
Ìàòåìàòè÷åñêàÿ ìîäåëü ýâîëþöèè

ãðóïïèðîâàíèÿ æèâîòíûõ

Åïèôàíîâ À. Â., Çåëåí÷óê Ï. À.

Èíñòèòóò ìàòåìàòèêè, ìåõàíèêè è êîìïüþòåðíûõ íàóê èì.

È.È. Âîðîâè÷à, Þæíûé Ôåäåðàëüíûé Óíèâåðñèòåò, Ðîñòîâ-íà-Äîíó

11.10.2025

Åïèôàíîâ À.Â.,
Çåëåí÷óê Ï.À. ÞÔÓ

Ìàòåìàòè÷åñêàÿ ìîäåëü ýâîëþöèè ãðóïïèðîâàíèÿ
æèâîòíûõ 11.10.2025 1 / 22



Ïîñòàíîâêà çàäà÷è

Ýôôåêò Îëëè � îòíîñèòåëüíàÿ ñêîðîñòü ðîñòà (ïðèñïîñîáëåííîñòü)
âîçðàñòàåò ñ ðîñòîì ïëîòíîñòè ïðè ìàëûõ ïëîòíîñòÿõ

ẋ = rx (x − a)
(
1− x

K

)
(1)

Òåîðèÿ èäåàëüíîãî ñâîáîäíîãî ðàñïðåäåëåíèÿ
Ïðåäïîëîæåíèÿ:

1 Èäåàëüíîå � îñîáè èìåþò ïîëíîå çíàíèå îá àðåàëå
2 Ñâîáîäíîå � îñîáè ìîãóò ñâîáîäíî ïåðåìåùàòüñÿ â ëþáóþ òî÷êó
3 Ïðèñïîñîáëåííîñòü óáûâàåò ñ ðîñòîì ïëîòíîñòè

Âûâîäû:
1 Îñîáè ïåðåìåùàþòñÿ òàêèì îáðàçîì, ÷òîáû ìàêñèìèçèðîâàòü

ñâîþ ïðèñïîñîáëåííîñòü
2 Ïëîòíîñòü ïîïóëÿöèè ïðîïîðöèîíàëüíà ïëîòíîñòè ðåñóðñà

Cantrell R. S., Cosner C., Lou Y. Evolution of dispersal and the ideal free
distribution // Math Biosci Eng. 2010. V. 7. P. 17�36.
Gejji R., Lou Y., Munther D., Peyton J. Evolutionary Convergence to
Ideal Free Dispersal Strategies and Coexistence // Bull Math Biol. 2012.
V. 74. P. 257�299.
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Ýâîëþöèÿ èçîëèðîâàííîãî âèäà

Diekmann O. A. A beginner's guide to adaptive dynamics // Banach
Center Publications. 2003. V. 63, N 1. P. 47�86.

Geritz S. A. H., Gyllenberg M. The Mathematical Theory of Adaptive
Dynamics. Cambridge: Cambridge University Press, 2008.

ẋ1 = x1f (x1 + y1) +m1x2 − nx1

ẋ2 = x2f (x2 + y2)−m1x2 + nx1

ẏ1 = y1f (x1 + y1) +m2y2 − ny1

ẏ2 = y2f (x2 + y2)−m2y2 + ny1

(2)

xi � ïëîòíîñòü ðåçèäåíòíîé ïîïóëÿöèè â i-ì ìåñòîîáèòàíèè
yi � ïëîòíîñòü ìóòàíòíîé ïîïóëÿöèè â i-ì ìåñòîîáèòàíèè

ẋ = xf (x) (3)

x∗ > 0 � óñòîé÷èâîå ðàâíîâåñèå =⇒ df
dx

∣∣
x=x∗ < 0
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Âîçðàñòàíèå ïðèñïîñîáëåííîñòè â îêðåñòíîñòè

óñòîé÷èâîãî ðàâíîâåñèÿ

ẋ = x [x (1− x)− ay ]

ẏ = y (−d + bx − y)
(4)

x (1− x)− ay � ïðèñïîñîáëåííîñòü æåðòâ

x∗ =
1− ab +

√
(ab − 1)2 + 4ad

2
(5)

y∗ =
x∗ (1− x∗)

a
(6)

d <
2ab − 1

4a
=⇒ x∗ < 1/2 (7)

Óñëîâèÿ óñòîé÷èâîñòè ðàâíîâåñèÿ (x∗, y∗):(
2− 1

a

)
x∗ +

1

a
− 1 > 0 (8)

2x∗ − 1 + ab > 0 (9)

a=2, b=1, d=0,3
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Ìàòåìàòè÷åñêàÿ ìîäåëü

ẋ1 = x1 [x1 (1− x1)− ay1] + ε (m1x2 − nx1)

ẋ2 = x2 [x2 (1− x2)− ay2]− ε (m1x2 − nx1)

ẏ1 = y1 (−d + bx1 − y1) + εm (y2 − y1)

ẏ2 = y2 (−d + bx2 − y2)− εm (y2 − y1)

(10)

xi � ïëîòíîñòü âèäà æåðòâ â i-ì ìåñòîîáèòàíèè
yi � ïëîòíîñòü âèäà õèùíèêîâ â i-ì ìåñòîîáèòàíèè
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Ìàòåìàòè÷åñêàÿ ìîäåëü

