAX B KOHCTPYKIIMH, BO3HUKAIOIINUX 3a BpeMd T (byHKIuoHH-
POBaHUA NOJ, JeficTBAeM Harpy3Ku. [109ToMy HanpszKeHns HaJI0 HCKATh KAK CPeJIHeKBaI-
paTHIecKoe OTKIOHCHHE OT OKHIACMBIX HAIPSZKeHMIL.

CuJIbL O CTOPOHBI TEUCHNH KUJIKOCTH U HABAJIA JbJa OyJleM YYATHLIBATD B BUJE IPEJ-
HATIPSIZKEHHOTO COCTOSIHUSI COOpyzKeHus |3, 4].

Byzaem cunTaTh, 9TO TeYeHHe OJMHAKOBO IO BCeil BRICOTE MInHApa. Torna cymMmapHoe
JABJIEHHE Ha HOBEPXHOCTh NIIHHIPa OyIeT OIpefensaThes caeayiomei (pyHKIueii:

P = pg(h— =)+ V2 (1— dsin® ()

Cuna oT Bo3meiicTBUSA ABUKYIIUXCS mosieil ibaa, cormacao CIT 38.13330.2012 omnpene-
JISIETCSI CJIEYIONINM BhIPasKeHHeM

F = mkbk‘vahd,

rae m — xodbdunment GOpMbl OMOPHI (sl HOTYIUPKYIBHOIO NPOdUIs TPUHEMAEM
m=0.83), k, — ko3bdUIEEHT CMATHSI, YIATHIBAIONINH MPOCTPAHCTBEHHO-HAIPZKEHHY IO
paboTy JeJSTHOrO T0JIst Tpu KoHTakTe ¢ onopoii (k, = 1.3), k, — koaddunuent, yaurbisa-
IO CKOPOCTh JlehopMAIuu Jibja B 30He ero B3aumogeiictsus ¢ omnopoit (k,=0.3), R —
mpejies IpoYHoCcTH abaa Ha ckarue (R=1.5 MIIa).

DakTHYecKass CUIa, TeHCTBYIOIMAs Ha OMOPBI COOPYZKEHHUs, BHIUUCISIETCS O CIeIYIO-
mieit popmyJie:

F(i)aKT = ntKlKQF

rie K;=0.83+0.17%n,71/2=0.915, Ky=0.55+0.45%k,, /k=0.847, n; — qmcji0 omop coopyzxe-
nus, F=17.2 MH.

Ocy1mecTBUB IePexo/ K €INHO cucTeMe KOOP/IAMHAT, MOy YaeM IIPeIHANPSIZKEHHOE CO-
CTOSTHHE OMOPBI, JIJIST 9€r0 PEIralTCs COOTBETCTBYIONINE 331291 JIUHEHHON TeOpun yupy-
TOCTH.

LII/ICJIGHHOG pemeHnd 3aJa491 I[IPOU3BOJUJIOCH B IIPOIPaMMHOM KOMILJIEKCE KOHEYHO-
snemerTHOro anagmza ANSYS 19. PaccmoTpena omopa KJiacca MEJTKOBOJHBIX MLIAT(OPM
(mmuaa omopsel g0 50 M). Omopa BeIONTHEHA B (bOpMe KOJBIEBOIO CeYeHUs U3 GeTOoHA
Mapku M600 kiracca B45, Boicota 30 merpos. Onopa morpyzkena B BOIY Ha TyOuHy 24
MeTpa.

[To pesyabraramM pacderoB OBLIH HOJIYYeHBI SIMIOPHI PACIPeIe/IeHni HaIpsazKeHuil B Ge-
ToHHO# onope |5, 6]. CorstacHO MOy YeHHBIM JAHHBIM, OOPa PA0OTAET B IITATHOM PEXKUME
IpH 33JaHHBIX ceficMuuecKnX Harpyskax. CpemnHekBaIpaTHdecKne HANPSKEHUsT B OIOPe
papeupytorcs or 8.3 - 10° Tla 1o 26 - 10° Ila, uro me npepbmaer 50% 0T ZOMYyCKAEMBIX
HArpy30K.
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MopaennpoBaHue ITPOIECCOB 3aTyXaHUsd B IMMbe30KepaMn4ieCKnX
TeJIaX Ha OCHOBE yYeTa AenoJigapu3ylomnunx (pakKTopoB

A. C. Cramuyx

FOxuwrit @enepanwusiit Yausepcurer, Pocros-una-/lony, Poccus.

Annomauus. Ha ocrnose modeat noaapusauul nve309Aexmpuieckus
NOAUKDUCNAAAUNECKUL CPED UYUAIOMCA NPOUECCHE 3AGMYTAHUL 2APMO-
HUYECKUT Koarebanul 6 kepamuveckux obpasuax. Iloxasano, wmo man-
2EHCHL Y200 NOMEPL 3ABUCAM. OM GMNAUMYOIbL SHEWHUT 603delicmaut,
KOMNOHEHM, IAEKMPUNECKO20 U METAHUYECKO20 NOAET, ¢ MAKICE WUPU-
HblL 2UCTNEPESUCHBLT NEMEND.

Modelling of attenuation processes in piezoceramics bodies based
on accounting depolarizing factors

A.S. Skaliukh
Southern Federal University, Rostov-on-Don, Russia.

OCHOBHBIMU TIEJISIMI MOJIEJIUPOBaHMSA PabOTH MbE30KepaAMIIECKIX ITpeobpazoBaTeeit
SIBJIAIOTCS pacdeThl (PH3NIECKUX XapPaKTePHCTHUK, CPead KOTOPHIX HamboJee mHGpOpMAa-
THBHBIMH M IPEIIOYTUTETbHBIMH BBICTYIAT AMILIUTYIHO-9aCTOTHBIE XapaKTePUCTUKU
(AYX). TIpu pacxoxkKIeHUN PACYETHBIX U FKCIEPUMEHTAIBHBIX JAHHBIX TPUXOIUTCA KOP-
PEKTHUPOBATh MaTeMaTUYeCKHue MOJAC/IN, B KOTOPbLIX HE YYTCHbI BCE CbaKTOpr, BJINATIOIIMC
Ha ux pabory. Hanpumep, eciiu B pacdeTHoil MO/ UTHOPUPYIOTCH MEXAHU3MbI 3aTyXa-
HHUsI, TO Ha pe30HAHCHBIX dacrorax AYX HeorpaHMTIeHHO BO3PACTAIOT, B TO BpeMd KaK B
IKCIIEPUMEHTAJIBHBIX JAHHBIX TaKOro pocta HeT. CaMHu MeXaHU3Mbl 3aTyXaHUs K HACTOs-
IeMy BpeMEeHHU U3yYeHbI ellle He JOCTATOYHO IIOJIHO, a MPeIIaralolnecs MaTeMaTHIeCKIe
MOJCJIn HOpOIU/I BBITJIAAAT UCKYCCTBECHHO BB€JCHHBIMU MJIN JazKe H€O6OCHOBaHHbIMI/I.

B macrogeit pabore npe10:KeH OJIMH U3 MEXaHN3MOB 3aTyXaHNd, CBSI3aHHBIH ¢ MaJI0i
HepeHOJIHpI/ISaHI/Ieﬁ CETHETOJIEKTPUYIECCKUX MaTepuaJiOB B HNUKJIUYICCKUX JJTCKTPUICCKUX
1 MeXaHHYECKHX IOJIAX. BesencrBue 3Toro yupyrue, mbe303JeKTPUIecKne U THJIeKTPH-
JeCKHe XapaKTePUCTUKU, 3aBHCAIIHE OT OCTATOYHOH JedOpMAIlMM W OCTATOYHON IMOJISA-
pu3aiuu, TaKzKe MaJlO U3MEHAIOTCA U TaKzKe I'MCTePE3UuCHbIM 06pa30M. I_IO7 KaK HU3BECT-
HO, THCTEPE3UC BHI3BIBAET 3aTyXaHWe, TeM O0OJibliiee, 4eM OOJIbINe ILIOMAb ero MeT/IH.
B nacrosieit pabore it onpejesieHus metesib a1eOPMalMOHHOTO W JTUIJIEKTPUIECKO-
IO IHCTEPE3UCa WCIOJNb30BAHbI MATEMATHIECKHE MOJEJN MOJIAPU3AINH / TEOISIPU3AIIHN
9JIEKTPUYECKUM T0JIeM / MeXaHHUIeCKUMI HanpsizkeHusivu [1]. Kpome sroro yuuTbiBaoTest
PYHKITMOHAIBbHBIE 3aBUCUMOCTH (PUBUUECKAX MOyl OT OCTATOYHBIX IapaMeTpPoOB, IIO-
JaydeHuble B |2, 3|. [lns cBe/ieHns 33/a90 K MOJEIH ¢ KOMIUIEKCHBIMU KoddbduinenTamm
BBOzisTCst ipubszkernst 1 Copoknua E.C. [4], B KOTOPBIX yUUTHIBAIOTCSA THCTEPE3UCHDIE
3aBHCHMOCTH IIOCPEJICTBOM OIpeIeIeHHOIO BIIA YIIPYTUX Moay e, B qannom mcciemoBa-
HUU aHAJOTHIHYIO AlIIPOKCHMAIUIO TPeIaraeTcs HCIOAb30BATh HE TOJIBKO /s YIIPYTHX,
HO U JIJTs1 JIN3JIEKTPUUECKUX U [THE303IEKTPUUECKUX XapaKTepucTuk. B [5] TaHrencs yrios
OTEPh HAXOJSATCS HA OCHOBE SHEPIeTHUIECKOTO MOXO0/a, KOT/Ia 3aTyXaHHe OIPeIe/IsieTCs
IJIOIa /b0 IIeTJIN T'ncTepe3nca, 4TO B UTOT'€ TaKzKe IPUBOIUT K MOAEJIN C KOMIIJIEKCHBIMHA
ko3 durmentamu. Vnrepecio orMeTuTb, 4TO IpejjiaraeMble MpuOIHzKeHHble (hOPMYJIbI
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e Tpe6yIOT YUCJICHHOI'O HHTETpUPOBaHUsAd JAJ1d OlIpedeJIeHud IIJIOIA /AN IIeTeJIb I'nCTepe3n-
ca, 3JeCh JIMIIb H€O6XO,ZLI/IMO BBIYHUCJIUTL OCTaTOYHBIC IIapaMeTPbl B O,HHOﬁ TOYKE MaJoi
IeTJIn TUCTepe3uca.

Jng npeicTaBETEIBLHOTO 00beMa IMOJTUKPUCTAJLIHIECKOI'0 CETHETOIIEKTPUIECKOTO Ma-
TePHUaJIa BBOJISATCS OCTATOYHBIC W WHIYIUPOBAHHBIE MapaMeTphl TeH3o0pa jJedopManuii u
BeKTOpa ToJspusanuu. MareMarudeckast MOJeTb TMOJSIPU3ANNN WK Jenospusaniu [1]
MpU OTHOBPEMEHHOM BO3JICHCTBUN 3JEKTPUICCKOTO TOJIT U MEXaHUIECKUX HATPAKEHUIH
MO3BOJIIET HAXOUTh W OCTATOYHBIE W WHAYIIMPOBAaHHBIE mapamMerpbl. [lst onpeaeierus
OCTATOYHBIX HapaMeTpOB HEOOXOIMMO peliarh ypapHenus B auddepennuanax (1) ¢ 3a-
JAHHBIMUA HAYAJBHBIMU YCJIOBUSIMU:

APy = (P — Py)1 2Ll Py =P, E=E"
|d(oef)i—d(ges)rrrl

No ?

(1)

deg = (Eco — €0) go=¢;, o0=0"

Bxoasmue cionga GyHKIIMT OMPEIeII0TCS CIeIyI0INnM 00pa3oMm:

fo%dgofoﬂ eley sint) dip b f(]27rcigof07T e'p, sin dip

oo = 5 co — - - . )
f027ral90f07r e sin ) dip f02 do [ e sint dy
—FEer- Ps/ps  0ef:es/e kT kT
ef S/ Vs ef S/¢es
= = 2
Y a b ’ ¢ pchr’ ’ €s80er ( )

Ocf =0+ [ : €, Ej=o0+a:hR,

rie ps, €s, k, 1T, ()¢ - BEKTOP CIIOHTAHHON MOJISPU3AIUH, TEH30D CIOHTAHHON HOIpH3a-
1uu, nocrosunas bojbiMana, abcoTioTHas TeMepaTrypa u 00beM aTOMHO# sTa9eifku cooT-
BETCTBEHHO; <, (3, a, b - W3BeCTHBIE YUCTA. 3ABUCUMOCTU BEKTOPOB CHOHTAHHOW TOJIAPU-
3alli¥ U T€H30POB CIOHTAHHOU JedopManuu, BXOAAIINX B MPeJICTABUTETbHBIA 00beM, OT
YIJIOB @, 1) 3/1eCh He UPHUBOJLTCA B ity IpomMosjkoct dhopmyi. Ocrarodnbie napamer-
pBl MeHSIOT u3ndecKne cBoiicTBa Marepraza. [losTomy ompenensronine COOTHOIIEHUS
JUIS WHIYTIHPOBAHHBIX COCTABJISAIONINX TeH30pa jAedopManuii M BeKTOpa MOJISPU3AINH,
KaK I0Ka3aHo B 2], umeior Buj (3):

ec=S(eo) 1o+ d" (R - E, (3)
De = d(Py) 0+ M(zo) - E,

e YOpyrue MoJaTIuBOCTH, Mhe303JEeKTPHIeCKHE MOIYJIN U AWK TPUIeCKNEe TTPOHHATA~
€MOCTH 3aBUCAT OT OCTATOYHBLIX ITapaMeTpPOB JUHEHHBIM 00pa30M, MpUIeM

S(eg) = So+ K : e,
d(Py) = Ny - Py, (4)
M(Eo) :M0—|—MZ€0,

rae So, My - yupyrue mogaTAuBOCTH U JAUIIEKTPHYECKHE TPOHUIAEMOCTH TEPMHUIECKH
Jnenosspu3soBanHoro teaa; K, Ni, M - HeKOTOpbIe IIOCTOAHHBIE T€H30pPbI, KOMIIOHEHTHI
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KOTOPBIX JIEI'KO OIIPEAC/IAIOTC. Ecimm ucronb3oBaTh MaTpUYHbI€ ITPEeACTaBJICHU A ®Doiirxra

S S S35 000 0
5:12 5:11 *?13 0 0 0 S(mn - S’Omn + k€5037

S(EO) = A ) dmn = ka07
0 0 0 Sy O 0 o I Y kre
0 0 0 0 S44 0 mn omn M<c03, (5)
0 0 0 0 0  2(S11 — Si2)
0 0 0 0 dys 0 My 0 0

d(P()) = 0 0 0 d15 0 0 s M(g()) - 0 Mll 0
dgl d31 d33 0 0 0 0 0 M33

To KO3 bumuenTor k., = m, k, = JTHﬁ, ky = %ﬁ OTIpe /IS0 T-

Esat DPsat
CA ‘{epGS MaKCUMaAJIbBHO BO3MOXKHO€ 3HaquI/Ie, JOCTUraeMoe B COCTOAHNU HACBHIIIEHUAd U

3HaYeHUe B HEMOJISIPU30OBAHHOM COCTOSHUM.

[IlycTh BHemNTHHE TTapaMeTpbl, K KOTOPBIM OTHOCATCS JEKTPHYECKOe TI0Jie U MeXaHU-
YECKUEe HAIIPHAZKEHUS U3MEHSIOTC 110 FTApDMOHUYECKOMY 3aKOHY BO BpeMeHU: 0 = G COS wt,
E = Ecoswt. Torna npu GoAbLINX aMIUIATYAaX &, F GymeM uMers GOJIbIINe IeT/In -
37EKTPUIECKOT0 TUCTepe3Nca s onpeneseHns Py n 1edopManmoHHOTO THCTEPe3wca s
ompesiesieHus €y, HEKOTOPble KOMIOHEHTH KOTOPBIX CXeMaTHYHO MOKa3aHbl HA pHC. 1.

T T

P
WaE==s’
E o—] ~

/";"’s

P /

Puc. 1: Juanekrpudeckas metist (ciea) u gaedopManuonHas metis (cupasa)

KpyxkaMn moka3aHbl BO3MOXKHBIE CJIyYad OCTATOYHOM MOJSIPU3AIUAN M OCTATOTHOH Jie-
dopMaluy 1IPU CHATUU BHEIIHUX HArpy30K. [Ipu skciuiyaraiym nbe3okepaMmuyecKux Jar-
YUKOB BHEIHHE HAIPY3KH (SJIEKTPUYECKOe T0JIe M MeXaHWYeCKue HANpPSIKeHNd) HMeIT
MaJIyl0 UHTEHCUBHOCTD, T.€. UX aMILTUTY/IbI PH TAPMOHUYECKUX peKUMaxX KoJeOaHuil He
BBIXOJAT 33 PAMKH OTMEYeHHBIX BHITIE KPYKKOB. Ho maxke mirsd TaKuX pexKMMOB HeoOpa-
THMBbI€e TPOIIECCHI TIePENOIIPU3AINT UMEIOT MecTo. Il 970 TpUBOAUT K cUTyarusM, u300pa-
JKEHHBIM Ha pHC. 2,3, TJIe /LI TpUMepa BIOpaHa BepXHsIA TOUKA JUITEKTPUIECKON meTIn
CUCTEpe3nca, U 1mpaBasd TOYKa J1epOpMalMOHHON TET/IN TUCTEePE3nca.

113 (5) momydaem onpee/siolie COOTHOMIEHHsI JIJIs CHCTEMBI 0cell, Korjaa ock Oz coB-
aJaeT ¢ HalpaBJCHUEM IIpeIBAPUTEIbHON MOJIAPU3AIUHN:

o = (Soas + kS 5203)05 + KLy PoEny,
Dn = k?gapoa'a + (Monm + kg£L€O3)Em'

[IycTh KOMIOHEHTBI JTEKTPUIECKOTO MO U MEXaHUIECKUX HANPSKEHWH N3MEHSIOTCS BO
BPEMEHH 110 TaDMOHUYECKOMY 3aKOHY: 0, = O, cOswt, L coswt.

PaccMmorpuM, Kak U3MeHAETCSA yPABHEHUS, IPU YCJIOBUH, YTO UMEIOT MECTO MAJIbie MeT/IH
ructepesuca. B cuny komebanmit Maaoit aMIUTUTYABl OCTATOYHBIE MTapaMeTPhl Oy YafoT

162



IIT OCEHHUE MATEMATWUYECKHWE YTEHUS B AJIBITEE

o 7 AP
[e 7.

) 1)

Puc. 2: Majiag netis jau3aeKTpuiyecKoro rucrepe3nca mpu rapMOHUYECKUX KOJIeDaHUsIX.

‘ ]

%
~ X € A€

/
/
[

Puc. 3: Manag neris jgedopMaliinoHHOr0 THCTEPE3UCa IPU FAPMOHHYECKUX KOJIeOaHUSX.

HEKOTOpbIe IIPUPAILEHHS: 93 — €93 + Aoz, Py — Py + APy, 9T0 M03BOJIZET IePeIncaTh
YpaBHeHUs B BHUJIE:

Ea = (Soap + kE5€03)05 + koo PoEm + ki Ac0305 + kD, APy Ery,
Dn = kjgap()aa + (Monm + k’rjy Eog)Em + k’gaAP()O'oé + k%AEogEm.

m

Jlerko Bu/ieTh, YTO SIBHO BbIJEJIMUJIACH I'PYIIIA CJAAraeMblX ¢ MIPHOBEHHBIMU MOJLYJISIMU U
MOSBUJIACH BTOPas TPYIIA ¢ HPUPAIEHUSIMH OCTaTOYHBIX mapamerpoB. Craemyst muesam
paboThl [4], anmpoKcHMUpPYeM 3TH CaaraeMbie CIeAyIOmuMu Dy HKITHSIMU:

k%nﬁgostm = Xmn

B ¢y rapMOHMYECKOrO IIPOLEcca MMEeM:
k(iﬁAgOZ&Uﬁ = waﬁag sinwt = ’Lpag(j'g;'
kP APE,, = dmo B, sinwt = 5maEm5
k}]y Acpz by, = anE:n sinwt = anEma

m

[Tocse gero ormpegensdioniue COOTHOIIEHUS MOYKHO IIPEJACTaBUThL B popme Makcsesia:

Ea = (SOQB + k2ﬁ503)06 + 77/}0460'-6 + k?ngOEm + 5maEm7

Dn = kﬁapoaa + 5mada + (Monm + k%né‘o:)))Em + anEm
" IIOJYYHUTDLb TAHI'€HCbI YIVIOB IIOTEPDb:

Xmn
Monm + kM €03

nm

waﬁ 5moc
9% =75 19Vma = b 19 Ym =
g Sgag + k’gﬁa’fog kgzaPO
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BoeiBoabI: paspaboTanHas MOIEIL HOJSPU3ANUE II03BOJIAET HAXOANTH MAJbIE HETJIN
JHIJIEKTPUIeCKOro 1 Jedopmanuonnoro rucrepesuca (1), (2). Onpegessornie cOOTHOIIE-
HUsI JIJIs] MHIYIUPOBAHHBIX COCTABMISIONUX (3) U GYHKIUOHANbHASA 3aBUCAMOCTDH (hU3HU-
YECKUX MOJLY/IeHl OT OCTATOYHBIX MapaMeTpoB (4) MO3BOISIOT BBLIEIUTH 100aBOYHBIE CJIa-
raeMble 3a CUeT NPUPAIICHAS OCTATOYHBIX IIapaMeTpPOB. ANNpokcuManus 3THX yHKIHi
MAJIBIMK [IETJISIMH FHCTEPE3UCa HO3BOIAIOT HAATH TAHTE€HCH YIJIOB MOTEPDb /IS KepaMu-
YeCKUX CpeJ, 4epe3 HapaMeTpbl MAJBIX IeTeb IHCTEPe3nca, KOTOPhle HAXOIATCS IOCJIe
IPOBEICHUS PAIA INCICHHBIX IKCIEePUMEHTOB.

Paboma swvinoarena npu noddeporcke PODH (epanm 17-08-00860-a,).
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Cunte3 B d/Ipe onepaTopa ¢-CTOPOHHell CBEPTKU

AL A. Tarapkusn, 10. C. Capanayk
KybGanckuii rocynapcrsennbiii yuusepcutet, Kpacnogap, Poccus

Annomauus. Jaemcesa neobrodumoe u 00cmamouHoe Yea08Ue Guinoji-
HUMOCTIU U3BECTNHOT ANNPOKCUMAUUOHHOT Meopembvl OA% 00H020 KAGCCH
YPasHenutl muna ceepImKy.

The synthesis at the kernel of a ¢-sided convolution operator
A. A. Tatarkin
Kuban State University, Krasnodar, Russia
U.S. Saranchuk
Kuban State University, Krasnodar, Russia

[Tyctn €y, 2 — BoinykJbie obsiactu B KoMmILiekcHoit mwiockoctu C') ¢ > 0, U, — kpyr
{z : |z| < €}. Byaem cuaurars, ato Qy + U. C  u npocrpancTBa ronoMopdHbIX (HyHK-
it O(Qp), O(U.), O(£20) u O(C) HazeseHBl TOMOJOTHAMA PABHOMEPHO# CXOAMMOCTH Ha,
koMmmakTax. Boibepem dyuknuio f € O(S)) u uHeituplii HenpepbBHBIH GyHKIHOHAg S Ha
npoctpancrse O()y). Oneparop casura 1), : f(2) — f(z + h) va mar h € U, neiicrByer
u3 npoctpanctsa O(2) B mpocrpanctBo O({)y) u gBIsIeTCsS HETPEPHIBHBIM. OYHKIIHSI

(h) == (S, Tu(f))

Ha3bIBaeTCsa crepTkoit pyukmun f u dyukmuonasa S. [lpu dpukcuposanusix S u € ore-
patop f — 1 masbiBaeTcs omneparopoM cBepTku. On xaeifcrByer u3 nmpocrpanctsa O(S2) B
npoctrpancrBo O(U.) u siBasieTcst HenpepbiBHbiM |1, §6]. OHOpOaHOE ypaBHEeHHE

HA3BIBACTCSA OJHOPOJHBIM YPABHEHUEM CBEPTKH. DKCIOHEHIUAILHBIC MOJUHOMBI, YI0BJIe-
TBODSIONIHE OJHOPOTHOMY ypaBHEHUIO (1), NPUHATO HA3BIBATH SJEMEHTADHBIMU pPelle-
HUSIMH 9TOrO ypaBHeHHs. [0BOPAT, YTO JJIs OJHOPOIHOTO ypaBHeHust (1) copabejinBa
AMMIPOKCUMAIMOHHAST TeOpeMa, ecJu Tpou3BosbHoe pemenne f € O(f)) sToro ypasme-
HUS MOYKHO AIIIPOKCUMHUPOBATH 3JIEMEHTAPHLIMA PEINEHUSAMHU B TOIOJIOTHU HPOCTPAHCTBA
O(2). CropapeiuBoCTh AIPOKCHMAIHOHHOIT TeopeMbl Jisi ypaBHeHus (1) jgokaszana B
pab6ore [1, Teopema 6.1].

