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Ââåäåíèå

Áóäåì ðàññìàòðèâàòü îáîáù¼ííîå óðàâíåíèå âòîðîãî ïîðÿäêà â
ñëåäóþùåì âèäå:

yxx =
+∞∑

m=−∞
am(y)y

m
x , (1)

ãäå yx =
dy

dx
.

Ñðàçó ìîæíî çàìåòèòü, ÷òî ïðè ëþáîì âèäå êîýôôèöèåíòîâ
am(y) óðàâíåíèå (1) äîïóñêàåò ïðåîáðàçîâàíèå òðàíñëÿöèè
x ′ = x + a â ñèëó àâòîíîìíîñòè.
Ïðè ïîñòîÿííûõ êîýôôèöèåíòàõ am óðàâíåíèå (1) äîïóñêàåò
ãðóïïó îäíîðîäíûõ ðàñòÿæåíèé x ′ = eax , y ′ = eay è ïîíèæåíèå
ïîðÿäêà çàìåíîé v(x) = yx .



Îñíîâíûå îáúåêòû

Îäíîïàðàìåòðè÷åñêàÿ ãðóïïà òî÷å÷íûõ ïðåîáðàçîâàíèé
óðàâíåíèÿ (1) ìîæåò áûòü çàäàíà ñ ïîìîùüþ
äèôôåðåíöèàëüíîãî îïåðàòîðà X :

X = ξ(x , y)
∂

∂x
+ η(x , y)

∂

∂y
, (2)

Óðàâíåíèå (1), äîïóñêàþùåå ãðóïïó (2) ñ ïàðàìåòðîì a,
èíâàðèàíòíî îòíîñèòåëüíî çàìåíû ïåðåìåííûõ x ′ = x ′(x , y ; a),
y ′ = y ′(x , y ; a), óäîâëåòâîðÿþùåé óðàâíåíèÿì Ëè:

dx ′

da
= ξ(x ′, y ′), x ′(0) = x ,

dy ′

da
= η(x ′, y ′), y ′(0) = y .

(3)

Ïðèìåð: ðàñòÿæåíèÿ x ′ = eax , y ′ = eay ãåíåðèðóþòñÿ

îïåðàòîðîì X = x
∂

∂x
+ y

∂

∂y
.



Íåêîòîðûå îïðåäåëåíèÿ

Ìîæåì îïðåäåëèòü ïðîäîëæåííîå ïðîñòðàíñòâî ïåðåìåííûõ
{x , y , yx , yxx}, â êîòîðîì îïðåäåëèì ïðîäîëæåííûé îïåðàòîð:

X
2
= ξ(x , y)

∂

∂x
+ η(x , y)

∂

∂y
+ ζx

∂

∂yx
+ ζxx

∂

∂yxx
, (4)

ãäå ζ = ζ(x , y , yx , yxx , ξ, ξx , ξxx , η, ηx , ηxx).
Òîãäà, âûïîëíÿåòñÿ óñëîâèå èíâàðèàíòíîñòè ïîâåðõíîñòè F â
ïðîäîëæåííîì ïðîñòðàíñòâå îòíîñèòåëüíî âåêòîðíîãî ïîëÿ X

2
:

X
2
F (x , y , yx , yxx)

∣∣∣∣
F=0

= 0, (5)

Îòêóäà, ãðóïïèðóÿ ïî ðàçëè÷íûì ìîíîìàì âèäà yαyβx y
γ
xx ,

ïîëó÷àåì îïðåäåëÿþùèå óðàâíåíèÿ íà ξ, η.



Îïðåäåëÿþùåå óðàâíåíèå

Îïðåäåëÿþùåå óðàâíåíèå äëÿ (1) ïîñëå ðàñùåïëåíèÿ ïî
ñòåïåíÿì yx èìååò âèä (çäåñü è äî ãðóïïîâîé êëàññèôèêàöèè

a′i (y) =
dai (y)

dy
)

ηxx + a0(ηy − 2ξx)− 4a−1ξy − a′0η − a1η = 0, (2.0)

2ηxy − ξxx − a1ξx − 3a0ξy − a′1η − 2a2ηx = 0, (2.1)

ηyy − 2ξxy − a2ηy − 2a1ξy − a′2η − 3a3ηx = 0, (2.2)

ξyy + a2ξy + a3(2ηy − ξx) + a′3η + 4a4ηx = 0, (2.3)

(4−m)am−1ξy + (m + 1)am+1ηx+

+ (m − 1)amηy + (2−m)amξx + a′mη = 0, (2.m)

ãäå m /∈ {0, 1, 2, 3}.