Ilycrs ¢ — nmpomsBosbHOe HaTypasibHoe uncio, A := (ao,..,a,-1), AT}, — IuHEHHDBIH
HEMPEPBIBHEIN omepaTop, aeiictBytonuii u3 npocrpancrsa O(2) B mpoctpanctso O())
110 NPABHJLY

q—1
F(2) =) anf(z+whh),
k=0

e Wy := exp %. Omneparop AT}, NpUHATO HA3BIBATH OMEPATOPOM @-CTOPOHHETO C/IBHTA
Ha mar h € U.. BeibepeMm Ipou3BOILHBIN omepaTop g-ctoponuero capsura AT),, mpous-
BoJIbHYIO DyHKImo f € O()) u npou3BoJIbHBIN JIMHEHbIH HenpepbIBHBIA (DyHKIHOHAT S
na npocrpancrse O(§)). Pynkius

bah) = (S, AT,(f))
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Ha3bIBaeTCS ¢-CTOpoHHEH cBepTKOit dpyukmun f u pyuknuonasia S. [Ilpu purcupoBaHHbIX
S U € MUHEHHBIN omepaTop

f = alh) = (S, AT,(f))

HA3bIBAETCsI OLIEPATOPOM @-CTOPOHHEN cBepTku. JIerko ybeaurbes, 4To Oneparop ¢-cro-
poHHelt cBepTKu meficTByer u3 npoctpancTsa O(€2) B npocrpanctso O(U.) n siBasiercst
HenmpepbiBHbIM |2, §7|. Vpaprenne

<Sv ATh(f)) = 07 f € O(Q)v (2)

Ha3bIBAeTCs OJITHOPO/THBIM ypaBHEHUEM (¢-CTOPDOHHEH CBEPTKU.

13BeCcTHO, UTO ANMPOKCUMAIIMOHHAST TeopeMa JJisl ypaBHeHust (2) CIpaBeIuBa, ecJiu,
HALIPUMED, 4y = ... = G4—1. B 3TOM ciy4ae ypasHeHue (2) PABHOCHJILHO OJHODOIHOMY
YPaBHEHUIO

qg—1
S flz+wh) ) =0, feO(Q).
k=0

CupaBeyIMBOCTD aNIPOKCHMAIIMOHHON TEOPEMBI JIJIs TAKUX YPaBHEHUH J0Ka3aHa B pabore
|2, Teopema 7.1, ciencrrue 7.3|. Bo3dHukaeT BOIpOC 0 CHPaBeIIHBOCTH AMITPOKCHMAIHOH-
HON TeopeMbl i ypaBHEHHd (2) B CJIydae IPOU3BOJIBHBIX KO3(bdUIUEHTOB ag, .., G4—1,
IPOU3BOJILHON BBIIYKJIOH obsiacTh ) ¥ IIPOU3BOJILHOTO (hYHKIIHOHAIA S.

Ha mamnwrit Bompoc mosaydeH OTBET B BHJE HEOOXOAUMOTO W JIOCTATOYHOTO YCJIOBUS
BBITTOJTHUMOCTH AIITPOKCUMAIMOHHON TeopeMbl. ChopmyupyeM 310 yCa0BHe.

NzBectro, uto AT), coBnanaer ¢ nuddepeHmajipbHbIM 0IepaTopoM OECKOHETHOTO O~
paIKa

f(2) = S b (D) (2),
rae

q—1
b, = Zalw;”, ne{0,1,..}
=0

U PsJl CXOMAUTCS PABHOMEPHO Ha KOMIAKTax m3 ()g. 3amedaeMm, 9To KOdPDUIMEHTH b,
3aBUCAT OT N MIEPUOUICCKUM 00Pa30M, TO €CTh JJId JIIOOOI0 N € Z . BBLIIOJJHIETCS PaBeH-
CTBO bptq = by,. 3HauUT, cpeu Ko3dpdunuentos by, .., by_1 €cTb OTIHYHBIE OT HyJId.

O6o3uaanM ny = {nq,...,n, } yIOPSIOIEHHBIl HAOOD TETBIX HEOTPUIIATETHHBIX TUCET
u3 MHOoxkecTBa {0, .., ¢ — 1}, yJIOBAETBOPSIONNX YCIOBHSIM:

Ho<n <..<n, <2

2) ecoiu n € {nq,...,n,}, 10 by, # 0;

3) ectu n & {ny,...,n,}, 10 b, = 0.

YIOpsSIZIOUeHHBIH HABOD TEJIBIX YUCET N4, YAOBIETBOPAIONHN yeaosuam 1)-3), Gyaem
Ha3bIBATH WHIMKATOPOM yPABHEHUSI.

JonosHum uHIUKATOD Ny == {Ny, ..., N, } YPABHEHUS OJHUM JIEMEHTOM 7,41 := N1 +(.
Bynem roBopuTh, 9T0 WHIUKATOD N4 := {nq, ..., N, } T€PHOANIEH, eCIn

Mo — N1 =MN3 —MNa = ... =MNyy1 — Ny.

Teopema 1. Annpokxcumayuonnas meopema 0aa 00HOPOIH020 YPaGHEHUA (-CTOPOHHEH
CeEPMEY cNPasediusa npu a0bom eubope euinykaot obaacmu ) u pynrkyuonasa S mozda
U MoAbKo moezda, k0206 UHOUKAMOP N4 FMO20 YPABHERUA NEPUOJUMEH.
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IOPOXKIAEMOI0 YMHOXKEHHeM Ha CTeleHb He3aBucuMmoil mepemennoil / A.B. Ilwumur-

kun // Mar. ¢6. — 1991. — T. 182, Ne 6. — C. 828-48.

Kpacuukos-Tepunosckuit .. MuBapuanrhbie HOIIPOCTPAHCTBA AHAJUTUIECKUX
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VIIK 519.85: 541.1
BBK 22.183.4
v 72

MareMmaTndeckoe MOJEJIMPOBAHNE TaJIbBAaHOAMHAMUIECKOTO
peknMa B 3JIEKTPOMEMOPaHHBIX cucteMax B AndPy3moOHHOM CJI0€

M. A.X. Vprenosn, A. B. Kosanenko
Kyb6anckuii rocynapcrsennbiii yuusepcutet, Kpacnogap, Poccus
H. O. Yy6sipb
Kybanckuit rocynapcTBeHHBII TexHoJI0TnIecKuil yauBepcuteT, Kpacuomap, Poccus
A. M. ¥Ysuenosa
KapaudaeBo-Hepkecckuii rocygapcrBennblii yuupepcurter, Kapauaesck, Poccus

Annomayusa. Iaiexmpomembparirvie cucmemst GYHKEUUOHUPYOM AUOO
8 NOMEHUUOIUHAMUYECKOM DedcuMe, Ko20a 3a0aemcs CKAYOK NOMeH-
YUAAL UAU 8 20AbBAHOOUHAMUYECKOM PEIACUME, k0204 3G0GeMCA NAOM-
Hocmo moka. s modesuposarus neperoce 6 MomeHuuoduHaMUYEe-
CKOM pestcume ucnoavayemes cucmema ypaswenut Heprema-Ilianka,
coemecmno ¢ ypasuenuem llyaccona 0rs evuucaernus nomenyuana. B
npedoldywur pabomar OvLAU NPEOAOHCEHBL HOPMYAG U AA20PUMM Gbi-
wucaenus sosvmamnepnot xapaxmepucmuru (BAX) 6 nomenyuoduna-
MUYECKOM Pedtcume Ycmotuusuli OMHOCUMEALHO OULUOOK OKPY2AEHUSA,
paccwumanos BAX u nposedeno cpasnenue ¢ HEKOMOPHMU IKCIEPUMEH-
maavromu BAX, cnamumu 6 nomenyuodunamuveckom pescume. O0-
HaKo, 00ALWUHCMEO dKCNepumernmarvios BAX usmeperno daa eanv-
8AHOOUHAMUYECKO20 PENHCUMG, OAHA KOMOPO20 6 HACMOAULEE BPEMA HEM
MAMEMAMUYECKOT MOJEAU U, COOMBEMEMBEHHO, AALOPUMME PACHEMa
BAX. Taxum 06pa3om, noaeAfOMCs npobiemsv, 6u600a YpasHenul u
KPAesur Ycaosuti, 0ad MoO0eAUPOBAHUA NEPEHOCE UOHOE COMU 6 duddy-
BUOHHOM CAOE 6 2AADEAHOOUHAMUNECKOM PEHCUME U AAZOPUTNMG PACHE-
ma BAX. Pewenuto amux npobaem noceauwena dannas paboma.

B pabome ewisederio nosoe ypasrenue 0AL NAOMHOCIIUY MOKAE, KOMOPOE
coemecmmo ¢ ypasruenuamu Heprema-Ilianka u useecmmotd dopmyaot
ONA HANPANCEHHOCTIU IACKMPUYECKO20 NOAA NO3BOAACT TOCMPOUNL
MAMEMAMUYECKYIO MOOEAD U AN2OPUMM PACHEMA BOALMAMNEDPHOT Ta-
paxmepucmury 6 ouPPyY3uonHHom caoe 8034 UOHOOOMENHOT MEMOPaHDL
0AA 00HOMEPHO20 HECMAUUOHAPHOL0 NEPEHOCE UOHOE COAU 6 2aAbBAHO-
dunamuveckom pescume. JIas OUHAPHOT COAU NOAYYEHHBLE YPABHEHUA
BHAYUTNENDHO YNPOULGIOMCA.

Mathematical modeling galvanochemical mode in
electro-membrane systems in the diffusion layer
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N. O. Chubyr
Kuban state technological University, Krasnodar, Russia
A. M. Uzdenova
Karachay-Cherkess state University, Karachayevsk, Russia

BBeaenue. DiekTpoMeMOpaHHble TEXHOJOTHH B HACTOAIIEE BPEMSI CIHTAIOTCS KPUTH-
YeCKHU BayKHBIMH TeXHOJIOTUAME. OHU UCHOIB3YIOTCA /I PEIIeHUs] TAKHX aKTYaJIbHBIX 3a-
Jlad, KaK co3/1aHne 0e30TXOHBIX TEeXHOJIOI U, BKII0Yast OYUCTKY CTOYHBIX BOJI, HAIIPUMED,
raJbBAaHUIECKOrO MPOU3BOJICTBA, COAEPIKAIMX HOHBI TSZKEIbIX METAJIOB (IMHK, CBHHEI,
Kaamuil u ap.). OxHoii w3 Hambosree BayKHBIX HHTErDAJIbHBIX XapaKTEPHUCTHK MEPeHoca
MOHOB COJIM B MEMOPAaHHBIX CHCTEMAX sIBJIsIeTCs BOJIbT-aMIlepHast xapakrepuctuka (BAX),
KOTOpas IIPUMEHseTCs IPU pa3paboTKe ONTHMAJIbHON KOHCTPYKIIMH U BBHIOOpE TEXHOJIO-
IUYECKOTO PEKUMA PAbOTHI, OIEHKE COOTBETCTBUS TEOPETUICCKUX M IKCIEPUMEHTATbHBIX
BAX. Nwmenno, ucnons3ys BAX, BBogsiTcs (pyHIaMeHTaIbHBIE TOHATHS TAKUX KPUTH-
YECKMX TOKOB, KaK MpeJebHbII TOK, 9K3aJbTAIMOHHBIN TOK W TOK XapKala, TOK, TIpPu
KOTOPOM HAYMHAETCsI JEKTPOKOHBEKIMs M Tak jajee. B mpeapayiux paborax [1| 6buim
npeII0zKeHbl (POPMYJIA U AJTOPUTM BBIUUCJIEHHUs BOJbTaMIepHoil xapakrepuctuku (BAX)
B IMIOTEHITNOANHAMIIECKOM PEXKUMe YCTOUUMBBIN OTHOCUTE/IHLHO OIMUOOK OKPYTJIEHHST, Pac-
cuntanbl BAX u mpoBejieHO cpaBHEHHE ¢ HEKOTOPBIME dKcrepuMenTaabubiMu BAX, cHg-
TBIMH B HOTEHITHOAMHAMUIECKOM pexknume. OaHaKo, GOMBITMHCTBO SKCIEPUMEHTATbHBIX
BAX u3zmepeno /i raabBaHOAMHAMUYIECKOIO PEKHAMA, JJIs KOTOPOrO0 B HACTOSIIEe Bpe-
Mg HET MaTeMaTHIeCKOH MOJEJTH M, COOTBETCTBEHHO, anaropurMma pacdera BAX. Takum
00pa3oM, TOSBJISIOTCS MPOoOJeMbl BHIBOIA YPaBHEHHUI U KPAeBBIX YCIOBUM, T MOIEIU-
POBaHUsI IEPEHOCA NOHOB cOJu B uh(Dpy3MOHHOM CJI0€ B TAIbBAHOIMHAMUYECKOM PEYKUME
n anroputma pacdera BAX. B pabore BbIBeeHO HOBOE ypaBHEHUE sl ILIOTHOCTH TOKA,
KOTOpoe coBMecTHO ¢ ypaBHenusamu Hepucra-Ilnanka m uzBectHo#t popmysionn g Ha-
NPSZKEHHOCTH 3JIEKTPHYECKOTO T0JIs [2] MO3BOJIsieT MOCTPOUTh MATEMATHIECKYIO MOJIEIb
U AJICOPUTM pacyeTa BOJbTaMIIEPHO! XapaKTepUCTUKH B JUM@MY3UOHHOM CJIOE BO3JIE HOHO-
0OMEHHOH MeMOPAHDI I OJITHOMEPHOTO HECTAIMOHAPHOI'O TIEPEHOCA TPOU3BOJILHON CON B
raJbBaHOAMHAMUIECKOM pekuMe. PacCMOTPEHBI YIIPOIIEeHHs, KOTOPbIE BO3MOYKHBI B 9aCT-
HBIX CJIyYasX CTAIMOHAPHOTO MEPEHOCA, a TaKKe MPHU BBITIOJHEHUN YCJIOBUS JIOKAJIBHO
JeKTpoHedTpabHOCTh. [loKazaHo, 9TO B 9TUX YACTHBIX CJAYyYasX yPaBHEHUs COBIIAIAIOT
¢ ypaBHeHusiMH u3 pabor (3], 9To cBHIAETETHCTBYET 00 AJEKBATHOCTH MATEMATHICCKHX
Mojiesiell neperoca noHOB oy B Audpdy3u0HHOM CJ10€ B raJibBAHOIMHAMUIECKOM PEZKNU-
Me.

TTocTranoBka 3agaun. Paccmorpum otnaronmit a1nddy3noHHBINH €10 BO3J1€ HOHOO0-
MenHoit MeMmbpanbl. [Iycte H — mupuna guddysuonnoro ciod, © = 0 — cOOTBETCTBYeET
rIyOuHe pactBopa, © = H — cooTBeTCcTByeT yCa0BHOM Mexkdas3Hoit rpanuie HoHooOMeH-
Hasi MeMOpaHa/pactBop, t > 0 — Bpewmsl.

Macconepenoc Tpou3BOJILHON COU B 3JIEKTPOMEMOpAHHBIX cucTeMax B Jaudy3non-
HOM CJIOe OTUCHIBAETCST yPaBHEHUAMHE [2]:

F dc;
i, = —2.D,C;F — D; =1,.. 1
j’L RT’Z’L ZCZ (2 dx’ [ ? Jn ( )
dC; d
— i, i=1,.. 2
at d{ﬂ j’l? /L ) 7n ( )
Lp_F En % (3)
de — e
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I=FY 2, (W
=1

e B = 81(70

B cBsi3u ¢ Tem, 9TO ypaBHeHue (3) mpejcraBisger coboil ypaBHEHHE NI BBIYHCICHUST
MOTEHIIHAIA, 9TA CUCTEMa yI00HA JIJId MOAEINPOBAHUS TOTEHIINOTHHAMUIECKOTO PEXKIMA.
Ho ona ney 1061a /151 MOJI/IMPOBAHUS 'a/IbBAHOJIMHAMMYECKOI'O PE2KUMA U COOTBETCTBEH-
HO pacuera BAX, Tak Kak He COMEPKUT ypPaBHEHUS /sl BHIYUCEHUS IJIOTHOCTH TOKA.
Hareit niesibio siBsisieTcst BbIBOL TaKoro JanddepeHnaIbHOr0 ypaBHeHud, (hOPMYJIbI U aJjl-
ropuT™a pacdera BAX.

1. BeIiBO/, cucTeMBI ypaBHEHUI 1J1s MOAEJINPOBAHNSA TaIbBAHOAMHAMUIECKO-
ro peXxmMa

JI1g BBIBOJ@ CUCTEMbl yPABHEHUI [Iji MOJEJIMPOBAHUS I'a/IbBAHOLMHAMUYECKOIO pe-
KHUMa HEOOXOJMMO PEeITUThH CJAEIYIONNe 33/ 1a4u:

— BbIBeCTH (DOPMYJIY JIJIsi HAIIPHAZKEHHOCTU JIEKTPUUECKOIO 110JIs, KOTOPas JI0JIZKHA
3aMeHnThb opmyay (4)

— BBIBECTH ypaBHEHHe I INIOTHOCTH TOKa, KOTOPOEe TO/JKHO 3aMEHUTHh YpaBHEHHE
(3).

1) BwiBog, bopMysibl [Jisi HATPAXKEHHOCTH 3JIEKTPUYECKOTrO MOJs BMECTO
ypaBHEHUd AJid MJIOTHOCTH TOKA.

13 (1) u (4), umeem:

F < d &
[=F(5=EY 22DiCi— Y ziDiC;
S - “Dii= o P #DG),

cjaea0BaTeJIbHO

RT RT d
E = iDi—C;
S 2pG T EST 2D, 2 abigC (5)

Tak kak x(!) = g—; S 22D;C;, - nposogumocts pactopa, Royw(C) = 1/x(C) - Omuve-
CKO€ COIPOTHBIICHHUS, TO (5) MOXKHO 3allHCaTh B Buie |2]:

n

E = Rou(C)I + FRou(C) Y zl-D,ic,» (6)

A dx
=1

2) BeiBOa ypaBHeHUil [/ KOHIEHTPAIWIA:
Huddepennupyem ypasuenne (1) u 3ameHnm —E HCXOMsl U3 ypaBHeHus (3), Toraa
mocJjIe psijia mpeodbpa3oBaHMil, TTOLYINM:

0 0*C; F
6&01 = SDZW — EﬁzzDz<ROM<C)[+
FR (C’)izD c>aC P DY 0. =l (D)
Om % I A} A3 = 1.
— OF RT —

YpasHenue (7) sBJsieTCs] HEJIMHEHHBIM ypaBHEHHEM MapaboIndecKoro THIa JJist map-
MUAJIBHBIX KOHIeHTpanuit C;, 3aBUCATINM He TOJHKO OT KoHIeHTparuit C;, HO M OT IJI0T-
HocTH Toka . [losToMy HeoOX0aMMO Teneph BBIBECTH YPaBHEHHE JJIs IJIOTHOCTH TOKA.

3) BbiBOA ypaBHeHUd AJis IJIOTHOCTU TOKAa BMeCTO ypaBHeHus Ilyaccona
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[ToacraBum (6) B ypasaenue Ilyaccona (3), Torjga mocie psia npeobpa3oBaHuii, moJy-
Y¥M ypaBHeHHe JIJIsl IUIOTHOCTH TOKa I:

d

d n
E%(ROM(C)I) = —EFd ROM ZZZD C ) + F;Zlcl (8)

Cucrema ypasuenwuit (7), (8) sABISIOTCS 3aMKHYTON CHCTEMOI YPABHEHHH OTHOCHTEb-
HO Hem3BecTHBIX pyHrmuit Cj, j;, ¢ = 1,...,n, [ 1 oHa MOjAeUPYyeT TaJIbBAHOIUHAMUYE-
CKOM DeXKHM. DTa CHCTeMa yDaBHEHHIl SBJISETCs aHAJIOIOM cucTeMbl ypasaeruil (1) —(4),
MCMOJIB3YEeMBIX JIJIsT MOJAEJINPOBAHNS MOTEHIIMOANHAMUYIECKOTO PEKUMA.

4) Aaropurm pacuéra BAX

a) 3aJaercs HEKOTOPBIi TeMIl pocTa «v IoTHOCTH ToKa I (¢, H ) Ha Mexdba3Hoi rpaHuie
PacTBOP/MOHOOOMEHHAsT MeMOpaHa, HAYMHAS ¢ HEKOTOPOTO 3HadeHus [o:

It,H)=Ih+a-t

6) Pemraercs cucrema ypasuenwuit (7), (8) ¢ COOTBETCTBYIOMUMA TPAHUYHBIMHA YCJIOBH-
svu 1 HaxousTea kKounenarpanuu C;, 4= 1,...,n u miornocrs Toka I(t, x)

B) PaccunThiBaercst HAIPSAKEHHOCTH 3JIEKTPHYECKOro nosist £ 1o dhopmyne (6)

r) Haxonurcsa ckavuok norennuana mo dpopmyre Ap = — foh E(t,s)ds

2. MogenaupoBaHue rajbBaHOCTATUYECKOTO PEXKMMa B CTAIIMOHAPHOM CJIy-
Jae

B rajbBaHOCTATHYECKOM PeXKUME B CTAIMOHAPHOM CJIY4Yae IIOTOKH MOCTOSHHBI U II0-
9TOMY aJITOPUTM pacdera BAX 3HAYUTEIBHO YIIPOIIAETCS.

Aaroputm pacdera BAX

a) 3agaercs Habop 3navenuit [;, [ =1,...,m,

6) Pemaercs ypasHenue (7) ¢ cOOTBETCTBYIOIINME KpaeBbiMu ycaoBusvu u [ = I,
naxonsaresa C;, 1 =1,...,n,

B) PaccuureiBaercs E mo dbopmye

. d
i=1

r) Haxomures ckadok norennumana no gopmyne Ay, = — foh E(t, s)ds.

Ha6op (Agy, I;), [ = 1,...,m npezacrapisier coboil TUCKPETHYIO BOJBTAMIIEPHYIO Xa-
PAaKTEPHCTHKY.

3. MoagenupoBaHue rasbBAHOAMHAMUYECKOr0 PEXKUMA [P BHIIOJIHEHUH YCJII0-
BHs 9JI€KTPOHENTPAIBLHOCTHI

Cucrema ypasrenuii (7), (8) 3HAYUTESHHO YHPOIIAETCS TPH BBINOJIHEHUH YCJIOBHSI
9JCKTPOHEATPANTBHOCTH, TaK Kak mpu ., 2,C; = 0, TO MOTOKH MOLYT 3aBHCHT OT I,
HO, IIOTHOCTb TOKA He 3aBHCHT OT X, T.e. [ = [(t)

[LnotHocts Toka I(t) mpu pacaere BAX 3amaercs.

Kpome Toro, coornomernune » . zC; = 0 m03BosIsIeT HAfTH OXHY U3 KOHIEHTpAIUIL
eCJT U3BECTHBI . — 1 KOHIEHTpamuu, Hanpumep, ecjaun udpectuor C;, ¢ = 1,...,n — 1, 10

= 1 Z"_l z;C;. ChaegoBaTeIbHO, YNCI0 YPABHEHHI 1T OIIPeaeIeHIsT KOHIIEHTPaIIHii
,ZLOJI}KHO brth 1 — 1, mosromy u3 (7) mosydaeM :

0 0*C; F oC;

Oy =en S e L ppS
ottt T o T CRTOOE

rie F onpenensierca mo dbopmyine (6).

i=1,..,n—1 (9)
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Ypasuenue (8) BBIMOTHSETCS TOXKIECTBEHHO.
Aaroputm pacdera BAX
a) 3asaercs HEKOTOPBIH TeMIl pocTa « IIOTHOCTH TOKa (1), HAYMHAS € HEKOTOPOIO
3HaueHns Iy:
I(t) = [() +a-t

6) Pemaercst cucrema ypasrenuii (9) u vHaxoggarcs kounentpamnus C;, i =1,...,n — 1,
- 1 n—1
Beranciasierca C,, mo gpopmyie !, = — 2uic z,C;.

B) PaccunThiBaercsi HAPSAYKEHHOCTH 3JIEKTPHYECKOr0 1moJ1st 110 dopmy.ie (6).

r) Haxomures ckadok norennuana no dpopmyite Ap = — foh E(t,s)ds.

Jl1st GUHAPHOIO JIEKTPOJIUTA YPABHEHUS 3HAYUTEIHHO YIIPOIAIOTCS U3-33, BO3MOYKHO-
CTH BBeJIeHWs S9KBUBAJIEHTHON KOHIeHTpannu [1].

3akaodeHne.

[Ipemioxkennbie B paboTe MaTeMaTHICCKHE MOJIEIN HOHOB COTU B TU(MDPY3UOHHOM CJI0€
B TraJIbBAHOJUHAMUYIECKOM DexKuMe U aaroputm pacdera BAX MoryT cayxKuTh Matema-
THUYECKAM HHCTPYMEHTOM JIJIsi TEOPETUYECKOTO HCCJ/Ie[I0OBAHUS IIEPEHOCOB MOHOB COJIM B
MeMOpaHHBIX CHCTeMaX, B IpuOOpax M yCTPOUCTBAX, UCHOJIb3YIONHe HOHOOOMEHHBIE MEM-
opanbl. B ngasbueitneM HeoOXouMo 0000IHUTH pe3ysibTaThl PabOThI Ha MOJCTUPOBAHUE
raJbBaHOMIMHAMUYECKOTO PeXKHMa TepeHoca MOHOB o B U Y3UOHHOM CJI0e, ¢ yde-
TOM PeAKIUH JUCCONUATINE / DEKOMOMHAIIMI MOJIEKYJT BOJIBI, TEMIIEPATYPHBIX 3 HEKTOB, B
TOM YHCJIE JIZKOYJIEBBIM HAIPEBOM pacTBopa |3, 4].

HNccnenosanue BhINOJIHEHO Npu (pUHAHCOBOI noagaepkke PO DU B pamkax
Hay4uHOro npoekta 19-08-00252 A «Teoperndeckoe m 3KCHEepUMEHTATBHOE WC-
CJIe/I0BaHUE BOJbTAMIEPHBIX XapaKTEPUCTUK JIEKTPOMEMOPAHHBIX CHUCTEM »
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Annomauusa. B dannoti pabome memodom sHepemuveckur Hepa-
BEHCMB NOAYYUEHA GNPUOPHAA OUEHKA PeUweHUs mpemoell kpaesol 3a-
danu s ypashenus Juddysuu duckpemno - pacnpedescrnozo nopadka
¢ obobwernvimu Gyrryuamy namsmu. Ilocmpoen pasnocmuvil ananoz
dpobHotl NPousdsodHoti duckpemno - pacnpedescHnozo nopadka ¢ 0606-
wennoMu PyHEyuAMY namamuy (ananoe gopmyawn L1 ). Hecaedosarol
0CHOBHBIE CE0TCMBA IM020 PA3ZHOCIMHO20 ONEPAMOPL U HG €20 0CHOGE
NOCMPOEHHB, PAZHOCTIHBLE CTEMBL 8MOPO20 U YEMEBEPMO20 NOPAIKOS (N~
NPOKCUMAUUY 1O NPOCTPAHCTMEEHHOT nepemennott u nopadka 2 — g
no epemennoli nepemennoti. Jlokazana yemotiuusocms npediosHceHHbLe
PASHOCTIHBLL CTEM, G MAKHCE UT CTOOUMOCMb 6 cemounoti Ly - Hop-
ME CO CKOPOCMBIO, PasHol NOPAIKY NO2PewHOCU aGnNpoKcumayuy. /Jo-
CMOBEPHOCTND NONYHERHBIL PE3YNLMAMOE NOOIMEEPHCIUIOM YUCAEHHDLE
pacHemol, NPoSeIeHHvLE 08 MECMOBHLL NPUMEPOS.

Difference methods for solving the third boundary value problem
for the multi-term time-fractional diffusion equation
A. Kh. Khibiev

Institute of applied mathematics and automation, Nalchik, Russia
Funding: The reported study was funded by RFBR, project number 19-31-90094

JunddepennnaabHble ypaBHEHUS ¢ IPOU3BOIHBIME APOOHOT0 TOPSIIKA, ABISIOTCS XOPO-
UM MaTeMaTHY1CeCKUM allllapaTOM JJId 60ﬂe€ TOYHOI'O OIIUCaHU A CbI/I3I/ILIeCKI/IX U XuMu4e-
CKHUX MPOIECCOB, sl KOTOPBIX HEOOXOIMMO YUHTHIBATH MPEABICTOPHUIO (MAMSTH) IIPOIECc-
ca |1, 2| . XapakTepucTHKaMK, YIUTHIBAIOIIIMHI TTAMSITh B TAKUX YPABHEHHSIX, SBJISTIOTCS
GYHKINK TaMITH, KOTOPbIE IPEICTABISIOT cOO0i g/1pa HHTErPAJIOB, OIPEIe/ISIONHUX Olle-
paTopbl ApOOHOTrO MHTErpo - guddepeHnupoBanusd. s omeparopoB ApoOHOTO HHTErPO
- mudpepeHnupoBanns, TaKOBOI sBIseTcs cTenennas pyHkiug. [lokaszareas cremenHoit
DYHKITUN aMITH ONpeIe/isgeT MOPSAJI0K MPOU3BOIHON U CBdA3aH ¢ (ppakTaabHON pazmep-
HOCTBIO CPeJbl, B KOTOPOil mpoTekaeT uccaeayeMbrit mponecc. s 6osiee ToaHOrO Onm-
CaHUd IIPOIECCa B HEOIHOPOTHBIX IIOPUCTHIX CPeIax, UCIOIb3YIOTCS JuddepeHinaabHbe
ypaBHeHHsI ¢ JPOOHBIME TMPOM3BOJHBIMU PACHPEIETEHHBIX HOPSAKOB |3, 4]. list ommca-
Hus 6oJiee CI0XKHBIX IIPOIECCOB MOTYT IMPHUBIEKATHCA (DYHKIMH IMAMITH, OOJIee CIOKHOR
CTPYKTYPHI, €M CTeleHHasd (PyHKIUSI.

Ypasuenne quddysun u ypapaernne Pokkepa-Ilnanka-CMomyXoBCKOro ¢ 0000IIeHHOM
dbyuknueit namsaTu GbLTH H3ydeHbl B [5]. B 9T0ii pabore moKazaHO, UTO IpeICTABJIEHIE
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GYHKIUU aMaTu B 0000IeHHOM ypaBHeHHH JuPY3Un UMeeT pasjudHbie (hOpMbl, KO-
TOpPbIE MOT'YT OIHUCATH IIHPOKHI CIIEKTP IKCIEPUMEHTAIBHBIX sABJICHUIA.

B pabotax|6, 7, 8, 9, 10, 11, 12|, MeTO10M 3HEPTeTHUECKUX HEPABEHCTB, OBLIN MOy Ye-
HBI AlPUOPHBIE ONEHKW JJIsi PEIIeHNs MEePBOM U TpeTheil KPaeBbIX 3a/ad /sl YPaBHEHUsI
guddy3un 1pobHOro, MepeMeHHOTro U PAcIpPeIeIEHHOTO MOPIKOB Kak i Andpepentim-
AJTBHBIX, TAK U JIJIS PA3HOCTHBIX 331a49. C HOMOIIBIO IPUHIUIIA MAKCUMyMa, B pabore [13]
HOJIYYEHBI allPUOPHbBIE OIEHKH JIJIS PA3HOCTHBIX 33724 AIIIPOKCUMHUPYIONIUX YpaBHEHHE
audy3un ApoOHOTO IO BpeMeHHU MOPSIIKA.

B upsimoyrosbanke Qp = {0 <2 <1,0<t<T} paccMOTPUM TPETHIO KPAEBYIO 3a-
nady juist ypapaerus nudy3un JUCKPETHO - PACIPeIeIeHHOTO TOPSIKa ¢ 0000IEeHHBIMA
GYHKIUAME TAMATH W ePEMEeHHBIMU KO3 puImenTamMmm

P (Ow)u=Lu+f(zt), O<z<l, 0<t<T, (1)

E(0,t)u,(0,t) = 51 (t)u(0,t) — u1 (),
—k(1,t) = uy(1,t) = sea(t)u(1,t) — pa(t), 0 <t < T,
u(z,0) = ug(x), 0<z<1, (3)

s pemennst u(x,t) 3anaun (1)-(3) cnpaBemBa cieyomnas anpruopHast OleHKa,

t

P alute )+ [ sl <31 | [ QL)+ o) + pand)dn + ol
0

0
(4)
U3 anpuopHoii onerku (4) ciaeayer e TMHCTBEHHOCTH W HETPEPBIBHAS 3aBUCHMOCTD DeIlie-
Hust 3a1a9n (1)-(3) oT BXOJHBIX JTAHHBIX.
PaccMOTpuM CJICAYIONTY 0 PA3HOCTHYIO CXEMY:

P((;)>(Aotj+1) Ay3+1 et i=0,1,...,N, j=0,1,...,.M—1, (5)
y(w,0) = uo(x), =€y, (6)
rie
%(alyx - %1y) 1=10
Ay =X (ayz)e —dy, 1<i<N—-1
\_%(G’Nyz - 5{2y)7i =N
(fin(tj51), i =0
=19 fxitj), 1<i<N-1 ,
%/1 (tjs1), i=N
rie a” = k(zi—1/2,tj41), dg“ = q(zi,tj41), 301 = s + 0.5hdy, 32 = 300+ 0.5hdy, i1 =

iin + 0.5 fo, fis = 12 + 0.5h f.

Ecnu pemenne 3anauan (1)-(3) mocrarouno riraakoe, To paznocrras cxema (5)-(6) umeer
nopsok annpoxcuManuu O(727% + h?), n s eé pelenust CnpaBenBa CJIeyomas
AIIPUOPHAs OIEHKA

g™+ ™) + )T < M (Z((ui“) + () + e e T + HWIS):
s=0 s=0 (7)
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rae M > 0 m3BecTHas IOCTOSIHHASI, HE 3aBUCIINAs OT h u T.

13 onenxu (7) caemyer ycTORIMBOCTD U CXOAUMOCTD PENIeHHsT PA3HOCTHOM cxembl (5)-
(6) k pemenuio auddepentuanbroit 3agaan (1)-(3).

Ha Gasze pasnoctroii cxembl (5)-(6) TpOBeIeHbl YHCICHHBIE PACUETHI TECTOBBIX 34,14,
IOATBEPZK Jalolue MOoJIyYeHHbIEe TCOPETUYECKUE Pe3yJbTaThl.
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O6 onpeneneHun orepaTopa CUMMETPUYHON CBEPTKH

A.Bb. lIumkun
Kybancknii rocynapcTBernbiii yuusepcutet, Kpacuomap, Poccus

Annomauus. Hecaedosanus no cnexmpasvHOMYy CUHMESY 6 Npo-
CMPAGHCMBAT AHAAUMUNECKUT PYHKUUT MECHO CEA3AHL C ONEPAMOPAMU
muna ceepmru. B amot samemre darno onpedeserue onepamopa cum-
MEMPUHHOT CEBEPMEL U ONUCAHO MOYHOE YCAOBUE CYULECTNEBOBAHUA IO~
20 OMEPAMOPA 8 KAACCUMECKOT CUMYAUUL.

On the definition of a symmetric convolution operator
A. B. Shishkin
Kuban State University, Krasnodar, Russia

[Iycts 7(2) — nenas GyHKINA MEHIMAIBHOTO THIIA TpHU mopsake 1. CanTaem, 9TO OHA
OTJINYHA OT TOXKJAECTBeHHON KoHCTaHThl. 3HauuT, 7(C) = C. Daementsl kosbina Clm(2)]
paccMaTpuBaeM Kak Tiesible (DyHKIH OT z, KOTOPBIE 110 YCJIOBHSIM Ha DYHKIHIO 7(2) mMe-
10T MUHUMAJILHBINH TUl 11pu niopsijike 1. [enas pyHKius ¢ Ha3bIiBaeTcs 4eaot m-cumMmem-
PUHOT, eCJTH OHA MPEJICTABISCTCS B BUJIE KOMIO3HUIIUA ¢ O T, e g — renas dyuxmus [1].
Oyukiun u3 Kosbia Clr(z)] ABASIOTCS NPOCTEHITUME MEJTBIME T-CAMMETPUYHBIME (DY HK-
nusMu. ByjieM Ha3blBaTh UX T-CUMMEMPUYHBMU MHO20YAeHamu. [IpocTpancTBO Beex ne-
abrx m-cumMerpudabix byt o6oznaunm O, (C). Tomoaorus B npocrpanctee O, (C)
WHIyIUpyeTcs u3 nmpoctpancTsa neabx Gynknuii O(C). JIuneitnoe u HenpepbIBHOE 0TO0-
pazkeHue

sym : O(C) = O,(C)

HA30BEM ONEPamopoM T-CUMMEMPUIAUUU, €CTH BBITIOTHEHBI CJIEYIONTHE YCIOBUS:
1% sym1 = 1;
20: sym C[)\] = C[r(2)].
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Ilycrs € > 0 u Qq, Q — ogHOCBA3HBIE 06JACTH B KOMILIEKCHOH ILJIOCKOCTH, YIOBJIETBO-
pstiorue yeaosuio g + U C (). BeibepeMm Npou3BOJIBHBIN OLEpaToOp T-CHMMETPU3AIMH
sym u Touky h € U.. JIluneituprit muddepennuaababiil omepaTop

= sym(e€) ™)
fa) - 3 TRETO) oo gy

n!

¢ xapaxkTepucTHaeckoit dynkmnmeit sym(e) obosnaaum cuvrosom sym Tj,. Onepatop
sym T}, peiicreyer u3 npoctpanctsa O(€2) B mpoctparcTso O(€)y) TOrma u TOILKO TOIJIA,
KOTJIa YKa3aHHbII PsIJT CXOIUTCS pABHOMEPHO Ha KOMIIAKTaX u3 () pH J11060M BeIOOpE f 13
O(2). Oneparop sym 7T}, Ha3BIBAIOT ONEPAMOPOM T -CUMMEMPUIHO20 clsuza (Ha tnar h),
ecan oH gefictByer u3 nmpocrpancrsa O(€)) B mpocrpancTBo O()y) U sIBASIETCST HEIPEPHIB-
HbIM [2]|. 13 5T0TO Onpeiesiennst BhITEKAET, YTO M5 JIIOOTO OIepaTopa m-CHMMETPUTHOTO
casura sym Ty, moooro h € U, u mobbix ¢ € (g u A € C BBIIOJHAIOTCS PABEHCTBA

sym Ty, (e**)(¢) = XY Sym(e;wv = e sym(e")(N).
n=0 ’

BoibepeM Mpou3BOJILHBIN ONEpaTOp T-CUMMETPUIHOTO CABUra Sym T}, TPOU3BOJIbHbIE
byuknmm ¢ € P(Q) u f € O(Q) u npousposshoe € € (0,¢'). dyanbubiii GyHKIHOHAT @
IpUHATIEKUT npocTpancTBy O* (). Suatut, sym T (f) € O(Q) mrsa mobbix f € O(S2)
u h € U.. Ciegosaresibuo, na kpyre U. onpegenena dbyuxius (@, sym Ty (f)), koropas
HA3BIBACTCS T -cummempuunol ceepmroti dbyuknun [ u dynkmmonana . [Ipu srom Ha
npocrpancree O(€)) onpesesnen JUHEHHBIH omepaTop

sym Mz : O(Q2) — CY | f = (P, symTy(f)).

Ecnu npn mobom € € (0,¢') nuueitnsiit oneparop sym Mg neiicTByeT 3 HPOCTPAHCTBA
O(Q) B mpocrpancteo O(U.) C CYs u gpngercs HelIpepblBHLIM, TO €0 HA3BIBAIOT Ollepa-
TOPOM T -cummempuunot ceepmru [2].

BozHukaeT BOIpoC: HIpU KakKuX yCJIOBHUSX JIMHEHHbIN oneparop sym Mg spisercs ole-
pPaTOPOM T-CHMMETPHUIHON CBEPTKH IIPH JII0OOM BBIOOpPE OMHOCBA3HBIX obJsactTeii {1y m (2,
yosseTBopsttorux ycaosuto Qo + Uy C Q, u dyuknun ¢ € P(€). CupaBeyiuso ciemy-
IoIlIee MpeII0zKeHHe.

IIpennoxenne. /s mozo wmobwv aunelnod onepamop sym Mg aeasscsa onepamo-
POM T -CUMMEMPUYHOT c8EPMKU Npu A06om 6blbope odnoceasHuix obaacmet g u €,
ydosaemeoparouux ycaosuro Qo+ Us C Q, u dynkyuu ¢ € P(€y), neobrodumo, a ecau
ueavie gynruuu sym (£"), n € Z. umerom MuHumMasbHul mun npu nopadke 1, mo u
docmamouto, wmobv, npu mobom € € (0,€") svnoanarocy nepasencmeo

T l(M)i<i

n—00,A 00 1 expe || ~ce

BrimoiHeHHe YKa3aHHOIO HEPABEHCTBA 03HAYAET, UTO Jist JII0boro &g € (0, &) HalayTest
takue N € Nu R > 0, uto jyis Bcex n > N BHe Kpyra |A| < R BBITOJHSIETCS HEPABEHCTBO

Ep€

[sym(€M)(A)| < (£>”€au|_
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O paBHOBecHBIX POpMaX >KUJAKNX Kallejb

M. E. llep6axkos, E. A. Illepbaxkos
Kybanckuit rocynapcrsentbiit yuusepcurer, Kpacunomgap, Poccus

Annomauusn. We are studying equilibrium states and forms of
liquid drops pending from the plane. We introduce new functionals
yielding Gauss curvature under variation of the admissible surfaces. We
formulate variational problems and prove existence of its solutions.

On equilibrium of pending drop

E. A. Shcherbakov

Kuban State University, Krasnodar, Russia
M. E. Shcherbakov

Kuban State University, Krasnodar, Russia

C moMOoMIbI0 BAPUAIMOHHOTO MPUHIIAIIA, W3YIAITCA PABHOBECHBIE (DPOPMBI OCECHMMET-
PUYHBIX KHUJIKUX Kallejb. B omimyne oT KJIacCMYeCKON MO HAMU HPUHUMAETCS BO
BHUMAHUE IPOMEXKYTOUHBIH €101, pa3aeasdioniuil XKUJIKYIO U ra3000pa3sHyo ¢a3bl, a TakK-
2Ke YIIPYTOCTh 9TOTO IPOMEXKYTOUHOTO ¢J10sd. BiusHue mocieinero (pakropa yIuThIBaET-
¢ MHTETPaJIOM OT KBaJipaTa CpeJiHeil KpUBU3HBI JTOMYCTHMON MOBEPXHOCTH. B mocte tHee
BpeMs TAKOI'o pojia (pyHKIMOHAJ CTaJl MIUPOKO U3BECTEH B CBA3U C UCCJICIOBAHUSAMU TAK
Ha3bIBAEMBIX MTOBepxHOCTEedl YuaiMmopa. Heompenenéunocrs nosejienus: 3Toro (pyHKIMO-
HaJIa IpU CUMMeTpHu3amuu obyacTeil IPUBOIUT K HEOOXOJMMOCTH PACIIUPEHUS KJIacca
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JIOMYCTUMBIX MOBepXHOCTell. B KadecTBe DOMYyCTUMBIX MOBEPXHOCTEH pacCMaTpPHUBAIOTCH
O0CeCUMMETPUYHbBIE MOBEPXHOCTH, 00PA3yIONIHe KOTOPHIX SBISIOTCI CIPAMISIEMBIMA KPH-
BBIMU, COCTABJEHHBIMI U3 CIETHOTO YMCAA 3AMKHYTBIX JIVT, OJHU U3 KOTOPBIX SBISIOTCS
rpacukamu GyHKImii, obsracT OnpejiesieHrs KOTOPbIX JIeZKaT Ha OCH CUMMETPHH, a 0bJia-
CTH OLIpeJe]eHNAd JIPYTUX - HA IPAMOI OPTOTOHAJIBLHON OCU CUMMETPUHU B MePUAUOHAJIbHONI
IUTOCKOCTH. B ¢BfA3W ¢ 3TUM BBOAATCA JBa THIA (DYHKIIMHAIOB, BADUAIMN KOTOPBIX OIIpe-
JeJIAI0TCH TayCCOBOA KPUBU3HOU ITOBEPXHOCTH.

[Iycte © = 2 (s), y =y (s), s € [0,]] —ecrecTBeHHOE MApAMETPUIECKOE MPEICTABIIC-
Hue obpasyoineii jonyctuMoit nopepxuocTu. OyHKIMOHA IEPBOIO TUIIA UMEET BH/I,

!
on [ 1 (0)ds
0
a (PyHKIIMOHAT BTOPOTO THIIA UMeeT BU/T
!
27 / fr(x)ds
0
Kaxaga u3 Gyukiuit gapiagercd pereHneM cBoero o0ObIKHOBEHHOTO i depeHmab-

HOTO ypaBHEHUs BTOPOro mopsiaka. Hampumep, dhyuknus [ sapisgercs pemennem gudde-
DPEHITHAJIBHOTO yPaBHEHUS

d*f af 7 1
YIS Y - _
dr? ! dT\/1—72+f\/1—7'2

B knacce 1omycTHMBIX MOBEepXHOCTEH hOpMyIUpyeTcsd 3ajada O MUHUMYME SHEPTHH
KAIMJIASPHBIX CHJI, aJre3Ud, TPABUTAIMOHHBIX CUJI, SHEPIUU (POPMUPOBAHUSA TPOMEIKY-
TOYHOI'O CJIOsI, & TAaKyKe ero ynpyroii suepruu. /lokaspiBaeTcs CyIeCTBOBaHUE PEIIEHUS
BapUAIMOHHOM 3a/1a41 U UCCJIEIYIOTCS CBOMCTBA IVIaIKOCTH pemeHnd. /loka3piBaeTcs, 9TO
MOJIyUYeHHOe PellleHne COBMAIAeT ¢ KJIACCUIECKHMM B TOM cJydae, KOrja MpeHeOperaeTcs
IPOMEKYTOYHBIN CJION U ero yupyrad SHeprud.

Csedenusa 06 asmopax

ITTep6akos E. A., nokTop ¢pusmko-mareMaTnaecKux Hayk, npodeccop Kadeapnr Teo-
pun dyuxnuit ¢akygbreTa MaTeMaTUKH W KOMIBIOTEPHBIX Hayk Kybanckoro rocymap-
CTBEHHOT'O YHUBEPCUTETA, JTOTEHT.

IIIepb6akos M. E., npenogaparesb Kadeapbl PyHKIHOHAILHOIO aHAIN3A U aaredpbl
QakysibTeTa MATEMATUKN U KOMIIBIOTEPHBIX HayK Ky0aHCKOro rocyapcTBeHHOIO yHUBED-
CUTETA.