Ñóæåíèå

Áóäåì ñ÷èòàòü, ÷òî êîýôôèöèåíòû ai (y) = 0, ∀i /∈ −k , . . . , n.
Òîãäà, îïðåäåëÿþùèå óðàâíåíèÿ ñ íîìåðàìè (−k − 1) è (n + 1)
ïðèìóò âèä

a−kηx = 0, anξy = 0,

îòêóäà, ñëåäóåò, ÷òî ηx = ξy = 0, η = η(y), ξ = ξ(x).
Îïðåäåëÿþùèå óðàâíåíèÿ ïðè ýòîì ñèëüíî óïðîùàþòñÿ:

ηa′0 + 2ξxa0 − ηya0 = 0, (3.0)

ηa′1 + ξxa1 + ξxx = 0, (3.1)

ηa′2 + ηya2 − ηyy = 0, (3.2)

ηa′3 − ξxa3 + 2ηya3 = 0, (3.3)

ηa′m + (m − 1)ηyam + (2−m)ξxam = 0, m /∈ {0, 1, 2, 3}.
(3.m)

Èç (3.m) âèäíî, ÷òî ξx = const,⇒ ξ(x) = C2x + C1.



Âû÷èñëåíèå äîïóñêàåìîé àëãåáðû

Äàëåå, âèä ôóíêöèè η(y) ïîëó÷èì èç óðàâíåíèÿ (3.0):

η = a0
(
2C2

∫
dy

a0
+ C3

)
. (6)

Ïî î÷åðåäè ïðèíèìàÿ Ci = 1,Cj ̸=i = 0, ïîëó÷èì áàçèñíûå
îïåðàòîðû àëãåáðû äàííîãî óðàâíåíèÿ:

X1 =
∂

∂x
, (7)

X2 = x
∂

∂x
+ 2a0(y)

∫
dy

a0(y)

∂

∂y
, (8)

X3 = a0(y)
∂

∂y
. (9)

Ñðàçó ìîæíî çàìåòèòü, ÷òî îïåðàòîðû X1 è X3 îáðàçóþò
ïîäàëãåáðó, òàê êàê [X1,X3] = 0.



Êîýôôèöèåíòû óðàâíåíèÿ

Îñòàâøèåñÿ êîýôôèöèåíòû óðàâíåíèÿ âûðàæàþòñÿ ÷åðåç a0
ïîñðåäñòâîì ôóíêöèè η(a0):

a1 = A1e
−C2

∫ dy
η , (4.1)

a2 =
1

η
(ηy + A2), (4.2)

a3 = A3η
−2eC2

∫ dy
η , (4.3)

am = Amη
1−me(m−2)C2

∫ dy
η . m /∈ {0, 1, 2, 3} (4.m)



Èíòåãðèðîâàíèå óðàâíåíèé
Íàéä¼ì ïîíèæàþùóþ ïîðÿäîê óðàâíåíèÿ çàìåíó äëÿ îïåðàòîðà
X3 èç óñëîâèé X3J1 = 0, X3J2 = 1. Èìååì J1 = x ,

J2 := z =
∫ dy

a0(y)
.

Ïðîèçâîäíûå ïîëó÷àþòñÿ èç ñîîòíîøåíèé yx = a0zx ,
yxx = a0zxx + a0a

′
0z

2
x .

Òàê êàê çàìåíà íàõîäèëàñü äëÿ îïåðàòîðà X3, ïðè ïîäñòàíîâêå
âûðàæåíèÿ äëÿ η, íóæíî ïðèíÿòü C2 = 0. Óðàâíåíèå, â òàêîì
ñëó÷àå, ïðèìåò âèä

zxx =
n∑

m=−k

Amz
m
x , (10)

êîòîðûé íå çàâèñèò îò êîýôôèöèåíòîâ èñõîäíîãî óðàâíåíèÿ.
Âûïèñàòü îáùåå ðåøåíèå óðàâíåíèÿ (10) ìîæíî ïðèíÿâ
v(x) = zx . Òîãäà,

x =

∫
dv

n∑
m=−k

Amvm
+ B. (11)



Ãðóïïîâàÿ êëàññèôèêàöèÿ

Ïîëó÷èì ãðóïïîâûå ïðåîáðàçîâàíèÿ, ïåðåâîäÿùèå óðàâíåíèÿ
âèäà (1) â óðàâíåíèÿ òàêîãî æå âèäà ñ, âîîáùå ãîâîðÿ,
îòëè÷àþùèìèñÿ êîýôôèöèåíòàìè ai (y). Äëÿ ýòîãî èñõîäíîå
óðàâíåíèå íóæíî ðàñøèðèòü äî ñèñòåìû òðåáîâàíèÿìè íà
êîýôôèöèåíòû ai , êîòîðûå òåïåðü òàêæå ñ÷èòàþòñÿ
êîîðäèíàòàìè ïðîäîëæåííîãî ïðîñòðàíñòâà