180



IIT OCEHHUE MATEMATWUYECKHWE YTEHUS B AJIBITEE

4. CoBpemeHnHble NpobJ/IeMbI IPENOJaBaAHUS MaTe€MAaTH-
KM B BBICIIIEN IITKOJIE

YIK 378.147.88
BBK 74.480.26
b 19

MaremaTudeckoe MoOAeJIMPOBaHNE KaK OJHO U3 CPEJICTB
dbopmMmupoBaHnsa nmpodecCuoHAJIbHON KOMIIETEHTHOCTHU Y
OakaJyaBpoB MPOPUJIsad «OPUKJIATHAST MATEMATUKA»

C. A. BakmxkeBa
Apireiickmit rocyrapcTBeHHBIN yHHBepcuTeT, Maiikon, Poccus

AnHomauus. B cmamve nokazans, 603MOACHOCTIU MAMEMATNULECKO-
20 MOJeAUPOBAHUA NPOPECCUOHANOHBIT 30004 NPUKAAIHO20 TAPAKMEPL 6
npoyecce GopMUPOBAHUSL NPOPECCUOHANLHBIT KoMNemenmmuocmed cmy-
0EHMO8 MAMEMAMUYECKUL CNEUUANILHOCMED.

MaTremMaTnKa Kak 0JHa U3 PYHIAMEHTAJIbHBIX HAYK UMeeT OOIbIT0oe 3HAUEHNEe He TOIb-
KO B (DOPMUPOBAHUN MBITLICHUs, PA3BUTHUS JIOTHIECKOTO MBITILJIEHNS, HO emie U B (op-
MUpOBaHUH TTPOGECCHOHATBLHO KOMIETeHTHOCTH o0ydatomuxcs. OyHaaMeHTaIbHAS Ma-
TeMaTu4decKasd I0/I0TOBKA BBIIYCKHUKA ABJISETCS OCHOBOM [/ ero Oyayieil mpodeccuo-
HAJIBHON >KM3HM, TAK KaK UMEHHO (DyHIaMeHTAIbHbIe 3HAHUA 00€CIeUYnBAIOT BBITYCKHUKY
BO3MOXKHOCTH TIOHHMATL U OCBAUBATH HOBYIO T€XHUKY M TEXHOJOTHHU, HOBBIE MPUHITUIIEI
opramsanuu npoussojcTBa [1|. B cucreme Boiciiero npodeccnonanbaoro o6pasoBaHus
PEroIaBaTe/ib BO BpeMsl MIPOBEICHUs 3aHIATHS OyeT CO37aBaTh YCJIOBHS i (DOPMU-
poBaHus o0IINX U IpodecCHOHAIbHBIX KomueTennuii. [Ipodeccunonaibubie KOMIETeHITHH
— 9TO CIHOCOOHOCTDH JEHCTBOBATH HA OCHOBE MMEIONIUXCHA YMEHHUH, 3HAHUH W HpaKTHIe-
CKOT'0 OIBITA B TPOMECCHOHATBHON JeTeTbHOCTA. DTO O3HAYAET, YTO X (hOPMHUPOBAHHE
npoheCcCHOHATbHBIX KOMIIETEHITUI HAPAB/IEHO HA PA3BUTHE CIOCOOHOCTH PeIaTh 3aa49u
podecCuOHAIbHON JIeATeIbHOCTH.

[Ipodeccronaabuble KOMIIETEHIIUA COOTBETCTBYIOT OCHOBHBIM BHJIaM TTPOMECCUOHAb-
HO#T JIedTeTbHOCTH KBAJIUMDUIUPOBAHHOIO CIIeIuaICTa. V3 cKa3aHHOro CIe/1yeT, 4TO HeoO-
XOJUMO YUIUTHIBATH IPU IJIAHUPOBAHUU IIesieil 1 3a/1a4 yaeOHOTO 3aHATHs, TPeOOBaHUA K
dopmysInpoBKe, K mpodeccuona/ibHON HAPaBJAEHHOCTH y4eOHOI0 1IpoIecca, K BUJIaM J1esi-
TEJIBbHOCTH U TeXHO/I0rugM obyuenusd. [lesun yuebuoro 3angarnsg nHeobX0IuMO MJIAHUPOBATH
TaK, 9TO0Bl OHW OBLIN PEAJIHHBI, TOCTUKUMBI U MTPUBS3aHb K yIeOHOMY MaTepHaJIy.

HaBplku MaTeMaTH4uecKOro MoJeTUPOBaHUs PACCMATPUBAIOTCA KAaK HABBLIKU IIPUMEHe-
HUs MaTeMAaTHYeCKUX 3HAHMN Ha IIPAKTUKE, CJAeJ0BaTeILHO, KaK (pOpMUpOBAHUE Hpodec-
CUOHATBbHOM KOMIIETEHIINH BBIMTYCKHUKA. MaTeMaTnueckoe MOAEJIUPOBAHUE TPUKJIATHBIX
33J1a9 [0 CIENUAJIbHOCTH TO3BOJISIET COCJNHUTH TEOPETHYECKNe 3HAHUS CTYJIEHTOB C HX
nOTPeOHOCTSAMHY, TPEIOCTABISIET BO3MOKHOCTh HCKATH IIYyTH PACIIAPEHUS] TEOPETUIECKUX
3HAHWH B Oy/Lylieil ClenuaabHOCTH HEIIOCPEJICTBeHHO B TIporecce obydenus [3].

Bananus, UMeIoNnue IPUKIAIHYIO HAIPABJIEHHOCTDH, (POPMUPYIOT Y CTYACHTOB CTUJIb
MBINILJIEHHST, HEOOXOIUMBIH 0OPA30BAaHHOMY CIEITHATUCTY, a TaK YKe YMEHHsI OIeHUBATD 110~
JIy9EHHBIIT Pe3y/IbTaT, CPABHUBATD, aHAJIU3MPOBATH, KOHTPOJUPOBATEH IPABUIBHOCTH IM0-
JIYYEHHBIX BBIBOJIOB, MPOTHO3UPOBATEH UCXOJ IKCIEPUMEHTA, OMEHUBATH CTEIMEHb UX 000C-
HoBaHus. B paMKax JUCHMILIUHBI «MaTeMaTHIECKOe MO/ICTUPOBAHUEy PACCMATPUBAIOTCS

181



COBPEMEHHBIE [TPOBJIEMHEI I[MPEIIOJABAHUA MATEMATUKHN B BBICIIEN IIKOJIE

CTeAYIONINe Pa3/ebl MPAKTUIECKOTO COJePKAHNS: JUHEeHOe TPOrPaMMUPOBaHNe, TUHA-
MHYeCKOe TTPOrPAMMHUPOBaHUE, TPAHCIOPTHAS 3aJada, CUCTEMbI MACCOBOTO OOCTYKUBa-
Hus, Teopus urp. Bee pazmennbl SBISIOTCS PA3HOXapPAKTEPHBIMHU, ¥ BMECTE C TeM OXBATBI-
BalOT MPO(PECCHOHAIbHBIE KOMIETEHIINH TPOMUIIS «IPUKIATHAT MATEMATHKAY.

[TTupokoe UCMOIB30BAHIE MATEMATHIECKUX MOJIEJIeil sIBJISeTCS BayKHBIM HAMPABICHU-
€M COBepINeHCTBOBaHN aHaan3a. KOHKpeTH3ausa JaHHBIX WU MpeJICTABIeHNE HX B BU/IE
MaTeMaTU4IecKoil MO/IeJ I MMOMOTaeT BBIODATh HaWMMeHee TPYIOEMKHI MYTh pelleHus, Mo-
BhIAaeT 3MEKTUBHOCTL aHaan3a. B Hacrodiiee BpeMsl PONECCHl MPUHATHS DPerTeHuit
ONMMPAIOTCS HA JIOCTATOYHO MMUPOKUI KPYT MATEMATHIECKUX METOJO0B U MOIeIel.

Nzyuenne pucnuminab « MaTtemaTwdaeckoe MOIEIMPOBAHIEy HATPABIEHO KaK Ha (pOp-
MHPOBaHWE y CTY/IEHTOB MOHUMAHWS POJU COBPEMEHHOI MaTeMaTWKN B MPUKJIATHOM ac-
eKTe, TAK U HA W3ydeHHe HauboJee BayKHBIX MaTeMaTHIeCKUX MeTOIOB HCCTIeTOBAHUS
Mojiesieit M 33129 ONTUMU3AIIH.

[IpuBeneM HECKOIBKO MPUMEPOB MPUKJIAIHBIX 331a4:

Bamaua 1. YacTto npuxoanuTcst CTAIKUBATHCS ¢ TAKWUMH CATYAIIMSIME, 9TO PACCMAT-
pUBaeMble CUCTEMBI JIOJZKHBI MPeOBIBATh B COCTOSHUN OKUJAaHudA. OKuTaHue gaBideTcs
CTIeICTBUEM BePOSTHOCTHOTO XapaKTepa BO3ZHUKHOBEHUs] MOTpeOHOCTEH B 0OCTYKUBAHUU
u pa3dpoca nokasare el 00C/IyKUBAIOIUX CUCTEM, KOTOPbIE HA3BIBAIOT CUCTEMaMU MaC-
cosoro obcayxusanusa (CMO).

B zaBucumoctu or xapakrepa ¢gpopmupoBanug odepeau CMO paziangaior:

1) Cucrembl ¢ OTKa3aMH, B KOTOPBIX HPU 3aHATOCTH BCEX KAHAJIOB OOCIY KUBAHUS
3adBKa He BCTACT B 0Yepe/ib U MOKUIAET CUCTEMY HeOOCTyKEeHHOI.

2) Cucrembl ¢ HEOTDAHUYEHHBIMU OXKHJIAHUSAMHE, B KOTOPBIX 3asBKa BCTAET B 0Y€PE/Ib,
€CJTH B MOMEHT €€ MOCTYTLJIeHNS BCe KAHAJBI OBLIN 3aHSITHI.

CyIecTByIOT U CHCTEMBI CMENTAHHOTO THIA C OXKHJIAHUEM W JIJTMHON Oovdepesb: 3asiBKa
MOJIydaeT OTKAa3, eCJIM MPUXOJUT B MOMEHT, KOT/Ia BCe MecTa B OoYepey 3aHATHl. 3adBKa,
HONABIIAs B 04epe/ib, 00C/IyzKUBAETCS 0043aTe/IbHO.

[TocranoBka 3amaun. 3asBKa, MOCTYIUBINAs B CHCTEMY C OTKAa3aMU W HAIIE/INas BCe
KaHAJIBl 3aHITHIME, MOIYYaeT OTKA3 U MOKUIAET CHcTeMy HeobcTykenHoit. [lokazarenem
KadecTBa OOCTYKWBaHWS BBICTYHAeT BePOATHOCTH MOJNydYeHHs oTKasza. [Ipemmonaraercs,
YTO BCe KAHAJBI JIOCTYIHBI B PABHOI CTEIeHW BCeM 3adBKAaM, BXOISIINUN MOTOK SBJIAETCS
LPOCTERIITNM, JTHTEJbHOCTH (BpeMsi) 0Oc/Iy KuBaHUsT OJHOM 3asBKH (to0C) pacupe/eaena
0 MOKA3aTe/IbHOMY 3aKOHY.

Sagaua 2. /IlnmamMudeckoe TPOrpaMMHUPOBAHWE - OJUH U3 PA3/IEI0B ONTHMAJIHHOTO
IPOrPaMMHUPOBaHUS, B KOTOPOM IIPOIECC TPUHATHS PelleHus U YIPaBIeHUsS MOXKeT ObITh
pasbUT Ha OTJeTbHbIE ITANb (IIaru).

ODKOHOMHYECKUN HPOIECC ABJSIETCA YIPABISIEMbIM, €CJU MOYXKHO BJIMSTH HA XOJ, €ro
passutus. [lox ynpaBiaeHmeM TOHUMAETCA COBOKYIHOCTH PeEIIeHwil, MPUHUMAEMbIX Ha
KaK/IOM dTale [Jis BIUSHUSA Ha XOJ, pa3BUTHA Hporecca. HeoOxoauMo oprann3oBaTh BbI-
MyCK TPOJYKITUU TaK, YTOOBI MIPUHATHIE PEIIeHus Ha OT/IEeJbHBIX TallaxX CocoOCTBOBAIN
MOy YeHUI0 MAKCUMATBHO BO3MOYKHOTO 00beMa MPOIYKITUU VJIH MPUOBLITH.

JlnnaMudeckoe mporpaMMEPOBAHIE TIO3BOJISIET CBECTH OJHY CJIOXKHYIO 33129y CO MHO-
TUMU TIePEMEHHBIMI KO MHOTHM 33,1a9aM ¢ MaJIBIM YUCJIOM TIePEMEHHBIX. DTO 3HATUTETHHO
COKpaIaeT 06beM BBIUYHCJIEHUN W YCKOpSeT MPOIece IPUHATUS YIPABIEHIECKOTO perlre-
HUS.

[TocTanoska 3agaqn. [lycTh uMeeTcss HEKOTOpOE KOJMYECTBO PECYPCOB, KOTOPOE HEOO-
XOJUMO PACIPEIETUTh MEXKIY N PAJUIHBIME MPEANPUAITHAME, 00beKTaMu, paboTaMu u
T.JT., TaK, YTOOBI MOJYYUTH MAKCHMAJILHYIO CyMMapHYIO 3((PEKTUBHOCTH OT BHIOPAHHOTO
criocoba pacipe/ieseHusl.
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Obyuarotag 1e/ib IJIAHUPYETCd TaK, YTOObI OHA B IOJIHON Mepe oTpazkaJia MpodeccH-
OHAJIbHBIE KOMIIETeHIINH.

YpoBeHb KOMIETEHTHOCTH OYIYIIEro CIeIUAJUCTa 3aBUCAT OT KadecTBa MaTeMaTHIe-
ckoit moAaroroBku. OQOy4UeHHe OJXKHO OBITH OPUEHTUPOBAHO HE CTOJBKO Ha MOJIYUeHHE
KOHKPETHBIX MaTeMaTH4YeCKUX 3HAHUN M yMeHWil, CKOJIbKO Ha 0Opa30BaHHUe ¢ IIOMOIIHIO
MaTEMATUKU.

JTumepamypa

[1] Baiinenko, B.J. BrisiBienne cocraBa KOMIeTeHIHI BBITYCKHIKOB BY30B Kak HEOOXO-
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72 c.

[2] Bepecrenesa, O.I'. Cucremubie uccsreiopanus u nHGOPMAIMOHHBIE TEXHOJIOIHH OIEH-
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mux T-npodeccuonasios. Bectnuk KazaHcKOro TeXHOJOTHYECKOI'O0 yHUBEPCHTETA.
2014. 1.17. Ne4. C.290-295.

[6] Epemuna, 11.11., Makycesa T.I". CepBeprast KommoneHnTa wHMHOPMAIHOHHO 06pa3oBa-
TeJIbHOI cpeibl By3a Ha miardgopme LMS Moodle kak ocHoBa ynpaB/ieHus HHTEpaK-
TUBHBIM B3aumojeiicreuem cryineraros / V.M. Epemuna, T.I. Makycesa // BectHuk
TeXHOJIOTHYecKoro yuupepcurera, 2015. Ne6. C.216-221.

Cesedenus 06 asmopax
BakmxeBa Caunga AcnaHoBHA, 3aB. Kadeapoii aaredbpol u reomerpun ALY, kan-

AnJaT IKOHOMUYECKHUX HAYK, JOIEHT. KiroueBnle cjioBa: MareMaTudecKas KoMIleTeHnud,
MaTeMaTHYE€CKOEe MOJCINPOBaHHue HpO(l)eCCI/IOHaJIbeIX 3a1a4.
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OcobeHHOCTH OpPraHn3aluy NPakKTUK B MarucTpaType Mo
HanpaBJeHno moaroroBku 44.04.01 Ileparorndyeckoe obpa3oBaHue

T. H. bBopmiorosa, E. M. Kysnemosa
IOxmubiit hegepanbubiii yausepcuTer, THCTUTYT MaTeMATHKN, MEXAHUKH U
koMmnbOTepHBIX HAayK uM. V.I1. Boposuua, Pocros-na-/lony, Poccus

Annomauusa. B pabome paccmompen npouece op2anu3auut yueOHbT
U nNeda202uMeCKUT NPAKMuUK npu nodeomoske bydywur Ma2ucmpos ne-
dazozuneckoeo 0bpasosanus 6 pamkar cmandapma PIrOC BO (3++).

Peculiarities of the organization of practices in the master for
direction of preparation 44.04.01 Pedagogical education

T. N. Bordyugova
Southern Federal University, Institute of Mathematics, Mechanics and Computer
Science I.I. Vorovich, Rostov-on-Don, Russia
E. M. Kuznetsova
Southern Federal University, Institute of Mathematics, Mechanics and Computer
Science I.I. Vorovich, Rostov-on-Don, Russia

CoBpeMeHHbIe TeHIEHITUN MOJIEPHU3AINE CUCTEMbI 00PAa30BaHUsI HAITPABICHBI, ITPEKIe
BCEro, He TOJbLKO HA MOJIOTOBKY BbICOKOKJIACCHOI'O CHEIUAINCTA, CIIOCOOHOTO padoraTh B
YCJIOBUSAX OBICTPO MEHSIONIErocsd mudpoBoro Mupa, HO U yJI0BJAETBOPSATH OOITUPHBIM Tpe-
ooBanugMm paborogareseit. [Ipurmemimme Ha cMeHny cramjapTaM IOJAIOTOBKH MaruCTPOB
®roC BO (3+) crangaprer PT'OC BO (3++) paspaboranbl ¢ yueToM podeccuoHaib-
HBIX cTangapToB. [l1a manpasiaenus noaroroBku 44.04.01 Ilemarorndeckoe obpazoBanue
TaKUM HPOGECCUOHAJIBLHBIM CTaHIapTOM sBJsgercsd crangapt [legarora.

B IOxuOoM (drenepasbHOM YHUBEPCUTETE BEIETCS MOATOTOBKA MAarvMCTPOB MO HAMPAB-
sernto 44.04.01 Tlemarormueckoe obpazoBanme B coorBercTBun co crangaprom PT'OC BO
(3-++), yTBepK IeHHBIM npHKa3oM MuHucteperBa o0pasoBanus u HayKu Poccuiickoii de-
nepanun Ne126 ot 22 despassa 2018 1. B UncturyTe MaTeMaTuKu, MEXaHUKU U KOMITHIO-
TepubiX HaykK uM. V.J1. BopoBuya 110JroroBKa MarucTpoB IeJarornieckoro oopazoBaHus
OCYIIECTBJIETCH 10 nporpammam ~Maremarudeckoe obpasosanue”’ u "Vudopmaruka u
nHMOPMAIMOHHBIE TEXHOJIOTHH B 00pa30BaHuN’, peajin3yeMbIiM B 3a09HO (dpopme obyue-
HUS.

[Ipu moaroroBke MarucTpoB 1o Hampasiaenuo 44.04.01 I[legarorudyeckoe obpasoBanue
B pamkax DenepaJabHOTO TOCYIaPCTBEHHOTO 00pPA30BATEIBLHOTO CTAHAApPTA 3-+-+ OITHOI
U3 CAMOCTOSTEILHO ONPeIeIEHHON TPOMECCUOHATBHON KOMIIETEHITUEH ABIgeTCs: "Cloco0-
HOCTH aHaJU3UPOBATH PE3YJIbTAaThl HayYHBIX I/ICCJ'IG,ZLOB&HI/II'?'I7 IMIPpUMEHATDH UX IIPU PEIICHUN
KOHKPETHBIX Hay4YHO-HUCCJIEI0BATEILCKUX 3334 B chepe HAyKu U 00pa30BaHUsd, CAMOCTO-
ATEJIHLHO IPOEKTHPOBATH M OCYIIECTB/IATH HAYyYHOE MCCJIeJOBAaHUE B KOHTEKCTe Ipodeccu-
OHAJILHOM JedaTenbHOCTH . B KadecTBe MHINKATOPOB JIOCTHZKEHHS, KOTOPBIE OBLIN pa3pa-
ooransl B FOxkHOM (besepanbHOM yHEBEpcuTeTe pabodeil rpynnoil Ha MPOEKTHON ceccun
110 00IIIeCTBEHHO - TPOGECCHOHATBHOMY 00CY K IEHNIO TTPOEKTOB MPOMECcCHOHATBHBIX KOM-
nerenruii no nanpasiaenuo YI'HC 44.00.00 Bble/IeHBI CIe Ty IOITHTE:
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® 3HATH U IIOHUMATh OCHOBHBIE ITO/IXO/IbI, METOIBI U TEXHOJIOIHH AHAJIN3A Pe3yJIbTATOB
HAYYHBIX HCCJIEIOBaHUI B OOJIACTH cpeHero oOIIero m cpejHero mpodeccuonalb-
HOT'O OOpa30BAHUST,

® IIPUMEHSATH PEe3YJIbTAThl HAYYHBIX MCCJICJOBAHUN JIsd PelieHus 3aja4d B 00JacTu
Cpe/IHero obIIero u cpeaHero npodeccuoHaIbHOr0 00pa30BaHNUS;

® IPOEKTUPOBATH U OCYIIECTB/ISIET CAMOCTOSTE/IbHBIE HAYYHbIE UCCJIEI0BAHKS B 00/1a-
CTH CPeJIHero olIero u cpejaHero mpodecCcHoHaJILHOI0 00pa30BaHMsI.

CornacHo cTaHgapTy, IpU paspabOTKe OCHOBHBIX MPOGECCHOHATBLHBIX 00Pa30BATEIb-
HBIX TIPOTPAMM MarucTpaTypbl 0COOYIO 3HAYUMOCTH NMPproOpes 6JIOK MPaKTHK, Ha peaJsiu-
3aIUI0 KOTOPOI'o OTBeIeHo 42 3.e.

B kadecTBe THUIIOB yUeOHBIX MTPAKTUK OIPEIeIeHbl: O3HAKOMUTEIbHAS U HAYYHO-HCCIe-
JloBaTe/ bk padora. /laHHad MpaKTUKA HAYMHAETCH y MAruCTPAHTOB € IEPBOI'O Kypca
obydenus. B xo/ie TpOXOkK/IeHUS MPAKTUKH 00yYaIONnecsd aHau3upyoT HayIHO-IIE1aT0-
TUYECKYIO U METOAUYECKYIO JUTEPATYPY MO MpodsieMe BIOPAHHOTO HAYYHOTO HCCJIeI0Ba-
HUs, ITPOBOJAT aHKeTHpOBaHUE H cOOp HeobXoauMoil mHMoOpMaIuu cpeau ydureseii, me-
JIArOoTOB, pojauTe/Ieil U 00yJalomuxcst. Pe3yIbTaThl JAHHOIO dTala UCCaAeI0BAHUS 0hOpPM-
JIAIOTCS B BUJI€ OTYETOB, IPOBOJLTCH 11YOJIUYHbIE BBICTYILJIEHUE C TEMON UCCJIe/IOBAHUS HA
MEeTO/IMYECKOM CeMUuHape.

[TponsBojcTBeHHAS TPAKTHKA (TTearornyecKkast MPAKTHKA ) HATHHACTCS B TPEThEM TPH-
MeCTPe U MPOJOJIZKAETCsl, COIVIACHO YUeOHBIM ILJIAHAM IIOJINOTOBKH, Ha, BTOPOM U TPEThEeM
Kypcax. B ngarom TpuMmecTpe negarorndeckast mpakTUKa, HAIPABJIeHa HA 3aKpeIJICHHE 110~
JIVIeHHBIX B IPOgeCCHOHATBHOM MOJIYJIe 3HAHNME U yMeHunii. /[1uTe1bHOCTD JaHHOM Mpak-
THKH cocTan/sier 6 Hemenb. OCOOEHHOCTHIO MEeIArOrnYecKOil MPAKTUKU, ITPOBOIMMON Ha
3 Kypce dgBjsgercsd anpodaius pe3yJbTaToB HAYIHOTO UCCAEI0BAHUS B paMKaX TeMaTHU-
KU BBIIIYCKHOI KBaJM(pUKAIMOHHONE paboThl. B paMKax JaHHOW MPAaKTUKUA MATUCTPAHTHI
3aKaHYMBAIOT MPOBEJIeHHE (DOPMUPYIONIErO IKCIEPUMEHTA UCCIeJ0BAHMS, ITPOBOJAT CTa-
TUCTUYECKHH aHAIU3 IMOJYIEHHBIX Pe3YIbTaTOB, MYOJIUKYIOT Pe3yIbTaThl B MPOMUILHBIX
u3janugax. Takum oOpa3oM, yBejndenune o0beMa MPAKTUK UTPAET BAZKHYIO POJIb B PAMKax
MOJI'OTOBKYM MArMCTPAHTOB TeIarornieckoro obpaszosanug HoBoit hopmarnuu co chopmu-
POBAHHOM HAayYHO-UCCEI0BATE/IBCKON KOMIIeTeHIIneH, 00J1aJaioNuX He TOJHKO BBICOKO-
KJIACCHBIMU OA30BBIMU 3HAHUSIMH B IIPEIMETHONH 00JIACTH, HO M CIIOCOOHBIMH CaMOCTOS-
TeJIBHO HPOEKTUPOBATH U OCYIIECTBJISITH HAYyUHOE MCCJIEJIOBAHNE B KOHTEKCTE Mpodeccu-
OHAJIbHON AedTe/IbHOCTH.

Jumepamypa

[1] TIpukaz MunucrepcrBa obpasoBanuss u Hayku Poccuiickoit ®Penepanun  or
22.02.2018 Nel126 «O06 yrBep:kaeHun deaepaabHOr0 ToCyIapCTBEHHOrO obpa-
30BATEJILHOTO CTAHJAPTa BLICHICrO 00pa30BaHUsA — MATHCTpaTypa 10 HaIPaB-
aennio moxroroskn 44.04.01 Ilegmarormueckoe obpaszosanues // Tlopram @e-
NepaIbHBIX TOCYJaPCTBEHHBIX 00pa30BaTeIbHBIX CTAHAAPTOB BBICIIErO 00pa3o-
Banus. |[DdaekTponnbiii pecypc|. Pexum mocryma:  http://fgosvo.ru/uploadfiles/
FGOS%20V0%203++ /Mag/440401 M 3 16032018.pdf (nara obpaIIeHu:
20.09.2019)

[2] Habuesa T.B. Poub megarorumdeckoil mpakTuku B GHOPMHPOBAHUK KOHCTPYKTHBHO-
eJIaroruYecKoil KoMmnerenuu y 6yayimux negaroros // CubupCKuil mearornaeckui
xypaaa. 2012. Ne9. C.196-200.
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Boparorosa T. ., kKanjauaar negarorndeckux HayK, JONEHT Kade pbl TEOPUH U METO-
JINKWA MaTeMaTHIecKoro o0pa3oBanusd, THCTUTYT MaTeMaTHKW, MEXaHUKN W KOMITBIOTEp-
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IloaroroBka CTy€HTOB K MCIOJIb30BAHUIO MAaTEMAaTHYIECKUX
METO/I0B B IICHXOJIOTO-TIEIArOTUYIECKNX MCCJIEJ0BAHUIX B
YCJIOBUSIX COBPEMEHHOT'O 0OPAa30BaTEILHOIO MPOIIECCA

C.TI. T'pymesckuii, JI. B. Illenexona
Kyb6anckuii rocynapcrsennbiii yuusepcutet, Kpacnogap, Poccus

Annomauus. B cmamove packpoimvl 0coBEHHOCTIU 0P2AHUAUUL NOO-
20MOGKYU CMYIEHMOE K NPUMEHEHUIO MAMEMAMUYECKUT MEMO0Jos 6
NCUT0N020-Nedazo2uMeckur uccacdosanuar. Ilposedennovili meopemuue-
crull AHaAU3 NO36OAUA Gbidesumb PAd NPomu-eopevwuli mexncdy: 6vco-
KOTl cmenensio obuemeopemureckoti paspabomarnHocmu cCmamucmuye-
CRUL Memodos U HedOCTNAMOYHbBLM YPOSHEM UL IKCTPANOAAUUYL 6 NPO-
uedypy nedazo2uiecko20 UuccaAed08aHUL; 60CMPEOOSAHHOCTNGIO CTNAMU-
CIUMECKUT Memodo6 6 npouecce ouenku aspdexmuenocmu obpasosa-
MEALHBLT UHHOGAUUT U PPaA2MEHMaPHOCbI0 HOPMUPYOUULTCA 6 NPO-
Uecce NPoPeccuonaNbho20 06pasosanus npedcmasaerut 0 HUL Yy cmy-
denmos. Packpuimbs, nomeHuyuasbrvie 603MOHCHOCTU NOSHIULEHUS YPOG-
HA N0020MOGKU CMYIEHMOE K UCNOAL30GAHUI MAMEMAMUYECKUL Me-
Modos 6 NCUL0A020-NEAA2O2UNECKUL UCCACO0EAHUT.

Preparation of students to the usage of mathematical methods in
psychologi-cal-pedagogical studies in the modern educational
process

S. P. Grushevskiy

Kuban State University, Krasnodar, Russia
L. V. Shelekhova

Kuban State University, Krasnodar, Russia
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Peanuzanus coBpeMeHHOR 00pa30oBaTe/IbHOM JIOKTPUHBI IIPEIyCMATPUBACT B KAUECTBE
HPUOPUTETHOIO HAIIPABJICHUS 0OecIeueHre KadecTBa 00pa30BaTEIbHBIX YCIVT, BCJIEJICTBHE
Yero aKTyaJu3upyeTcs MpoOJeMa co3MaHus HaydIHO ODOCHOBAHHON COBOKYIHOCTH IIPO-
HeAyp OIMEHKH SMIUPUIECKUX TAHHBIX, MO3BOISIONIAX TOJYIATh O0BEKTUBHYIO HHMOD-
MAIMIO O JOCTOMHCTBAX W HEJIOCTATKAX KOHKPETHON 00pa30BaTeIbHOM CHCTEMBI, BHIOODA
3P HEKTUBHBIX CIIOCOOOB €r0 COBEPIIEHCTBOBaHU . V3-3a OTCYTCTBUS B Ie/IarOTHKe 00IIe-
HPUHATON aKCHOMATHKHU U (pOPMAIBLHOIO alllapara IpoBepKa 3h(peKTHBHOCTH 06pa30Ba-
TeJIbHBIX YCIYT U HHHOBAIIMOHHBIX 0OPAa30BATEIbHBIX TEXHOJIOTHH 00y UeHNsT HEBO3MOXKHA,
0€e3 UCIOIb30BAHNS MATEMATHIECKOTO HHCTPYMEHTAPUST — CTATUCTUICCKUX METO0B, KO-
TOPbIE MO3BOJISIIOT YCTAHAB/IUBATEH CTEMEHb JOCTOBEPHOCTHU CXOJCTBA W PA3IUUUS HUCCTIE-
JIyeMbIX 0ObEKTOB Ha OCHOBE Pe3y/IbTATOB M3MEDPEHUil WX mokasareseil.

Vcnonp30Banne MaTeMaTuaecKuX METOOB MTO3BOJIAET MOJIYIUTh OO beKTUBHBIE CBE/Ie-
HUsI O CBOWCTBAaX M3yYaeMOTO TCHXOJIOTO-TIeIATOTHIECKOTO SIBJIEHUSI, ONPEeIeIUTh OoJiee
BEPOSATHOE PA3BHTHE IEJArOIHYECKOr0 COOBITUS B 3aBHCHMOCTH OT TeX MJIM MHBIX (haK-
TOPOB, a CJIeJIOBATEJIbHO, BBISBUTH JIETEPMHHAHTHI, JIeXKallue B OCHOBe 3hdEeKTHBHOTO
yupasJjenusi o0pa3oBarebHbiM mporeccoMm. Vexoms u3 mannoro yrsep:xkenusi, C.1. Be-
joBa u .1, Jle3a moguepkuBaiOT HEOOXOAUMOCTDH BHEJApPEHHUE YUeOHbIX JIMCITUILINH, TTPU
OCBOEGHHH KOTOPBIX 00y YaIoIHecs JTOJKHBI COPMUPOBATH Y ¢ebsi KOMIIETEHTHOCTH, TIPE/I-
HoJIarafolye HaJUYHe HaBBIKA MCIIOJb30BAHUA MATEMATHIECCKHX METOJOB B IICHUXOJIOTO-
neJiarorudeckKux uccaefosanusax |1, crp. 11]. IIpu sTom comepkanue y4eOHBIX JIUCITH-
IUIAH, B MPOIECCe U3YUEeHUT KOTOPHIX ¥ CTYACHTOB (hOPMHUPYIOTCS HABBIKU, HEOOXOIUMBIE
JIJIsT IPUMEHEHUST MaTeMATHIeCKIHX METO0B B IICHXOJI0T0-1EarOTMIeCKUX UCCJIeT0BAH-
SIX, CPOUTCS C YyU9eTOM KakK TPogeCCHOHATHLHO HANPABIEHHOCTH H3ydaeMOro MaTephua-
Jla, IPOSBJIAIONIeHics B BOIIPOCaX, HEIIOCPEJICTBEHHO BOCTPpeOOBAHHBIX B OVyIei mpodec-
CHOHAJIBHOM JesTebHOCTH. Tak u (pyHIaAMEeHTAILHOCTH, IOIpa3yMeBaloIieil TocTpoeHue
JIAHHON JTUCITUILIMHBI C YI€TOM PACKPBITHA IEJIOCTHON CHCTEMBI TEOPEeTUUECKUX SHAHUM
MOCPEJICTBOM PEIIeHns] KJIACCHIECKUX U MPOGheCCHOHATBHBIX 33/1a4.

B coBpemenHO# HayIHO-METOIMIECKON JUTEpaType MpeJcTaBIeH MUPOKUN CIIEKTP pa-

00T, OTPAKAIONINX PA3IUIHBIE TEOPETHIECKNE ACMEKTHl MATEMATHIECKUX METOJOB, HC-
MOJIB3YEMBIX B MCHXOJIOTO-TTEIATOTMTIECKUX HCCAETOBAHUSIX: TEOPETHIECKNE OCHOBBI HC-
MOJIb30BAHHE MaTeMaTHYecKuX MeTOI0B B megarormdeckux ncciaenopanusx (B.I1. Bec-
nasibko, M.H. I'pa6aps, K.A. Kpacasuckas, JI.b. Urenbcon, I.B. Cyxomonbckuii,
B.4. dxynun u ap.); 060CHOBaHUE COBOKYITHOCTH KPUTEPUEB, MO3BOJISIIONIUX HCIIOJIbB30-
BaTh MAaTEMATHYECKHE METOJbI JjIsi OIEHKH KadecTBa 00pa3oBaHus u 00pa30BATEIbHBIX
cucrem (A.I. Bepmyc, B.C. Tepmyncknii, A.A. Makapos, M.M TMoramuuk, T.A. Poxpi-
IHHA W JIP.); METOJOJOTHIeCKHe OCHOBBI KBaJNMeTpHUn KadecTBa obpasosanus (B.J. Ba-
cube, LA, Bumuess, H.A. Cenesnena, A.M. Cyberto u ap.). OQHAKO CYIIECTBYIONIAs
JINTEPATypa B OOJIBIIHHCTBE CBOEM OPHEHTHPOBAaHA HA JIIOICH, HMEIOINX MaTeMaTHIeCKOoe
UJIM TEXHUYECKOe 00pa30BaHue, U CJIOZKHA JIJIsl BOCIPUSITHS TE€X, KTO HE HUMEET 10J00HOI0
obpazoBanus. BoJjiee TorO0, jlaHHbIe YYeOHBIE TTOCOOUST PACKPHIBAIOT OTAEJIbHbBIE YAIle BCEIrO
BCTPeYaeMble TUIBI 33,12, PE/II0IATAIOININX aHAJIN3 JAHHBIX, BOSHUKAIIUX B Tearori-
YecKux uccaenoBanugx. g perenus mogo0HBIX 3a/1a4 HET HeOOXOMUMOCTH B M3YUCHHUH
BCEro apceHaJia CTATUCTHYECKUX MeToJ0B. B Tex ke y4eOHBIX IOCcOOHsIX, KOTOpLIE pa3-
paboTaHbl ¢ yUIeTOM IEJOCTHON cucTeMbl Tegarorndeckux 3amad (A.JI. Hacnenos, T.A.
Ocockos, E.B. Cugopenko u mp.), meaercs akieHT Ha HCHXOJOTO-1earOTHIecKOii co-
CTABJISIONIENH M3yYaeMOTO SBIEHUS, YTO MPUBOANT K (DPArMEHTAPHOCTH W, KAK IMPABUJIO,
HEIOC/IeI0BATEIbHOCTH MTOSABJICHUSA OTJIEIbHBIX MATEMATUIECKUX METOIOB.

[TompiTKa pa3pernednss BOSHUKIIETO TPOTUBOPEYHNS MEYKIY BBICOKON CTEMeHbIO 00Ie-
TEOPETUYECKON pa3pabOTAHHOCTH CTATHCTUYECKUX METOJ0B U HEJOCTATOYHBIM YPOBHEM
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UX SKCTPAIOJISIUU B MPOIEAYPY [IeIarOrnIecKOro HCCJIeI0BAHUS HAILIA COBE OTPaKeHHe
B paborax C.II. I'pymesckoro, O.B. Muruna, O. KO. EpmonaeBa-Tovuna JI.B. Ilenexo-
Boit. B ocHOBe TaHHOIO MOAX0/1a JIEXKUT MPENOI0KEHTE O TOM, UTO MOATOTOBKA CTYIEHTOB
K HCIOJIb30BAaHHUIO CTATHCTHUYCCKUX METOJOB B IICHUXOJIOTIO-IICAATI'OI'NYCCKUX MCCJJACJO0BaHN-
ax Oymer addekTuBHA, ecyiu cojepKaHue COOTBETCTBYIONEH y4eOHON AuCIUILIUHBI Oy-
JIeT pa3paboTaHo ¢ y4eToM: TpeboBaHuil rOCYIapCTBEHHBIX 00Pa30BaTE/IbHBIX CTAHIAPTOB
BBICIIEro TpodeccuonaJbHOT0 06pa3oBaHus; (PYHIAMEHTAJIHLHOCTH H3JIOKEHUS MaTepHa-
JIa ¢ cOXpaHeHMeM HeoOXOIMMON CTPOrOCTH, ¢ JeTaabHOH MpopabOTKO# y3JIOBBIX MaTe-
MaTHYeCKUX HOHATUIH, aJI'OPUTMUYHOCTHIO; CO3JaHUs yCJAOBUIl CIIOCOOCTBYIONIMX PA3BU-
TUIO Y O6yanOH_[I/IXCH MMPAKTUICCKUX HABBIKOB IPDHUMEHCHUA MaTEMaTHYCCKHUX METOIA0B B
nporecce paboThl C AMIUPUIECCKUME JAHHBIMU; HEOOXOIMMOCTH (DOPMUPOBAHUS YMEHUS
IPAMOTHO MPOU3BECTU AHAIU3 IKCIEPUMEHTAIbHBIX JaHHBIX, B TOM YHUCJE, C HCIOJb30-
BaHUEM COBPEMEHHBIX HHMOPMAIMOHHBIX TEXHOJOTHH, W BEPHO HUHTEPIPETUPOBATH IIO-
JydeHHbIH pesyabrar |2, crp. 3|. Bee 910 HO3BOIHIO TOCTPOUTDH COJEDKAHUE CHCTEMBI
I/IHCbOpMa]_[I/IOHHO—TeXHOJIOFI/ILIeCKOFO CONMpOBOZKAeHud IIOATrOTOBKa CTYAEHTOB K HCIIOJIL30-
BaHUIO CTATUCTUYECCKUX METO/J0B B IICUXOJIOTO-TICAATOTUYICCKUX HUCCJACIOBAHNAX Ha OCHOBE
preMa ycBoeHus HeauddepeHupoBaHHOTO NEJIOro B €ro IepBoM IpUOJIUKEHUN, OTpa-
JKAIOIIETO IIOCTPOEHNE KIACCH(PUKAIIMN CTATUCTUIECKUX METOI0B, TPUMEHSIEMbIX B IIe/Ia-
I'OI'MYC€CKHUX HCCJHACAO0BAHNAX B 3aBUCHUMOCTH OT: MaTeMaTUu4yecKoi IpUupoAbl pe3y/ibTaToB
[HeJArOMMIeCKHX UCCIe0BAHNUIT; THIIA ePeMeHHBIX (IPU3HAKOB); BUAA IKAJbl (HOMHHA-
TUBHAsI, MOPSIJAKOBAs, HHTEPBAJbHAS U OTHOIICHHUIT ), KOTOPYIO HCHOJB3YIOT DU H3Mepe-
HUW TICUXOJIOTO-TIeJaroTHIecKuX MoKa3aTeseil; TUIa pacipe/ie/ieHis JAHHbIX; KOJITIeCTBa,
9JIEMEHTOB B BHIOOPKE; THIIA HCCIEI0BATEIbCKOI 3a1a41; (DOPMYIUPOBKU OCHOBHOH (HyJTe-
BOI1) U aJbTEPHATUBHON CTATUCTHYECKUX PHIIOTE3; FPAHUIIBI TPUMEHEHUST CTATHCTHICCKIX
MeTOJIOB JIJIsl PA3JIMIHBIX THIOB MEJArOrHYecKuX HccaeoBanuil |3, crp. 5-6]. Boimesre-
H1IE€ B HeﬂOCTHOﬁ CUCTEME CTAaTHCTHYICCKUX METOJ0B OTACJ/IbHBIX KPHUTEPHNEB B 3aBUCHUMO-
CTH OT THIA KCCJIEI0BATEIbCKON 3a/1auu (BbISBICHAE DA3IUINi B YPOBHE HCCJIEIYEMOrO
IpU3HAKA, OIEHKA CJBHUIA 3HAYCHHUN HCCJIeIyeMOro NpPHU3HAKa, BBIABICHUE Pa3JIHIUil B
pacpeaeeHun IPU3HAKA, BbISIBJICHUE CTEIeHU COIVIACOBAHHOCTU M3MEHEeHUi, yCTaHOB/Ie-
Hue CTCIICHU BJINAHUA HE3aBUCHUMbIX II€PEMCHHbIX Ha BaBI/ICI/IMbIe)7 BbIdBJICHUE CTEIICHU
UX OOIIHOCTU W PA3JIUIHUsl MPEII0JIAraT CO3TaHIe YCJIOBUi, TPU KOTOPHIX MPOSIBISIETCS
OCO3HAHHE CYITHOCTH M3Yy4YaeMbIX I1€/IArOTUYCCKUX SBJICHUIl, Olpe/ie/IeHus HalpaBJIeHUs
X Pa3BUTHA B 3aBUCUMOCTH OT YCJOBHUH, a CJeJ0BaTeIbHO, U Oosiee 3PMEeKTUBHOIO UX
HCIIOJb30BAHUs B PEAJTHHOM yUeOHO-BOCITUTATEILHOM IIPOIECCE.

B o6pa3oBaTeIbHOM IPOIEcce, HAIIPABJIEHHOM Ha PA3BUTHE HABBIKA HCIIOJIb30BAHUS
MaTeMaTUu4YeCKUX METOJ0B B IICUXOJIOIO-IICAal'OTHYeCKUX MHCCJAeJ0BaHUAX, MOXKHO OTME-
TUTHb NPAKTHYIECKOE OTCYTCTBHE BHEAPpEHUA HOBBIX HAYYHbIX ,ZLOCTI/I}KGHI/H?‘I B O6ﬂaCTI/I Ma-
TEeMaTHYECKOW CTATUCTHKU W MaTeMaTHYeCKOro MOAeJupoBaHus B yuebHbIH Kypc. Co-
racHo uccaepoanuaM M.M. HOsbaimeBa, MOXKHO BBLIEIUTH OOBEKTUBHBIE, TaK U CyOb-
eKTHBHBbIE (DAKTOPHI, BIMAAIONNE HA HE3HAYUTEIbHYIO IKCTPAIOISINI JOCTHKEHHH CO-
BpeMeHHO# MaTeMaTHKH B 00pa30BaTeIbHBIN IPOIece: YMeHbIIeHe ayIuTOPHON HArpys3-
KH, OTBOJMMOM HA U3ydeHue y4eOHBbIX JUCHUILINH; TEOPETHICCKUN MaTepuaJ COBpeMeH-
HOW MaTeMaTUKHN NPEANoaraeT BbICOKOTO YPOBHS MATEMATUIECKUX 3HAHUN Y CTYIEHTOB;
CJIOYKUBIINNCS CTEPEOTHII COIePKAHUS YIeOHON IUCIUILINHDI, OTPasKeHHBI B yIeOHUKAX,
pekomergoanubix Y MO Poccnu [4, ctp. 56]. Oquum u3 cnocoGoB paspelieHus TaHHOTO
IpPOTUBOPeYns, cormacHo yreepxKaenuio A.Il. 3uHUeHKO, ABISETCS HEOOXOTUMOCTH CO-
BEPIIEHCTBOBaHUA COACPZKAHUA WU METOAUKHN HU3y4YeHUAd CTATUCTHKH U MaTE€MaTH4Y€CKOI'O
MOJIETMPOBAHNS B KadeCTBe He TOJBKO yIeOHBIX JMCIHUILINH, HO U HayKu [5, cTp. 7]. Hro
[I0/IPA3yMEeBaeT OPraHU3AIUI0 HAY IHO-HCCIe0BATEIbCKOM TedTeIbHOCTH 00y IaiouXCcsa B
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¢dopMe BBINOJHEHUA UMH KYyPCOBBIX M BBIIYCKHBIX paOOT, BRICTYILICHAA C JIOKJIAJaMH B
HAYYHO-TIPAKTHICCKUX KOH(MEPEHIINAX, YIaCTUs B KOHKYPCaX HAYIHBIX pabOT.

Cuenuduka npuMeHEeHUsT MATEMATHIECKAX METOJIOB JI/Is aHAJIA3a SMIHPHICCKUX JTaH-
HBIX, HOJIYYCHHBIX B PE3yJIbTaTe ICUXOJIOTO-TIEAr0OMMIeCKUX MCC/ICIOBAHUIMA, TTPOSIB/ISIeT-
€ B TOM, 9TO COBOKYITHOCTH JIAHHBIX, KOTOPasl TOABEPraeTCsd aHAIN3Y, XapaKTePU3yercs
OOJBITUM KOJIMIECTBOM TIOKa3aTeseil Pa3JndHbIX TUIIOB, UX BBICOKOW BapHATHBHOCTHIO
1O/ BJUAHHEM HEKOHTPOJUPYEMBIX CJAYyYalHBIX COOBITHH, HEOOXOJMMOCTBHIO ydeTa 00b-
eKTHUBHBIX U CYObEKTUBHBIX (PAKTOPOB, CJIOKHOCTBIO KOPPEISIUOHHBIX CBS3eH MexKIy
MOKa3aTeasIMHA BBIOOPOK. Pelllenme MaHHOM 3a/Jadd, B HACTOSIIEe BpeMs, TPAKTHIECKH
HEBO3MOYKHO 6€3 MCIOIb30BaHNS COOTBETCTBYIONINX COBPEMEHHBIX CIEIHATN3NPOBAHHBIX
CTATUCTUIECKUX KOMITBIOTEPHBIX mporpamm. Vcxomss w3 TpebOBaHUS WCIOIB30BAHUS B
y4e0HOM IpOIEecce UCKJIIOYATEJIHHO JIMIEH3MOHHOIO IPOIPAMMHOIO 00eCIedeHus U CO-
KpallleHHs TOCYIapCTBEHHOI0 (PHHAHCUPOBAHUS BBICIINX YUeOHBIX 3aBe/ICHHUH, B KaUecTBe
JIOCTYITHON CTATUCTUIECKOTO IMPOrpaMMHOro obecredenus s ooabimumHcTBa BY 308 Poc-
cuu pacemarpuaercss MS EXCEL. B nauuoit mporpamme npecraBieH 03HAKOMHUTETbHBI I
MUHUMYM KJIACCHIECKUX CTATHCTUICCKUX METOIOB U IPOIEIY]P, KOTOPHIl He 0OHOBJISLICS
B TIOCJIeHee BpeMsi. B To ke BpeMmst UCIOJIb30BaHNe MPoecCHOHATBHBIX BEPCHil COBpe-
MEHHBIX CTATHCTUYECKUX IAKETOB IPHUKJ/IAIHBIX IIPOrpaMM, HAIpEMep TakKuxX Kak Matrix
Laboratory, Statistica, STATGRAPHICS PLUS, SPSS, Stata, m3-3a ux ¢cTouMocT# B 06pa-
30BATEJILHOM MPOIECCe MPAKTUICCKU HE MCIO/Ib3yeTcs. U TO NPUBOANT K BO3HUKHOBEHUIO
MPOTUBOPEUNS MEXK/Iy BOCTPEOOBAHHOCTHIO CTATUCTUIECKUX METOOB B MPOIECCe OIMEHKN
s dexkTuBHOCTH 06pA30BATEILHBIX HHHOBAIINI U (PPArMeHTAPHOCTHIO (DOPMUPYIONTUXCS B
npoiiecce MpodecCHOHAILHOI0 00pa30BaHus IIPEJICTABICHUI O HUX, 00YCJIOBJICHHO! HEBO3-
MOXKHOCTBIO JIEMOHCTPAIUN aHAJHTUICCKUAX UCCIe0OBAHUM 1000 CJI0KHOCTH, B TOM YHC-
JIe TIOCTPOEHHST MATEMATUICCKIX HEJUHEITHBIX MO/Ie/1eil 00pa30BaTe/IbHOIO IPOLECCa.