(x , y , yx , yxx , ai ), i ∈ −k , . . . , n:
∂ai
∂x

= 0,
∂ai
∂yx

= 0, ∀i .

yxx =
n∑

m=−k

am(y)y
m
x , (12)

∂ai
∂x

= 0, (13)

∂ai
∂yx

= 0. (14)



Íîâûå îïåðàòîðû

Îïåðàòîð, äåéñòâóþùèé íà äàííóþ ñèñòåìó, ìîæíî çàïèñàòü â
âèäå

E = ξ(x , y)∂x + η(x , y)∂y +
n∑

m=−k

µm(x , y , yx , am)∂am . (15)

Îáîçíà÷èì ãðóïïîâîé ïàðàìåòð êàê b.
Îïåðàòîð ïîëíîãî äèôôåðåíöèðîâàíèÿ ïî x çàïèñûâàåòñÿ êàê

D̃x =
∂

∂x
+ (am)x

∂

∂am
+ . . . =

∂

∂x
, (16)

àíàëîãè÷íî, äëÿ y :

D̃y ′ =
∂

∂y ′
+ (am)y ′

∂

∂am
+ . . . =

∂

∂y ′
. (17)



Èíâàðèàíòíàÿ çàìåíà
Îïðåäåëÿþùèå óðàâíåíèÿ äëÿ ñèñòåìû (12) èìåþò âèä

ζxx =
n∑

m=−k

[
µmy

m
x +mamy

m−1
x ζx

]
, (18)

(µm)x − a′mηx = 0, (19)

(µm)y ′ = 0. (20)

Ðàçðåøåíèå îïðåäåëÿþùèõ óðàâíåíèé äà¼ò ñëåäóþùèé âèä
ôóíêöèé äëÿ îïåðàòîðà (15):

ξ = B1, η = f (y), µ2 = f ′′(y), µm ̸=2 = 0, (21)

ãäå f (y) � ïðîèçâîëüíàÿ äâàæäû äèôôåðåíöèðóåìàÿ ôóíêöèÿ.
Ñîîòâåòñòâóþùèå óðàâíåíèÿ Ëè (äëÿ ãðóïïîâîãî ïàðàìåòðà b):

dx ′

db
= B1,

dy ′

db
= f (y ′), (22)

da′2
db

=
d2f (y ′)

dx2
,

da′m ̸=2

db
= 0. (23)



Êîíêðåòíûé ïðèìåð çàìåíû 1
Ïîëîæèì f (y) = e−y . Òîãäà, ðåøåíèå óðàâíåíèé Ëè äà¼ò
ãðóïïîâîå ïðåîáðàçîâàíèå ñ ïàðàìåòðîì b âèäà

x ′ = x + b, (24)

y ′ = ln(ey + b), (25)

a′2 = a2 + bey +
b2

2
, (26)

a′m ̸=2 = am ̸=2. (27)

Äëÿ ïîäñòàíîâêè â óðàâíåíèå (1) âûïèøåì îáðàòíûå
ïðåîáðàçîâàíèÿ è ïðåîáðàçîâàíèÿ ïðîèçâîäíûõ:

x = x ′ − b, y = ln(ey
′ − b), (28)

a2 = a′2 − by ′ +
b2

2
, am ̸=2 = a′m ̸=2, (29)

yx = y ′x ′
ey

′

ey ′ − b
, yxx = y ′x ′x ′

ey
′

ey ′ − b
− b(y ′x ′)

3 (ey
′
)2

(ey ′ − b)3
. (30)



Êîíêðåòíûé ïðèìåð çàìåíû 2

Äëÿ óäîáñòâà îáîçíà÷èì γ(y ′) =
ey

′

ey ′ − b
. Ïîñëå ïîäñòàíîâêè

ïîëó÷åííûõ âûðàæåíèé â (1), èìååì

y ′x ′x ′ = be−y ′
(y ′x ′)

3γ2 + b(y ′ − b

2
)(y ′x ′)

2γ2 +
n∑

m=−k

am(y
′)(y ′x ′γ)

m.

(31)
Ïåðåîáîçíà÷àÿ êîýôôèöèåíòû

a′m(y
′) = am(y

′)γm, m ̸= 2, 3,

(32)

a′2(y
′) = a2(y

′)γ2 + b(y ′ − b

2
)γ2, a′3(y

′) = a3(y
′)γ3 + be−y ′

γ2,

(33)

ïîëó÷èì èñêîìûé âèä óðàâíåíèÿ

y ′x ′x ′ =
n∑

m=−k

a′m(y
′)(y ′x ′)

m. (34)
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