Takum 00pa3oMm, aHaju3 COBPEMEHHBIX YCJOBUl MOJAIOTOBKH CTY/JIEHTOB K HPUMEHE-
HUI MATeMaTHIECKUX METOI0B B IICHXOJIOTO-TIEArOrHIeCKNX HCCAET0BAHUAX MO3BOJIII
BBISIBUTH, 9TO COJEPKAHNE COOTBETCTBYIOMNX yYeOHBIX JIUCIUILINH CPOUTCS C yYUIETOM:
1) mpodeccrnoHaIbHOM HAIPABIEHHOCTH H3YYaeMOr0 MaTepHaJIa, MPOSABJISIONIeHics B BO-
pOCcax, HEMOCPEJACTBEHHO BO3SHUKAIONIUX B OyayIeil mpodeccnoHaIbHO 1eaTe/ IbHOCTH, B
TOM YHUCJIE U B HEOOXOAUMOCTU HPUMEHEHHUS MATEMATHICCKUX METO/I0B B IPOIECCE OIECH-
K 3HEKTUBHOCTH UCIIOIb3YEMbIX 00PA30BATEIHbHBIX HHHOBAINH, IIONCKU OMTAMATbHBIX
perennii Tpu opraru3anun 00pa3zoBaTeJLHOTO Mpotecca; 2) dyHIaMeHTATFHOCTH, TO/I-
pasymMeBalonieit mocTpoeHue JaHHOM JUCIUIIMHBI C YYeTOM PACKpPBITHS IEJI0CTHOM cucTe-
MBI TEOPETHUYECKUX 3HAHUU IOCPEICTBOM pelIeHns KJIACCUIECKHX M IPOdhecCHoHAIbHBIX
3agad. [Ipu 3TOM HATO OTMETUTH, UTO COBPEMEHHBI 00Pa30BaTeIbHbIN MPOIECC OTHOCHU-
TEJIbHO PACCMATPUBAEMOil yueOHON MUCIHMILIMHBI CTPOUTCS MCXOAs U3 (hpparMeHTapHOCTH
dopMupyoImxcs B nporecce npodecCuoHaIbHOTO 00pa30BaHus MPeJCTABJIEHUNH O JIaH-
HBIX METOJaX, TaK KakK y IIperojaBaTe/eil HeT BO3MOXKHOCTH JIJId JIEMOHCTPAIMU BHE/I-
pPeHUs HOBBIX HAYYHBIX JOCTHKEHHI B 0OJIACTH MaTeMaTHYeCKON CTATUCTHKH U MaTeMa-
TUYIECKOTO MOJETUPOBAHUS, AHATUTHICCKUX UCCIEIOBAHUN JTI000M CJI0KHOCTH, KaK U3-3a
OTCYTCTBHS HEOOXOAMMOIO IIPOIPAMMHOTO 00ECIIeYeH s, TAK YMEHbBIIIEHHE TacOB, OTBO/IN-
MBIX JIJIs OCBOEHUST JTAHHON JUCITUILIITHEL.
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Metomuydeckne 0COOEHHOCTH IIPETOABAHNS BBICIIEN MaTeMaTUKN
CTY/IEHTaM MEepBOT0 Kypca

C. . Kanamuukona, H. A. Jlo6oma, A. E. Aprucesuu
Anpireiickmit rocyrapcTBeHHBIN yHHBepcuTeT, Majikon, Poccuns

Annomavuus. Ochosrnol npobaemoti cmyodenmos-nepeoKypeHuKos A6-
Agemes yuebnan adanmavyus. Om moz0, Kax ycnewmo ona npotidem 6o
MHO2OM 3asucum bydyuiee cmydenma. Aemopamu paccmompervs HEKo-
mopvle Memoduueckue NPUemMsl, Mo360AA0UE YNPOCTIUML GOCTPUA-
MUE MAMEPUAAL CMYIEHMAMU-NEPEOKYPCHUKAMU, TL03B0AUMD NPUCTLO-
cobumnves K HosvlM Hopmam 0O6yueHUA.

Methodical features of teaching higher mathematics to first-year
students

S.1. Kalashnikova, N. A. Loboda, A. E. Artisevich
Adyghe State University, Maykop, Russia

Muorue nepBOKYpPCHUKH HE T'OTOBBI K BOCHPHUATHIO HEIPUBLIYHO OOJIBIIOIO 0O0beMa
unopMalfy, U Halla 3aJlada — IIOMOYb OCBOMTbCS C HOBBIMH TE€PMHHAME, TEOPEMaMH,
HAYYHUTb KPUTHUECKU MBICIUTH, CTPOUTH IEMOYKH JOTHUECKUX paccyxKjaenuit. MHorma,
ecJIU TIO3BOJISIET BpeMs, B HadaJ/e U3JI0KEeHUs HOBOI'O MaTepHasia Ha MEPBOM Kypce lejie-
cOOOPA3HBIM CTAHOBUTCS OOCYZKIEHUE MaTepHuasia co cryaenraMu. lIpore HadyaTh JEeKIHUO
¢ JiaJiora 00 0ObeKkTe HaIllero MCCJeIOBaHUs U ILIABHO IIOJIBECTH CTYAEHTOB OT IIPOCTOrO
MaTepHaJa, MOKeT OBITh IIKOJbLHOIO, K 6oJjiee CJIOKHBIM BBIBOJIAM, 3aHHTEPECOBATH UX
OCTaBJIEHHOM 3ajaueil, U JJayke BOBJIEYb CTYIEHTOB B MPOIECC MOJYUECHUA Pe3yIbTAaTOB
JIAHHOI'O UCCJeJ0BaHusd. B 3ToM cilydae JieKIus 110/1y4aeTcsd OKUBJICHHON, JlaXKe I/1e-TO
JIYIITEBHOM, CTYJAEHTHI B KAKOW-TO MOMEHT HAYMHAIOT 4yBCTBOBATL C€Os MEPBOOTKPLIBATE-
Jggamu. U 910 MoxkeT pa3Oy/iuTh B HUX UHTEPEC K HayKe.

Hanpuwmep, B aiarebpe temy «Cucrembl JUHEHHBIX YPaBHEHUE» JIyUIIe BCEIO HAYATD C
peIeHusl CACTEeM M3 JIByX YpaBHEHU{l ¢ JIByMs HEeH3BECTHBIMH. BBINOIHUTDL rpadudeckoe
pemenne CJIY, momodpaB mpuMepbl, B KOTOPBIX MPSAMbBIE HaPAJIICIbHbL, IEPECEKAIOTCA H
COBIIAIAIOT. 3aaTh BOIIPOC O PEIIEHNH CUCTEM C TpeMs u 60jiee Hen3BecTHbIMA. CIIPOCUTH,
KaKue ele crocobbl peleHus 3HAIOT CTYAeHThI. Kcan B rpyiime mpucyTCTBYIOT BBITYCK-
Hukn PecnyO/imKaHCKO#M €CcTeCTBEHHO-MAaTeMaTHIeCKOM IKOJIbI, TO OHH MOI'YT BCIIOMHHTD
METOJI OIIpeIeTuTe/Iel, KOTOPBIi 00bscusaioT B 8 kiaacce B PEMIIL. Eciu nospossier Bpe-
Msl, TO MOXKHO TIOKa3aTh BLIBOJ, MeTo1a onpeaeauteeit aas CJIY ¢ nByMs Hem3BeCTHBIMU
u 3areM, He (hopMyaupyst Teopembl, moaydnThb (opmyasl Kpamepa mis CJIY ¢ n nems-
BECTHBIMU U JIOKA3aTh €JIMHCTBEHHOCTH 3TOro pemienus. [lociae 3Toro cdopmyanpoBaThb
camy TeopeMy Kpamepa. [IpojesraB Takyio paboTy COBMECTHO CO CTYJIE€HTAMHU, B IOCTOSIH-
HOM JIMAJIOTe, MOXKHO 3aUHTEPECOBATD MX J0KA3aTEeIbCTBAMHU TEOPEM H II0KA3aTh, 4TO ITO
He BCeraa CJI0XKHO, HO 0UeHb UHTEPEeCHO.

Ouenb M0JIE3HO TPOBOANTH AHAIN3 OMIMOOK, JOMYIEHHBIX TePBOKYPCHUKAME DU Ha-
MUCAHUU CAMOCTOATEIHHBIX padoT. Mbl akieHTupyeM BHUMaHUE HA TOM, YTO HEOOJIBIIHE
U3MEHEHHS B TEKCTe MOT'YT IPUBECTU K MCKAXKEHHUIO CMBIC/IA OIPE/IeJICHUS UJIH TEOPEMBI.
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PaccMmorpuM, Kak MEHAETCA CMBICJ OINpeJIe/IeHUs IepecedeHus JBYX MHOYKECTB, KOTOpPOe
CTYIAEHTHI Y3HAIOT Ha MepBOi JIEKIUH Kypca « OCHOBBI COBPEMEHHONW MATEMATUKU».

Nraxk, npenojaparesieM 661510 cchopMyIMpoOBaHoO ciejyioniee onpejesenne: «[lepecede-
HIEM JIBYX MHOYKECTB HA3bIBAETCSI MHOYKECTBO, COCTOSIIIEE M3 BCEX IJTEMEHTOB, IPUHAITe-
JKAIAX KazKJIOMY M3 MHOYKECTBY.

B uzokeHnn MHOTHX IEPBOKYPCHUKOB HA MaTEMATHICCKOM JIUKTaHTe (hOPMYTHPOBKA
HECKOJILKO UCKaXKaeTcsl, HO BBINISIUT IpaBaononooHo. Hanmpumep, nepBokypcHUKU hop-
MYJIEPYIOT CJIETyIOTIee:

«Ompeniestenne 1» TlepecedenneM JBYX MHOYKECTB HA3bIBAETCS MHOXKECTBO, BCE 3JIe-
MEHTBI KOTOPOT'O IPUHAIEKAT KayKJIOMYy U3 MHOYKECTB.

«Ompenenenne 2» IlepecevennemM IBYX MHOYKECTB HAa3BIBAETCS MHOYKECTBO, CO/EpIKa-
Iee BCe 3JIEMEHTHI, IPUHAJIeKAIINE KaYK/IOMY U3 MHOYKECTB.

Ha cienyromee 3angarue obcyzkaaiorcd 3TU (pOpPMYyJIHUPOBKHU, BLISICHAETCS, JOIYCTH-
MBI JIH Takue u3MeHenud. «Oupenenenne 1» He NIpUHAMAaETCsS KaK IMPABUIBHOE, T.K. €CJIH
pPaccMOTpeTh COOCTBEHHOE IOJIMHOXKECTBO IepecedeHust JIBYX MHOXKECTB, TO OHO BIOJIHE
mOAXOAUT 1O/ 3Ty hopMysinpoBKy. [locsie npuBeennst KOHKPETHOTO pUMEPa, CTYIEHTHI
COTJIAINAIOTCS, ITO MPUBEIEHHOE UMU OIPese/IeHne HEKOPPEKTHO.

Hasee, mpejraraercss 0OCYJIUTH «OIpeIeJeHIe 2, U X0/ JIUCKYCCUU ITPUXOIUM K BbI-
BOJy, UTO IIOJI 9TO OIpejeaeHue MOAXOIUT MHOXKECTBO, coJepKallee IepecedeHne JIBYX
JIAHHBIX MHOZKECTB, 3HAUUT, TaKas (DOPMYJIUPOBKA TaKKe He TPUHUMAETCH.

g Gojiee riiybOKOro OCO3HAHUS HOBLIX MOHATHII ¢ MEPBOKYPCHUKAMU Ha ITPAKTH-
YEeCKUX 3aHSITUIX WHOTJA TMPOBOANM HebobImoi «Maremarndeckuii 6oiiy. BrizbiBatorcst
JIB& CTYJEHTa, OJUH U3 HUX OYIeT JOKJIAQTIUKOM, BTOpPO#l — omnmoneHToM. [lepBblii gaer
GOPMYIUPOBKY NPEIT0KEHHOMY TOHATHUIO, BTOPO# COIVIAIIAETCsS U OIPOBEPraeT, MpH-
BOJISI COOTBETCTBYIONUI KOHTpHpuMep. Takue 3/IeMeHThl TPl HA 3AHATUH [TPOOY K0T
uHTEepec u 0oJIee OCOZHAHHOE OTHOIIEHUE K M3JI0YKEHUIO CBOUX MBIC/IEH

[Ipu uszydenun audpdepeHnua bHOTO UCUUCICHEA, 0C000e BHUMAHUE MOYXKHO YIEIUTH
npuMeHeHuio npapuia Jlonurang. CTyaeHTh JJOCTATOYHO OBICTPO OCBAMBAIOTCS C TEXHU-
KOIi ero mpuMeHeHHusI, T. K. HAXOJIUTh ITPOU3BOIHYIO KM TOpPa3I0 MPOIIe, YeM HCIO0Ib30BaTh
pa3/indHble TPUEMbl BbIYUC/IeHuS npeaeaoB. s Toro, arodbl 0OpaTuTh eire pa3 BHH-
MaHWe Ha BO3MOYKHOCTH ITPUMEHEHWS JTaHHOTO MPABU/IA MOYKHO MPEIIOKATH BBIUUCIUTH
LPEeIEI: xh_):rgo Lsinz
Ecin cTyaeHThl IBITAIOTCS BHIUUCAUTD €r0 ¢ MOMOIIBIO MpaBuIa JIomuTamis, To moIy-

. lipn TEsinz 134, Ltcox
sanor caeayiomee: lim S50 = lim 725

Hetpyano yoeuTbes, 9TO MOCASHUAN HpeJIesT He CYIIEeCTBYET, i HAIPAIIHBACTCS JIOZK-
HBIH BBIBOJI, UTO Ipejiesia OTHOIICHHS JTAHHBIX (DYHKIUN Takxke He cymiecTByeT. Ho, Bep-

. . . T 1+sinw

HYBIIUCH K MCXOJTHBIM JaHHBIM, TogydaeM: lim ZHRT — iy M =1.

x—yo0 TTSIOT 2500 x(lf—s‘nz)
x

CpaBHuBag MOJYyYEeHHbIE OTBETDI, CTYAEHTHI OTKPBIBAIOT s cebsi, 9TO U3 CYIIECTBO-
BaHUsl [PEJEa OTHOMIEHUS HPOU3BOAHBIX CJIE/LYET CYHIECTBOBAHUE IIPEjesia OTHOIICHU
dyukiuii, Ho He HA0OoOpOT. B pesynbrare GoOpMyIUPOBKA TEOPEMbI JIYUIe YCBAUBACTCH.

Takum 06pa3oM, HA 3AHATUAX CTYJICHTHI BOBJIEKAIOTCA B HEOOJIBIIYIO UCCIET0BATE/b-
CKYIO paboTy, B pe3y/IbTaTe KOTOPOil y HUX IMOCTeNeHHo (hopMupyeTcs noTpedHoCcTh Hoee
BHHUMATE/IHHO OTHOCUTHCS K MAaTEMATHICCKUM MOHITHAM U (DaKTaM.
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O6 ypoBHe TpeboBaHMIIT 1 KadecTBe MaTEMATUIECKOTO
obpa3oBaHugd

B. A. Jlazapes
Kyb6anckuii rocynapcrsennbiii yuusepcurer, Kpacnogap, Poccus
K. B. Jlazapes
HOY HCO «ObpaszoBanue», Mocksa, Poccus

Annomauus. Ocobyio posb NPu USYYEHUU MAMEMAMUKY UPaem A0~
2uneckoe MulAeHue. ABCparmHocms Mamemamuku noposxcdaem eé
YHUBEPCANDHOCTD U MPYIHOCMU NPU USYYEHUU. DMO CKA3VBAEMCA HA
yposre mpebosanuti. B cmamuoe obcyostcdaromes npobiemot YposHa mpe-
bosaHUll U KaGYECmEa MAMEMATUYECK020 00PA308AHUA.

On the level of requirements and the quality of the mathematical
education

V. A. Lazarev

Kuban State University, Krasnodar, Russia
K.V. Lazarev

NOU CSO "Obrazovanie”, Moscow, Russia
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M3ydenne MaTeMaTUKd OTJIMYACTCS OT U3YyUYEHUs JAPYTUX MPEJIMETOB, MIPEXKJIE BCEIro
TeM, UTO B HeM 0cOOYIO POJIb UI'PAET JIOTHIECKOE MBIIILICHUE. 3aHATHS MATEMATUKOR ydaT
JeJI0BeKA AyMaTh, IPUYYAIOT IPU PEIleHNH BO3ZHUKAIONINX 33J1a4 OTOPAChIBATH HeCyIe-
CTBEHHBIE JIETAJU U HE IpeHedperaTb TeM, 9TO MMeeT NMPUHIHNHAJIbLHOE 3HAYeHWe, YIUT
PUHUMATH 0DOCHOBaHHbBIE perieHus. B ommdne oT GpU3MKM, XUMUH, acCTPOHOMUU, OUO-
JIOTUHU, MEJIUITUHBI, UCTOPUHU, reorpaduu, SKOHOMUKH, COIMUOJOTUHA U JIPYTUX JIUCIHILINH,
KOTOpBIE MMEIOT JeJ0 C pealbHbIMH OObEeKTaMU, MaTeMaTHKa IpeicTaBjser coboil ab-
CTPAKTHYIO HayKy. AOCTPaKTHOCTH MATEMATHKH MOPOXKIAET €€ yHHBepcaabHOCTH. Oco-
OEHHOCTH MaTEeMATHYIECKOr0 00pa30BaHus OOBSICHAIOTCA CAMOH CYNTHOCTHIO MAaTEMATHKI
[1].

N3BecTHO, 9TO KavecTBO 0Opa30BaHUs ONpPEIe/IseTCs ero HAHOHAILHBIMEA CTAHIAP-
TaMu, y9eOHBIMHU IJIAHAMY, YIeOHBIMU MPOTPAMMAMU JUCIHUILINH, TPO(hECCHOHATBHBIM
YPOBHEM IIKOJIBHBIX YUHTEIeil U UCIOJIb3YyeMbIMHU IIKOJIBHBIMU YUeOHUKAMHU, CTaOUIBHOMN
cucTeMoil 0Opa30BaHMUsI.

HeknaparuBao Bce pecdopMmbl obpa3oBaHus HalleJeHbI Ha yiydlleHue KadecTa. Ho
HCCIeIOBAHUS JTAIOT MHYIO KapTUHY, IONBITKH pehopMUpOBaHUs oOpa3oBaHus 0e3 uc-
[IOJIb30BaHUS UMEBIIErOCs OIbITa IOKA3bIBAIOT OECILIOIHOCTD 3TUX pedpopMm. TakoBbl ObLIK
nociae Okrssbpbekoit peposonnu 1917 roga (1917-1930rr.), Korga Hadaaoch pedopMHuPO-
BaHUE CPEHETO 00PA30OBAHUS <TI0 3/[PABOMY CMBICIY» TOT'O BPEMEHH.

Ha Bropom srame (1930-1960rr.) wHaycTpraau3aysi cTpaHbl BbIHYIHIA pedhopmaro-
pPOB 00pATUTHCA K OOraToMy HAKOILIEHHOMY OIBITY IOCTAHOBKKH OOpPa30BaHUsA B JIOPEBO-
JormonHoi Poccun. Bolita B3dTa 3a OCHOBY CHCTEMA, IPUHSATAs paHee B CPeIHUX YIeOHBIX
3aBeJIeHUAX (TUMHA3UAX, PEATHHBIX U KOMMEPUYECKUX YIMIUINAX, KaJEeTCKUX KOPIYCax).

Eciim oTBI€YbCS OT UIE0JOIHYeCKOi HANPABJICHHOCTH 00Pa30BaHUs TeX JIeT, TO B OT-
HOIITEHUU €CTECTBEHHOHAY YHBIX U MATEMATHYeCKUX JUCIUILIINH ObLI JOCTUTHYT HEOOXO0/11-
MBIt BHICOKUH YPOBEHD CpPEIHEr0 00pa30BaHUsl, MAMSITHO BPeMsl, KOTJIA MIKOJbHUK, OKOH-
GBI OOBIYHYIO (& He 3JUTHYIO) IeCATUICTHION MTKOTY, MOJIYYajl 3HAHU W TIPHOOpeTa
KYJIBTYPY MBIILICHU.

B pesyabrare BbicHIne y4ueOHBIE 3aBeeHUs TeX JIeT UMEJIU BO3MOYKHOCTH I'OTOBUTH
1 (PaKTHIECKH TOTOBUJIU BBICOKO KBAJIH(MUIHUPOBAHHBIX MPO(ECCHOHAJNOB 0 CIEIUAIhb-
HOCTSIM, HYKHBIM JIJISI HAPOJHOTO XO3d#CTBa, /IS PAa3BUTHSA HAYKM U TeXHUKHU. BakHO
OTMETHTH, 9TO y4ueOHas HAIPY3Ka MKOJIHHUKOB B COBETCKOIT IITKOJIe KOHITA TPHIIATHIX Ha-
qaJjia MSITHIECATHIX TOMOB ObLIa CIJIAHUPOBAHA TAKUM O00PA30M, 4TO JlayKe MPHU HAJTHIUN
MEePEBO/IHBIX €XKETOAHBIX YK3aMEHOB B CJICAYIONINI KJIaCC, HAYUHAS C MATOTO, HU O KAKOi
Ieperpy3kKe pedr He BO3HUKAJIO.

Ha tperbem srarne (1960-1990rr.) Hagaauck pedopmMbl 06pa3oBaHusi, CBsI3aHHbBIE, TPEK-
Jie Bcero, ¢ npodpeccuoHaan3anueil, XuMu3aueil U MoJUTeXHU3aIueil cpeIHei MKOIbI pe-
dopMbl 6e3 1oKHOTO obecrevuenns. Kak caeacTBie HAYAINCH COKPAIICHUS KOJIUIECTBA,
JACOB B HEJIEI0, OTBOJMMBIX HA M3yUEHHE MATEeMATHKH, (DU3UKHU, PYCCKOTO SI3BIKA W JIM-
TepaTyphl.

Yerséproiii sTan (¢ Hagaga 90-x). [TlepmMaHeHTHOe CHUKEHHe KadeCcTBa CPeHero oopa-
30BaHUs M KaK CJEJICTBHUE TPYIHOCTH TOATOTOBKH KBAJTU(DUIIMPOBAHHBIX CIIEINATUCTOB.

Cpeiasis KO/ TEPecTaia He TOJBKO JaBaTh 3HAHMUS, HYKHBIE JIJTsT TPO/TIOJI?KEHUsT 00-
Pa30BaHUA B BBICIINX YUeOHBIX 3aBEJICHULAX, HO U IIE€PECTAIa BOCHUTHIBATH HEOOXOIUMYIO
JIJISE 9TOTO KYJIBTYPY MBIILICHUs, HPABCTBEHHOE IOBEIeHIE U OTBETCTBEHHOCTD. [loauepk-
HEM, UTO, TOBOPs O KPHU3UCE COBPEMEHHOTO cpejHero oobpasoBanus B Poccum, MbI nMeeM
B BHJIy 0011€00pa30BaTEIbHBIE CPEHUE ITIMKOJIBI, KOTOPhIE COCTAB/ISIIOT OCHOBHYIO 9aCTh
cpenHnx yueOHBIX 3aBegeHnii. K coxkayieHno, paccyzaas O MOAepHU3anuu, OOIBIIEro
Bcero oocyzK ralorcd (hOpMbI Opranu3aIuu 00pa30BaHud, a He ero CojleprKaHue.

194



IIT OCEHHUE MATEMATWUYECKHWE YTEHUS B AJIBITEE

[IporcxomuT 3aMeHa HM3yUYeHHS IIPeJIMeTa O3HAKOMJIEHHEM C €ro COJep:KaHHeM, 9TO
SIBJISeTCST (PAKTUIECKH 3aMeHOH MHTeHCHBHOI'O MeTOIa 0OYyUIeHUs] IKCTeHCUBHBIM, KaK OBl
He YTBEeP:KIaJ0Ch IPOTHBOIOI0KHOE MHOTHME CTOPOHHUKAMI ITPOBOIUMOM «MOI€PHI3a-
Uy CpeaHero oopasoBanus. MeToa 03HAKOMJIEHHS C IPEIMETOM BMECTO €r0 H3YUeHHSs
IMPpUHOUIINAJIBHO HE IIPpUTOAECH JJId HaYIYHO-€CTECTBEHHBIX JUCITUIIJINH, TaK KaK C €TI0 IIOMO-
MbI0 HEBO3MOZKHO OBJIAIeTh JazKe dJeMeHTAPHBIMH METOJAMH, JeXKAIIUMI B X OCHOBE.
Ectb u apyras onacHas TeHJEHIINs JUHAMUKY Hallero obpasoBanus (KAK CPEJIHEro, Tak
¥ BBICITIET0), OHA COCTOUT B TOCJIEJI0BATETLHOM CHCTEMATHYECKOM CHUZKEHUH TPeGOBaHMUI,
MpeAbABIACMbIX K 3HaAHUAM YYallUXCHd. B KOMIIOHEHTY CTaHAapTOB HE BONLILJIA Tpe6OBa—
HUs 3HaHUA (DOPMYIUPOBOK ONPEIEIEHNUNH OCHOBHBIX MaTeMaTUYeCKUX MOHATHI, 3HAHUS
CbOpMyJ'II/IpOBOK TeopeM M YMEHHdAd UX JO0Ka3blBaTh, YMEHUA BBLIBOJUTH MaTE€MaTUYECKHE
G OpPMyJIBI, BXOAAIIHE B IPOrpaMMy, TO eCTh TpeOOBAHUA BCEIO TOrO, YTO SIBJISETCS IPUH-
IMUTHAJLHOK OCHOBOM MaTeMaTHIecKoro Meroja. OTka3 oT TpeboBaHUs YMEHU JTOKA3bI-
BaTb INKOJIbHUKaMM BCEX TEOpeM, BXOAJdIIUX B IIPOr'paMMbI, OTMEHa YCTHBIX I9K3aMEHOB,
ImepeBOAHbIX N3 KJIaCCa B KJIAaCC, BBIITYCKHBIX IO OKOHYaHHUH HIKOJIBI U BCTYIIUTEJILHBIX IIPH
npuéMe B BY3bl HAHECU SIBHO OINLyTHMBIH BpPEJI KAUYeCTBY CPEJHEr0 00pa30BaHuUs.

JlobaBuM, 9TO IPOIOI2KEHNE CHU?KEHHS Y POBHS IMIKOJIBHOIO MaTEMATHIECKOTO 00Pa30-
BaHUsI, IPEXKIE BCET0, 0OYCIOBIEHO YMEHbIIeHHEeM KOJUIeCTBa JaCOB B HENEIIO, OTBO/IN-
MbIX B yqe6HbIX IIJiaHaX Ha U3ydYeHUue MaTeMaTHUuKU. HO CpaBHECHUIO C y‘{e6HbIMI/I IIJIAHAMH
KOHIIa TPHUANATBHIX Hada/Jla HNATHACCATBIX I'OAO0B IPOIILJIOIO BEKa 9TO KOJIUYIECTBO YMECHb-
MMAJIOCH WHOTAA TOYTH BIBOE. YXYIINIEHHE KAUecTBa CpeaHero o0pa30BaHUS HEMHHYEMO
BJIedeT 3a co00#l CHMKEHHe YPOBHS MpO(ecCHOHAIbHON MOATOTOBKH B BBICIIHX yIeOHBIX
zaBesienngx. CHuKeHne NpodecCHOHATBLHOTO YPOBHS BBIIIYCKHUKOB BBICIIUX YI€OHBIX 3a-
BEJICHUI TPOMCXOINT TAKyKe B 3HAYUTE/JHHON CTEIeHH B pe3yabrare ocaabaeHus hyHia-
MeHTaJILHOM’ IMOJATOTOBKH CTYJAE€HTOB — CHU2KCHUA Ka1€CTBa U3YyUYCeHUA Ha MJIaJHINX KypCaX
CI)I/ISI/I“IGCKI/IX 1 MaTeMaTH4YeCKUX JUCITUIIJINH.

O TpeboBanuax. O0CykKaasd KadyecTBO MaTEeMaTHIECKOTO OOpa30BaHUSA, €CTECTBEHHO
HOIHATH MPOOJeMbI CBA3aHHBIE ¢ TPeOOBAHUSAMHU K YIaCTHHKAM 00PA30BATEJBHOIO IIPO-
mecca: mpernoaaBaTeIsiM, YUNHOBHIKAM, OTBeJAIOIINM 3a (DUHAHCOBOE obecievdenne o0pas3o-
BATEJbHBIX YUPEXKICHUH BCEX YPOBHE, 3a YPOBEHb 3apabOTHOM IIAaThl HpernogaBareei
1 BCIIOMOIaTeJIbHOTO MEpPCOHAa, 38 MHU3EDPHBIE CTHIEHINN W HPABCTBEHHOE BOCITHTAHIE
MOJIOJIEZKH, 32 COOTHOIIEHHE CTYJEHT /TPenojaBaTesib, a COOTBETCTBEHHO, U (hUHAHCHPO-
BaHHe YHUBEPCUTETOB U T.JI.

JTumepamypa
[1] JI.I. Kyapsieues. O6pazosanue u HpaBcTBeHHOCTH. — M., [TATIMC, 1994.- 96 c.
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Jlazapes B. A., j.n.n1., 3aseaytonuii kadeapol Teopun dynknuit Kyol'y,
victor_lazarev@mail.ru.

Jlazapes K. B., pykosoanresns npoekra HOY [ICO «O6paszopanmues,
K lazarev@Qmail.ru
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“YrupaBagamoe nnepeoTKpbiTHE” B 00y4deHUU JWHENHOI aaredbpe

. C. Cadyanon

MockoBcKkuii TOPOJICKON Melarorndecknit ynupepcurer, Poccus

Annomayus. B pabome onucweaemcs, KaK <Yynpasaiemoe nepeom-
kpoimues (npuem, ssedennniti I. @potidenmanem u bauskud ¥ 2enemu-
YECKOMY N00L00Y) MOHCHO NPUMEHUMD 6 00YyueHul AUHETHOT anrzeb-
pe. Paccmampueaemces npunyuns, nocmpoerus Kypca, nocaedosamens-
HOCMb €20 UBYHEHUA, G MAKICE NPOEKMUPOBAHUE NPOUECCH U3YUEHUA
AURednol 3a6UCUMOCTIU.

”Guided reinvention” in linear algebra teaching

I.S. Safuanov
Moscow City University, Moscow, Russia

B pa6ote [1| MBI omucain, Kak MOXKHO HCIOJIB30BATH "VIPABIsieMOe MEPEOTKPBITHE”
(“guided reinvention”) B 06yueHHH HEKOTOPBIM pa3jenaM abCTPAKTHO aarebpbl, HATPHU-
Mep, g GOPMUPOBAHKSA Y CTYIEHTOB MOHATHII HOPMAJILHON NOATPYIIEl U (haKTOP-I'PYI-
Ibl, & TakKe maeana u (PaKTOp-KOJbia. HacTosimast 3aMerka MOCBSIINEHA HCIOIb30BA-
HHUIO «YIPABISIEMOrO IePEOTKPHITHA> IIPH 00YIeHNN HEKOTOPBIM pa3esaM JHHEeHHON aJl-
reGpbl. TepMuH «yOpaBiseMoe HepeoTKpbiThe» BocxoauT K . @poiigentarto [2| u 6iu-
30K K TeHeTHYecKoMy MeTojy [3]. B mocientee BpeMst MOSIBHIUCH PAbOThI, TOCBSIIEHHbBIE
«YUPABJISEMOMY TIEPEOTKPHITHIO» B 00y YeHnH JuHeiiHOi anrebpe, Hanpumep, 4], onnako,
Ha HAIl B3IJISJ, B 9TUX paboTax MCIIOJb3yeTCsl TaKOW BapPHAHT <«YIPABJIsIEMOTO TEpPeoT-
KPBITHSA», KOTOPHIIl BCE Ke MMeeT CYIECTBEHHbIE OTJIMYUA OT I'e€HETHIECKOTO IIOIXO0JIA.
Ecau renermdeckuit moaxom Tpedyer, 9ToObI 00yUeHHe CIe0BAI0 eCTeCTBEHHBIM Iy TSIM
IPOUCXOKIEHNUsT 3HAHUE (MIPUIEM HEOOSI3aTeIbHO (DAKTUIECKOMY MCTOPUIECKOMY TYTH),
TO «YIPaB/sieMOe MEPEOTKPHITHEY B pabOTax 3apyOeKHbIX HCCAe0BATEe], CIeIy0nux
sastoxkenHoMy Ppoiinentanem u ['paBemeiiepom [5] Teopernaeckomy Hampasienunto RME
(«Peasmcruyeckoe MaremMaTHaeckoe 0O6pa30BaHUe» ), CBOJANUTCS K WMCIOJb30BAHUIO «HOp-
MHpPYeMBIX Mozeseit» (emergent models [5]), rie HeCKOIBKO HCKYCCTBEHHO MOJCTHPYETCS
IPOIIECC OBJIAJIEHUS MATEPUATIOM.

Basaua Hacrosmeil paboThl — MOKA3aTh, KAK B Kypce JTMHEHHOH aarebpbl (st mmejia-
TOTHYECKUX BY30B H YHHUBEPCHUTETOB) HCIOJIB30BATH «YIPABJISIEMOe MEPEOTKPHITHE TaK>»,
9TOOBI POIECC OBJIAICHUS] 3HAHUSIMA CJI€J0BaAJI HAKMOO0J/I€e €CTECTBEHHBIM IIYTSIM HX [PO-
HCXOXKeHHs (He CBOJS 9TO K MCTOPHYECKOMY TYTH). DTO OCOOEHHO BayKHO B OOYyUYeHHH
6y,ZLyH_[I/IX qu/ITeﬂeﬁ MaTEeMaTHUKU, ITOCKOJIBKY MOXKET YCOBEPINEHCTBOBATH UX B3IJVIAJbLI Ha
MaTeMaTuKy u eé npenogasanue [6].

J11s1 BBITIOTHEHU ST TIOCTABIEHHOM 33,/1a11 MBI CHAYaJIa yKaykKeM HanboJiee, Ha HATIT B3TJISI,
1e/1eCO00PA3HYIO MOCAE0BATEIBHOCTD MPOXOXKICHIS MaTepuaJia, a I0TOM — CIIOCOOBI 00y-
YeHUsI HEKOTOPBIM pa3eaM MpeaMeTa.

ITocnenoBare/ibHOCTD M3y4YeHUdA Kypca JUHEHON ajirebpsnl.
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CJ10:KHOCTD IJIAHUPOBAHMS KYypca JUHEHHOH aaredpbl 3aKII09aeTCs B TOM, UTO €r0 ¥Ke-
JIATEJILHO IPOXOIUTEH Ha HAYAJIHLHOM dTame 0OydYeHus B BBICIIEH IIKOJIe, paHee JIPYTUX Ma-
TeMaTuIecKuxX KypcoB. OHAKO, HAIIPUMED, TIOHATHE JIUHEHHOrO (BEKTOPHOTO) TIPOCTPAH-
CTBA YZKe SBJISIETCS JOBOJIbHO CJOXKHBIM U aOCTPAKTHBIM U jlazKe 00J1ee IPOMO3JIKIM, YeM,
HAIIPUMeEp, MOHATHE IPYIIIbI, U /I TOJHOIEHHOTO OBJIaJIeHus TPeboBaIo Obl CephE3HOro
MaTeMaTnaeckoro dbynmamenta. To ke Kacaercs JUHEHHBIX oTOGpazKeHuii (mpeobpaso-
BaHWii, oneparopos). BecbMa aGCTPAKTHBIMU M CJIOKHBIMHU JIJIsT IOJTHOTO OBJIQJICHUS SIB-
JSIOTCST TIOHSITHSI JTUHEHHOH 3aBUCHMOCTH (HE3ABUCHMOCTH) U CBSI3AHHBIE ¢ HUM HOHSITHS
JIMHEHOH 000/104KM, 0a3uca, pa3MepHOCTH.

CytiecTByI0T pa3/imdHble MOJAXO0/Abl K pPa3peniennio ykasanuoix mnpobem. Hamnpumep,
710 60-x To10B 20 BeKa B yHUBEPCUTETAX U ME/IBY3aX IIPEoJaBaHue Kypca BhICIIeH aaredpbl
Besioch 1o yuebrnky A. I. Kypormra [7], B Koropom pasmen mo amHeiHO# anarebpe, ¢ Ko-
TOPOT'O ¥ HAYMHAJICS BECh KYPC, YUTAJICA B JOBOJHHO €CTECTBEHHOM IOC/I€/10BATE/IbHOCTH.
CHauajia mOKa3bIBAJIOCh, KAK CHCTEMbI JJUHEHHBIX YPaBHEHUH (¢ IeHCTBUTETbHBIMEI KO-
bunmeHTaMI) PENIAITCS METOJOM MOCIeIOBATEIBHBIX HEU3BECTHBIX. DTO €CTeCTBEHHBIM
00pa3oM IPUBOAUIO K (popMysiaM Jijisd OLpeieiuTe/Iell BTOPOTO MOP/IKA U COOTBETCTBY-
oM popmyaam Kpamepa, a moTom m K OnpeseuTesiM TpeThero mnopsjaka. Crporoe
olrpejiesieHue ompeeauTe/ el Ipou3BOJIbHOI0 IOPIKA BBOIUIOCH C IIOMOIIBIO II€PECTAHO-
BOK, YTO BCE Ke YCJIOKHAJIO KYPC IMOYTH C CAMOr0 HaYaJIa.

[lozamee, B cemuaecaTrsie Toabl, Ha MexmaTe MI'YV Oblina nmpuHgaTa HOBas IIpPOrpamMMa,
rje JimHeiiHas aaredpa mpenojgaBaJach B OTJAEJILHOM Kypce Ha BTOPOM cemectpe. Tem He
MeHee, B KypCe BbICIIell ajireOpbl IEPBOr0 CeMeCTpa pacCMaTPUBAJIMCH KaK METO/Ibl peliie-
HU$ CHCTEM JIMHEHHBIX YPABHEHUH, TaK U MATPHUIBI C OUPEJICTUTEAMU, IPUIEM yZKe Ha
MEPBBIX JIEKIUIX €CTECTBEHHBIM 00Pa30M BBOJIUJIUCH OIPEICTUTE/H BTOPOTO H TPETHEro
HOPAJIKA U YKA3bIBAJIOCH, YTO IO HMHJYKIUH IOHATHE OIpEAeJHTEs] MOHO ODOOINHUTL |
Ha Gosiee BbicOKHe mopsiiku [8]. Takzke B MEPBOM ceMecTpe PaccMATPUBAINCH aprdMe-
TUYECKHE BEKTOPHbBIE MPOCTPAHCTBA (HAJ TMOJIeM BEIIECTBEHHBIX uuncen). B yueOnuke JI.
A. CkopuskoBa JmHeitHast ajredbpa MepBOTO CEMeCTPa CTPOWIACh 03 BBEJIEHUS MOHSITUS
JMHeRHo# 3aBucnmocTn [9).

Jlnga nmemarormyueckux ke BYy30B Kadeapoit Boicieii aaredpsr MI'TIN umvenu B. Jle-
unaa Bo miaase c¢ JI. . KymukoBbiMm Obl1a pazpaborana mporpamMma, B KOTOPO Iarke
HPOCTERIUM deMeHTaM JIMHeHHo# aareOpbl IIPeIIIeCTBOBAIN Pa3/Ie/ibl, HOCBSIIICHHbIE
dJeMeHTaM MaTeMaTHYeCKOH JIOTUKH, TeOPUU MHOYKECTB, OTHOIIEHUH U 0TOoOparKeHwuii, a
TaKzKe BBEJIEHUE B TEOPUIO aJIredpanydecKuX CUCTEM U OCHOBHBIX YUCJIOBBIX cucreMm. Takoe
IJIAHUPOBAHUE TPEJICTABIACTCA 1eeCO00pa3HbIM, OJHAKO, HA HAIl B3TJISAJ, TIPU ITOM HE
caejlyeT yBJIeKaThesa (hopMaaIn3MoM, KOTOPKIi ObLI IPUCYII, HAIPUMED, YIeOHUKY CaMOro
JI. 4. Kymmkosa [1].

Tax niu wHade, Mpu J1IIOOOM paCIOJIOKEHUU Kypca JTUHEHHOR aaredpbl UK IOCBSIIEH-
HBIX eff pas3yesoB o0IIero Kypca aaredbpbl Mbl CIUTAEM 00sS3aTEJILHBIM IIPeIBaAPUTEIHLHOE
u3ydeHue CJaeayIONuX JIeMEHTOB:

1) OcHoBHBIE TOHATHS ¥ 0D03HAYCHUS] MATEMATHIECKON JIOTUKH U TEOPUU MHOYKECTB
(BkJIO9as cBejenust 06 0OTOOPAKEHUSIX );

2) MeTo MATEeMATHIECKOH HHILYKIUH, WHYKTUBHBIE OIPEIeICHUsI, COKPAIIIEHHAST 32~
UCH CYMMUPOBaHUS;

2) IIpocreiinme cBenennst 06 aaredbpanvecKux olepanusax, IPynnax, KoJablax 1 MoJIsIX.

Jlamee MOXKHO BBECTH MATPHIBI, BEKTOPHI (KAK YaCTHBIE BBl MATPUIL — BEKTOPbI-
CTPOKH ¥ BEKTOPBI-CTOJIOIbI ), THHEHHBIE OLeDAINU HaJl HUMH, U CPa3y UCHOJIb30BATh MaT-
PHITHI JJIsI PEIeHnsT CHCTeM JIMHeHHBIX ypaBHenuii meronom zKopmana — laycca (kormga
paciIupeHHas MaTpHUIla CUCTeMbl Ipeodpa3yercd K IPUBEJICHHOMY CTYIEHYATOMY BHJLY
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— ¢ HyJsIMH KaK HEKe, TaK W Bbillle KO3hUIUEHTOB OPU [JIABHBIX HEM3BECTHHIX ). DTO
MOXKHO HCHOJIB30BATh TaKKe JJIsl BBIBOJIA CIIOCODA BBIYUCIEHWsT OOPATHOH MATPUITHI (KO-
[JIa 9TO BO3MOXKHO). 3aTeM CTPOUTCSI TEOPHUS PEITEeHUs] OJHOPOIHBIX CHCTEM JTHHEHHBIX
ypaBHEHUI B TePMUHAX BEKTOPOB, BBOJIUTCS NMOHATHE (DYHIAMEHTAILHON CUCTEMbBI pellie-
Huii. JIuIe 1mocjie 3Toro Mbl BBOJUM ONPEEIUTE/ I, MOTHBADPYS UX BBeJCHUE OOBITHBIM
obpa3oM — pelasg cHavdaja CHCTeMY W3 JBYX JHHEHHBIX YPaBHEHUU C IBYMS HEH3BECT-
HBIMHU, TOTOM — U3 TPeX YPaBHEHHU ¢ TpeMs HeW3BeCTHBIMU W TI0 WHAYKIUU 0000TIas
crocob MOCTPOEHUs OTpeIeIUTe el TTyTeM Pa3IOoKeHUs 10 HepBoil cTpoke (TakuM obpa-
30M, Ha 9TOM 3Tale MOXKHO 000fiTHCch 6e3 BBEJEHHs epecTaHoBOK U ux cBoiicTs). [Tocse
9TOT0, BCe eIlle He BBO/ISA MOHATHUS JUHEIHON 3aBUCUMOCTH, MOZKHO BBECTH MOHATHE PAHTA
MaTPHIBI KaK YNC/a HEHYJIEBBIX CTPOK B €€ CTYINeHYaTOM BHUJIE, a TaK¥Ke CIOCOD ero Bbl-
YUCJIeHUS MeTOJIOM OKAUMJISIONUX MIHOPOB. Tak MBI IpuxonM K Teopeme KpoHekkepa-
Kanesumu. [locae sToro MoKHO BBeCTH cOOCTBEHHBIE BEKTOPBI U COOCTBEHHBIE 3HAYEHUS
MaTpuUIpl (ere He BBOJIsI MOHSTUS JIHHEHHOTO peobpa30oBatusd ), T0OKa3aTh CII0CO0 HAXOK-
JICHUS BCEX COOCTBEHHBIX BEKTOPOB, OTHOCAIINXCI K OJHOMY COOCTBEHHOMY 3HAYEHUIO, C
MOMOTIBIO (PYHIAMEHTAILHONW CUCTEMBI PEIIEHUN COOTBETCTBYIONIEH CHUCTEMbI JIMHEHHBIX
YPaBHEHUH.

Mper onucanu 3/1ech BBOIHYIO YacTh Kypca JUHEHHON airedpsl, KOTOPYIO B JTIOOOM CITy-
Jae MOXKHO ITPOXOJIUTh Ha MEPBOM KypCe UJIU JazKe B IIEPBOM CeMecTpe, He HCIOJIb3yd HU
HOHATHUS JUHEHHON 3aBUCUMOCTH, HU JIMHEITHBIX IPOCTPAHCTB U JIMHEITHBIX 0TOOpaXKeHuil,
HU TEePeCTaHOBOK M WX CBOMHCTB.

Opirako Oosiee CJI0YKHBIE MOHATHUS JAJbHEHIIero Kypca, B 9aCTHOCTH, TOHSTHE JIU-
HEHHON 3aBUCUMOCTH, JIJIsi TIOJTHOIIEHHOT'O U TUIYOOKOTO YCBOEHUS TPEOYIOT yIpaBasgeMOro
«IIEPEOTKPBITHA» € MOMOIIBIO THIATEJbHO HNOJATOTOBJICHHBIX JeCTBUI Ha OCHOBE IeHeTHU-
YeCKOT0 MOJIX0/IA.

B pa6ore [3| MBI TpeIOKUIN CTPOUTH METOINYECKY 0 PA3pABOTKY CHCTEMBI U3y YeHHUST
yuebHOro MaTepuasa (pasjena Kypea, BAXKHOTO MOHATHS WX CUCTEMBI TIOHSITH ) U3 JIBYX
gacreii: 1) IpesBapuTeIHbHOIO AHAIN3A MOCJAE0BATEIbHOCTH, CPEJCTB W METOIANIECKIX
[IPUEMOB H 2) KOHKPETHOIO MPOEKTHPOBAHMUS IPOIecca 00y IeH sl

Ananu3 cocTouT u3 ABYX 9TAnoB: 1) reHeTHdecKoil pa3paboTKu MaTepuaia u 2) aHa-
JIN3a PACHOJIOXKEeHHs MaTepraja B BO3MOXKHOCTEH HMCHOJIb30BAaHUA PA3JIMYHBIX CPeJICTB
IpeJicTaBIeHNsT MaTepuaia U BO3IefiCTBAA Ha 00yJIaeMBbIX.

[leneTnyeckas pa3zpaboTKa MaTepuaja, B CBOIO OovYepellb, IpeCcTaBIsdeT coOOi uccie-
JIOBaHUE U3y4aeMOT0 MaTephaJia ¢ 9eThIpexX TOYeK 3PeHHUs:

a) UCTOPUYECKOI;

6) JIOrU9IecKoii;

B) MCHXOJOTUIECKOIH;

I) TIPUKJIATHON.

[Tocte aBYX 3TamoB aHaam3a HEOOXOIUMO OCYIIECTBHTH MPOEKTHPOBAHUE MPOIECCa
n3ydeHusi yaebHoro marepuaJja. [Ipu 3ToM mporecc u3ydeHus 1e1ecoodpa3Ho pa3douTh
Ha YeThIPe CTAINN:

1) TlocTpoenue mpobIeMHON CHTYAITHH.

2) TMocTaHOBKA HOBBIX €CTECTBEHHO BO3HHKAIOIINX BOIPOCOB.

3) [oHATHITHO-CTPYKTYPHBIN AHATN3 U JIOTHYECKAS OPTaHU3AIHS.

4) PaspuTie NpuIOKeHUH W aJIrOPUTMOB.

Paccmorpum 371ech JUNTb BTOPYIO YaCcTh — NPOEKTHPOBAHKE TPOTECCa U3YUeHHS y4ueh-
HOIr'0 MaTepHaJia Ha IpuMepe U3y4eHHs JUHeHO! 3aBUCUMOCTH.

IIpoekTupoBanue nponecca M3y4eHNd JUHENHON 3aBUCHUMOCTH.

1) Ilocmpoerue npobaemnols cumyayuu.
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[lockobKy TOAIPOCTPAHCTBO BIIOJHE OMpeJeseTcsd CUCTeMOI 00pa3yIoIuX, Meaeco-
00pa3zHO MUHIMHU3UPOBATH ITY CUCTEMY 00pa3yooiux. Bo3HIKaeT BOIPOC: B KAKOM CITyJae
MOZKHO YMEHBIIUTb YHCJIO 00pa3yoomux? ITO MOXKHO OBLIO OBl ¢Ie1aTh, eciu Obl U3 CH-
cTeMbl 00Pa3yIoNUX YAAJIUTh OJUH U3 BEKTOPOB TaK, YTO OCTABIINECS BEKTOPHI BHOBD
00pa3yIoT cucTeMy 0OpPa3yoINuX. ITO, B CBOI OUYepeh, MPOUCXOIUT TOTA, KOTIA OIUH
U3 BEKTOPOB JITHEWHO BbIpazKaeTcs depes ocTaabHble. B 3TOM cmydae ero MOyKHO yIAIUTh,
U UMEHHO B 9TOM CJIydae Mbl HA3bIBAEM CHCTEMY BEKTODPOB JIMHEHHO 3aBUCUMON. 371eCh —
«MOMEHT UCTHHBI», KOT/Ia POXKIAETCS MOHATHE JTUHEHHONH 3aBUCUMOCTH.

2) Ilocmano6xa HOBHLET ECECTNBENHO BOZHUKAIOUUT BONPOCOS.

[Ipumepbl TAKIX BOIIPOCOB:

B kakoMm ciiydae u3 cucteMbl 06pa3yIoONUX MOAINPOCTPAHCTBA HEIb3d YJIAJIUTh HA OJI-
HOTO BeKTOpa? (DTOT BOMPOC MOJABOJUT K TOHSITHIO JTHHEHHON He3aBucuMocTn). B KakoM
caydae JBa BEKTOpa JIMHeHHO 3aBUCHMBI! B KakoM JnHeiiHO He3aBucUMBI! Ecam aBe ma-
Pbl BEKTOPOB TONAPHO HEKOJUIMHEAPHBI, OYAyT Jin OHU JIMHEHHO He3aBUCUMBbI! B Kakom
caydae CHCTeMAa, COCTOSIIasi W3 OJHOTO BEKTOPA, JIMHEHHO 3apucuMa’ B KakoMm JTHEHHO
HezapucnMa? Fcim cucremMa BEKTOPOB JIMHEIHO 3aBUCUMA, KayKIbI JI BEKTOD JTUHEHHO
BBIpazkaeTcd depe3 ocTtaidbHble? MoyKeT Jin B JIMHEHHO He3aBUCUMOU cucTeMe OBITh JId-
HeifHo 3aBucuMast mojcucrema? MoxkeT Ju JHHEHHO He3aBUCHUMas CHCTEMa COJIEepPKaTh
HYJIEBOIT BEKTOpP? U T. 1.

3) [MoHaTHiHO-CTPYKTYPHBIH aHAIN3 U JIOTHIECKAsT OPTaHH3AIMSL.

[Tocsie mocTaHOBKY MPOGJIEMHOI CUTYAIMT U HACTYIJIEHUS «MOMEHTa UCTUHBI» CTPOTO
dopmyaupyeTca ompejiesieHne TUHENHON 3aBUCHMOCTH W HE3aBUCHMOCTH, JTOKA3BIBAIOTCS
TIIATETbHO OTOOPAHHBIE W eCTeCTBEeHHO (pOpMYJIHpyeMble CBONCTBA JIMHEHHO 3aBUCHMBIX
U HE3aBUCUMBIX CHCTEM.

4) PaspuTue npuaoKeHHH U aJTrOPATMOB.

[lerecoobpasuo mpopeniaTh JAO0CTATOYHOE KOJMYECTBO yHpaKHEHUH HA HaXOXKIeHNe
fasuca W paHra CHCTeMBbI BEKTOPOB (3TO OyJeT U ynpaykKHeHHeM Ha SKBUBAJEHTHbIE IIpe-
06pa3oBaHusl CHCTEM JIMHEHHBIX YDABHEHHUI ).
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Buenpennas B FODY Gasbno-peiitunrosas cucrema (BPC) 6e3ycsioBHO He MOKeT
ABJATHCA WHCTPYMEHTOM OIEHKH KadecTBa 0Opa30BaHUs, HO ¢ TOYKH 3PEHUA MOTHBA-
UK CTYJIEHTOB K PEryasipHOMY BBITIOJIHEHHIO 3aJIaHUNA CTAHOBUTCA JTOCTATOYHO MOITHBIM
nacTpyMeHToM. K coxkajieHuio He BCe MPeroaBare/in BOCIPUHAMAKOT €€ UMEeHHO Tak. [lo-
9TOMY 3a9aCTYIO TOAXOAAT K Bonpocy dhopMupoBaHus yaeOHbIX KapT auciumant (YEK/),
a TaKzKe CBOEBPEMEHHOMY BBICTABJICHUIO OAJJIOB TEKYIIEro peRTUHIa JOCTATOIHO (hOp-
MaabHO. OJHUM M3 apryMeHTOB IPOTUB ucnojgb3oBanus BPC apasgerca neobxomuMocThb
MOCTOSIHHOT'O BBICTaBJeHUs OastoB. MHOTHe NpenoiaBaTean CUUTAIOT, YTO, HEe IPOBOIS
HOCTOSTHHBIT KOHTPOJIb 3HAHUIT, OHM MOTYT JOCTATOYHO OObEKTHBHO ONEHUTH PE3Y/IbTATHI
N3yYeHNsT JUCOUILIAHDI [T0 UTOTaM OJHOH—IBYX KOHTPOJIbHBIX PA0OT WA OTBETa CTYIEHTA
Ha HK3aMeHe.

[Tonumast, aTo mporecc Begenns Begomocreit BPC mpuBener K 3HAUNTEIBHON TOIOJI-
HUTEJIHHON HArpy3Ke Ha MPernojaBaTesiss B HHCTUTYTe MATEMATHKNA, MEXAHUKH W KOMIThIO-
repubix Hayk (UMM u KH) 6bL10 npuHATH pelienre pa3paboTaTh CUCTEMY JIEKTPOHHON
HOJJICPZKKY 3anoIHeHus pefiTuHra. BaxkubiM TpeboBaHueM HpH CO3JIAHUKM TAKOH CHUCTe-
MbI ObLJIa, BO3MOYKHOCTb JIJIsl IIpenojaBareieil 3amoHATh PEHTHHT C JTI000I0 KOMITbIOTEpa,
UMEIOITEro JOCTYII K HHTEPHETY, & JJIs CTYI€HTOB — BO3MOXKHOCTb TIOCTOSTHHO CJIeIUTD 38
CBOWM TEKYIUM PefTHHTOM MO KayKI0My mpeamery. 3agada pa3zpadorku cucrembr «Cep-
Buc bPC» ObL1a mocrapiena nepej KoieKTuBoM cryaendeckoit M T-1aboparopun UMM
n KH.

Cucrema «Cepsuc BPC» nporria arpobaliyio 1 HCIIOIb3YeTCs ¢ HadaJia ee pa3padoTKu
B VHCTUTYTE MaTeMaTUKH, MEXaHUKH W KOMIBIOTEPHBIX HAyK, HO U Ha IOPUIAICCKOM
dakymnprere FOx)HOTO (bemepaabHOr0 YHUBEPCUTETA.

B nacrogamee Bpemsa cucrema «Cepsuc BPC» momamep:kuBaer MOJHBIR MUK (HOPMHE-
POBaHUS OTUYETHOCTH IO JUCIUILIAHE — OT MOMEHTA, CO3JaHus yueOHOI KapThl ¢ pacimud-
POBKOIl M3ydaeMbIX Da3/e/0B AUCIUILINHLI, KOHTPOJIHHBIX MEPOUPUSTHN U KOJUIECTBA
OasI0B pefiTHTA 38 KayK0€ U3 HUX, J0 MOJyUYeHHs U MedaTh UTOroBOi BegoMocTu. st
CTY/JEHTOB B JIMYHOM KaOHHETE IpeJicTaBIsdeTcs Mo/Has nHdOopMalusd 0 peiiTuHre Ha Te-
Kymuit MmoMeHT. COTPYIHUKU JUPEKIHH UMEIOT BO3MOXKHOCTH KOHTPOJIUPOBATD TEKYIIH
peHTHHT 1o KaxKaoit yueOnoit rpymnmne. HakamnmuBaromasics mo cemecTpaM HHMOPMAIIHS
MO3BOJINT 110 OKOHYAHUIO O0OyUeHUsI TPOBEPsITh U (DOPMHUPOBATH JAHHBIE JIJIsi BKJIA LI
B JIUILTIOM.

B nesigx pagbHeiinero pa3BuTus CUCTEMbI U UCIIOIH30BAHUS €€ B IPYTUX HOAPA3/Ie/1e-
ausx FODY ObL10 NPUHATO pertenne pa3paboTaTh NHCTPYMEHTAPHIT A1 B3aUMOIeiCTBIsI
cucrembl «Cepsuc BPC» u cucrembi «1C-Yauepcurers. Co3aaHHbIi 1151 3TOH eI KOM-
IJIEKC CEPBHUCOB IO3BOJISIET B HAaYaJ e y4eOHOIO CEMECTPa BHIIPY2KATh aKTYaJIbHbIE CIIHCKH
CTYAEHTOB, (DOPMUPOBATH CIHUCKHA YUTACMBIX JUCIHUILINH ¥ 3aKPEIICHHBIX 33 HUMH Ipe-
noJaBaresieil Ha OCHOBE HAIPY3KH, a TaKKe BBIIPYKAaTb CEMECTPOBbIE MTOTU BEIOMOCTHU
HerocpeacTBeHHO B « 1C-YHuBepcuTers.

Omubir ucnosb3oBanust «Cepsuca BPC» 1103Bon/1 yBU1eTh KaK MOJ0KUTEIHHBIE MO-
MEHTHI BBEIeHNA OAIBHO-PERTHHIOBOM CHCTEMBI, TAK M MHOIHE MOMEHTBI, OCTABIITHECS B
Hell He o0mpeIe/IeHHBIMI W HEMPOyMAaHHBIME. 1acTh BOMPOCOB ObLIa pelreHa pas3pa-
oorunkamu «Ceppuca BPC» ncxojs U3 onbiTa U CyIecTBYIOMEel TPAKTUKKA BbICTABJICHHS
3adeToB u 3k3ameHoB B IMM u KH. Oxnako MHOrme MOMEHTBHI 0 CHX IOP OCTAIOTCH
HEPEIIeHHBIMU, 9TO BHOCHT OIPEJIE/JCHHBIE TPYHOCTH B MPOIECC MCIOJIb30BAHUS CUCTE-
Mol «Cepeuc BPCs. [1o 370ii ke npuvnne BOZHIKAIOT 3aTPY/IHEHUS B IIPOIECCE BHEIPEHUSI
cucrembr «Cepsuc BPC» B nonpazaenennsax FODY.

201



COBPEMEHHBIE [TPOBJIEMHEI I[MPEIIOJABAHUA MATEMATUKHN B BBICIIEN IIKOJIE

Csedenusn 06 asmopax

Yepapramiesa M. U., kanaugar TeXHUIECKUX HAYK, JOIEHT, AOIMEHT Kadeapbl IpH-
KJIQJIHON MaTeMaTuKu u nporpammupoBanus, FOxubiit deaepanbubiii yuupepcurer, Nn-
CTUTYT MaTeMaTHKN, MEXaHUKH U KOMITbIOTepHbIX HayK uM.l/1.11.Boposuya, micherdynceva
@sfedu.ru, 43bIKK TPOrPaMMUPOBaHUs, 0a3bl JAHHBIX, pa3paboTKa 00y JaloIIHX IPOTIPAMM.

VIIK 378
BBK 74.480.26
a77

Hcnoap30oBaHne MaKeTOB JUHAMMYECKON MaTeMAaTUKMN JIJIsd
JIEMOHCTPAIU TI0AX0A0B K PENIeHnI0 3a/1a4 C [mapamMeTrpamMu

B.U. dApomesuu
MockoBckuii ropojickoii mearorndeckuit yuusepcutet, Mocksa, Poccus

Annomauus. B wacmoauieli pabome paccmampusaromes nymu uc-
noAb308aHuA cucmem dunamuyeckols mamemamury (Geogebra u dpy-
2uz) 0As deMoHempayuy nodrodos K pewenuto 3a0a4 ¢ NaAPAMEMpPaMmu.
Heenedyromea npeumywecmsa pacemampusaemozo nodxoda 6 ¢ mpadu-
YUOHHBMU NOOTOAMU 6 00YUEHUL PEWEHUIO 30004 ¢ NAPAMEMPAMU.

Using systems of dynamic mathematics in teaching school
students to solve tasks with parameters

V. 1. Yaroshevich
Moscow City University, Moscow, Russia

MoyKHO BCTPETHTH JOCTATOYHO MHOIO MyOJnKaInii, MOCBSIEHHBIX BOITPOCAM TPETTo-
JIaBaHUs M€OMETPHUH C HUCIIOJIb30BAHUEM ITIAKETOB JIMHAMHYECKON MaTeMaTHKH, TAKUX KaK
Geogebra nnn «2KuBasg mareMaTnkar, a 3a pybe:koM MHTEepAKTHBHAS PabOTa ¢ KOMIIBIO-
TepaMy MCIIOJIB3YeTCs JazKe B HadabHOH 1mKkosie [1]. Oguako nakersl KOMIBIOTEPHON aji-
Fe6pbl n ﬂHHaMquCKOP‘I MaTEeMaTUKHU IMEIT XOPOIIne IMePCIHEKTUBbI UCIIOJIb30BaHUd U B
paMKax ypOKOB ajreGphl U Hadas aHAIN3a, 9TO yzKe MOKa3aHo B psie pabor |2, 3, 4]. Oa-
HAKO IPUMEPOB VCIENIHOTO IPUMEHEHHS CHCTeM JUHAMUYECKOH MAaTeMaTHKH B PaMKax
CTAHJAPTHBIX YPOKOB I'Opa30 MEHbIe, YeM MOXKHO OBLIO OBl OXKHJIATD.

Uccaenosanus |2, 3, 4, 5] moKa3pIBAIOT, 9TO OCHOBHO{i TTPOGIEMOIl SIBJISIETCS CJIOKHOCTD
OCBOCHHUA IIPOTPaMMHBIX IIAKETOB HO,ZLO6HOFO TUIIQ YIUTEJIAMA U YyIaOIUMUCHA, Cﬂa60 BbI-
CTpOGHHbIﬁ apomnecc O6yquI/IH nmeaaroroB 3TUM IMaKeTaM M OTKPBIBAIOIMUMCA MeTOdnYe-
CKHM BO3MOXKHOCTSIM IIPUMEHEHHS UX Ha YPOKaX, HeCOOTBETCTBHE B3IJILA/IOB y4uuTeseil Ha
MaTeMAaTHKY U eé MPeroJaBaHue COBPEMEeHHBIM BO3MOKHOCTAM |4, 5.

B sToit craThe MBI mpHBeneM HpUMepbl UcHoab30BaHus Geogebra st 00bsCHEHUS
IPUEMOB perieHus 3a1a4 ¢ mapamerpamu (3agada Nel18 u3 EI'D no maremaruke). [1om06-
HbI€ 3aJa49U TPAJUITUOHHO BBISBIBAIOT CJIOZKHOCTH Y YYalllUXCAd — Ha 9K3aMEHe HX BEPHO
PEIaloT TOALKO 1% y4IeHnKOB.
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Ecte MHeHHE, 9YTO 3T0 0OOYCJIOBJIEHO B TOM YHCJIE U Te€M, YTO H3MEHAEMOCTb MaTeMa-
THIeCKAX OOBEKTOB IIPU W3MEeHEeHUH TTapaMeTpa ¢ TPYAOM BOCIPUHUMAETCS PH Mo1ade B
ycTHOU hopMe I ydaruxces He 00Jaai0NUM BBICOKIM YPOBHEM aOCTPAKTHOTO MBITII-
JICHUA.

U1 BOT 371€CH MOTYT MOMOYB MAKEThl JUHAMUYECKOW MaTeMaTHKH € WX OOraThIMH BO3-
MOXKHOCTSIMU TIO0 BHU3yaau3anud TpaduKoB (DYHKIHA W WHTEPAKTUBHBIMH JJIeMEHTaMU
YIPAaBJICHUA ITapaMeTPaMu.

3amaua. Haiinre Bce 3HadeHus nmapaMerpa @, TPU KaxKJIOM U3 KOTOPHIX CUCTEMa
ypaBHeHui

2?4y = a2
ry = a’ — 3a

umMeeT PpOBHO JBa Pa3JIUNYHBLIX DEIIeHMdg.

TpauIuoHHBIH MOXO0/T K PEIIEHNIO TAKAX 33/1a9 COCTOUT B TOM, YTOOBI pa3obparh Bce
BapuaHThbl PUI'YDP, KOTOPbIE 33J1a10T YPABHEHUS CUCTEMbl. B JIAaHHOM CJLy4ae, 3TO OKPY K-
HOCTh C PaauycoM a (B KpaifHeM cjiydae BBIPOXKIAIONIAACST B TOYKY), KOTOPYIO 3a/aeT
nepBoe ypaBHeHWe, U Tmapa runepboJi, rae OT mapaMeTrpa 3aBHCHT, B KaKUX KOOPIWHAT-
HBIX YeTBEPTAX OHU HAXOJATCs (B KpaliHeM cJIydae OHU BBIDOXKIAIOTCS B JIBE B3AUMHO
NePIeH TUKYIISTPHBIE TPSIMBbIE ).

B Geogebra mur nerko moxkem g00aBUTH Ha deprezxk 006a 00beKTa, COOTBETCTBYIOIINX
KayKJIOMy W3 YPaBHEHWH CWUCTEMBI, a, TTapaMeTp ¢ 3aJaTh B BHUJE TOJ3YyHKa, KOTOPBIH
II03BOJISIET C TIOMOIIBIO MBIIITIKA MEHSATH ero 3Hadenue (puc. 1).

-

= GeoGebra

@arn Mpaeka Bwo HacTpolkKM HCTpyMeHTE OKHO Crnpaska Bel BoLINW, kKak shade33
oy S BN =
T LLE i

a

)
(=]
\/,

P

. y" =a*
Ty = o’/ 3a

Beon:| O

Puc. 1: I'padudeckas uaTepIpeTanys CUCTEMbl YPaBHEHUN € ITapaMeTpOM

MBMeHeHI/Ie O6'beKTOB Ipu ABU2KCHHUU IIOJI3YHKa B pEzKHMeE peaJibHOI'O BpeMeHH IMO3BO-
JIFET CJIeJIaTh TPOIIECC UCC/IeI0BaHus 0oJiee HAT/ISAIHBIM, TPUOJIUKEHHBIM K KU3HH, a HE
TOJIbKO 06s1acTu 4ucTol abcrpaknuu. Bojee Toro, yxKe Ha 9TOM JTane MOXKHO BbISBHTH
0coBble TOYKHU, KOTOPbIe MOI'YT HATOJKHYTh Ha perienue. 1locsie Henpoa0JKUTeJIbHOrO He-
CJIeJIOBAHUS MbI HAXO/UM, YTO POBHO J[BA DEIIeHUsl Y CHCTEMBI MOTYT ObITh TOJIBLKO TOTJIA,
Korjia rurepbosibl KacaroTcd OKPYzKHOCTH. Haxoxk/ieHue 3TuX TOYEK YIPOIIAETCH, €CJIH
00paTUTh BHUMAHUE HA TO, YTO THHEPOOJIBI CHMMETPUIHBI OTHOCUTEIBHO MPAMBIX Y = T
M Yy = —, COOTBETCTBEHHO (pHC. 2).
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parametr_1.ggb

®@an [paBka Bwao HacTpomkn WHcTpymeHTel OkHo CrnpaBka Bel BoLunw, kak shade33
Al ole] 4= =

e
Ml

.

a=2

L

v | anw

a=
R e S 4 {:1:24»512:(1')

)
ry=a —3a

-7 -6 5 -4 3

-3

Beon:| 3

Puc. 2: Cnyuait poBHO IBYX pelreHnit

Ortcrona moaydaeM CJIeYIONTYIO CUCTEMY:

2+ y* =a? 22% = a?
ry=a*>—-3a <<2*=d*>-3a =a=0,a=06
y=z y=zx

Sunadenne a = () HE MOAXOJIUT, T.K. B ITOM CIyYae OKPYKHOCTH BBIPOZKIAETCS B TOUKY
u y cucrembl onHo pererne (0;0). 3nadenue a = 6 - HOJXOAUT IMOJ BCE OrDAHUYEHHS,
3HAYHT, ITO UCKOMOE 3HAYEHUE TTapaMeTpa.

AnajornyHo, HAXOAUM 3HAUEHHE @ = 2, KOTJa THIepOOJIbl HAXOIATCS BO 2-it m 4-if
KOOPJIMHATHBIX YETBEPTHX.

JlonoHuTeIbHBIM DOHYCOM MOYKET CJYKUTh HESBHOE 00OTallleHre MaTeMaTHIeCKOro
alnmnapara HaOTIOJeHNIMI, KaK 3aBUCHT BUJ, TOU WM WHOHM (DUTYPHI OT PA3JUYHBIX Mapa-
MeTpoB. Hanmpumep, Kakasg 9acTh B ypaBHEHUU OKPYZKHOCTH OTBeYAeT PAJINYC, NN OT 9ero
3aBUCUT KPUBU3HA TUIEPOOJIbI, & TAKKE €€ pasMellleHre Ha KOOPAMHATHON 1JIOCKOCTH.

Hano ormeTntsh, 4TO MccaeqoBanme MOABUKHBIX YepTexkeil He moaMmenseT (azy ¢op-
MaJIbHOI'O PACCMOTPEHUS BCEX BO3MOYKHBIX CJYy4aeB, M, KOHEYHO, HAlCHHbIE U3 YepPTeKa
perennst Tpedby0T (POPMAJHLHOTO [T0KA3ATEIbCTBA CYIIECTBOBAHNUSA. 31€Ch MBI TOBOPHUM
JINIIIb O BU3YaJIM3allid BO3MOYKHBIX BAPUAHTOB IOBEJEHUS CUCTEMBl B 3aBHCHMOCTH OT
3HavYeHUs napaMerpa. HavdamabHble pe3yabTaThl ampoOaluy MOKA3bIBAIOT, YTO MpeJiara-
eMBbIil O/IX0, 00JerdaeT MPOXOKIeHUE JTANa COCTABICHUS CIHCKA BO3MOYKHBIX CIyYaeB
JUISE TTOCJIE/IY IOIIEro aHa/n3a.
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