ẋ1 = x1 [(x1 + z1) (1− x1 − z1)− ay1] + ε (m1x2 − nx1)

ẋ2 = x2 [(x2 + z2) (1− x2 − z2)− ay2]− ε (m1x2 − nx1)

ẏ1 = y1 [−d + b (x1 + z1)− y1] + εm (y2 − y1)

ẏ2 = y2 [−d + b (x2 + z2)− y2]− εm (y2 − y1)

ż1 = z1 [(x1 + z1) (1− x1 − z1)− ay1] + ε (m2z2 − nz1)

ż2 = z2 [(x2 + z2) (1− x2 − z2)− ay2]− ε (m2z2 − nz1)

(11)

xi � ïëîòíîñòü ðåçèäåíòíîé ïîïóëÿöèè æåðòâ â i-ì ìåñòîîáèòàíèè
zi � ïëîòíîñòü ìóòàíòíîé ïîïóëÿöèè æåðòâ â i-ì ìåñòîîáèòàíèè
yi � ïëîòíîñòü âèäà õèùíèêîâ â i-ì ìåñòîîáèòàíèè
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Ýâîëþöèîííî ñèíãóëÿðíûå ñòðàòåãèè

ẋi = fi (x1, . . . , xm, y1, . . . , ym, z1, . . . , zn; ξ) , i = 1, . . . ,m

ẏi = gi (x1, . . . , xm, y1, . . . , ym, z1, . . . , zn; η) , i = 1, . . . ,m

żj = hj (x1, . . . , xm, y1, . . . , ym, z1, . . . , zn) , j = 1, . . . , n

(12)

fi (x
∗
1 (ξ) , . . . , x∗m (ξ) , 0, . . . , 0, z∗1 (ξ) , . . . , z∗n (ξ) ; ξ) = 0

hj (x
∗
1 (ξ) , . . . , x∗m (ξ) , 0, . . . , 0, z∗1 (ξ) , . . . , z∗n (ξ)) = 0

(13)

x∗i (ξ) , z∗i (ξ) ≥ 0,
m∑
i=1

x∗i (ξ) > 0,
n∑

j=1

z∗j (ξ) > 0 (14)

gi (x
∗
1 (ξ) , . . . , x∗m (ξ) , 0, . . . , 0, z∗1 (ξ) , . . . , z∗n (ξ) ; η) = 0 (15)

σ1ψ
(1)
i =

m∑
j=1

∂gi
(
x∗1

(
ξ
)
, . . . , x∗m

(
ξ
)
, 0, . . . , 0, z∗1

(
ξ
)
, . . . , z∗n

(
ξ
)
; η
)

∂yj
ψ
(1)
j

(16)
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Ýâîëþöèîííî ñèíãóëÿðíûå ñòðàòåãèè

fi (x
∗
1 (ξ) , . . . , x∗m (ξ) , 0, . . . , 0, z∗1 (ξ) , . . . , z∗n (ξ) ; ξ) = 0

hj (x
∗
1 (ξ) , . . . , x∗m (ξ) , 0, . . . , 0, z∗1 (ξ) , . . . , z∗n (ξ)) = 0

(17)

σ1ψ
(1)
i =

m∑
j=1

∂gi
(
x∗1

(
ξ
)
, . . . , x∗m

(
ξ
)
, 0, . . . , 0, z∗1

(
ξ
)
, . . . , z∗n

(
ξ
)
; η
)

∂yj
ψ
(1)
j

(18)

Îïðåäåëåíèå

Ñòðàòåãèÿ ξ íàçûâàåòñÿ ýâîëþöèîííî ñèíãóëÿðíîé îòíîñèòåëüíî
ðàâíîâåñèÿ

(
x∗1

(
ξ
)
, . . . , x∗m

(
ξ
)
, z∗1

(
ξ
)
, . . . , z∗n

(
ξ
))
, åñëè

∂σ1
∂η

∣∣∣∣
η=ξ

= 0. (19)
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Ýâîëþöèîííî ñèíãóëÿðíàÿ ñòðàòåãèÿ

ż1 = z1 [(x1 + z1) (1− x1 − z1)− ay1] + ε (m2z2 − nz1)

ż2 = z2 [(x2 + z2) (1− x2 − z2)− ay2]− ε (m2z2 − nz1)
(20)

x∗1 [x∗1 (1− x∗1 )− ay∗
1 ] + ε (m1x

∗
2 − nx∗1 ) = 0| · nµ1

x∗2 [x∗2 (1− x∗2 )− ay∗
2 ]− ε (m1x

∗
2 − nx∗1 ) = 0| ·m1µ2

y∗
1 (−d + bx∗1 − y∗

1 ) + εm (y∗
2 − y∗

1 ) = 0

y∗
2 (−d + bx∗2 − y∗

2 )− εm (y∗
2 − y∗

1 ) = 0

(21)

λ1ϕ
(1)
1 = [x∗1 (1− x∗1 )− ay∗

1 − εn]ϕ
(1)
1 + εm2ϕ

(1)
2

λ1ϕ
(1)
2 = εnϕ

(1)
1 + [x∗2 (1− x∗2 )− ay∗

2 − εm2]ϕ
(1)
2

(22)

µx∗1 = [x∗1 (1− x∗1 )− ay∗
1 − εn]µ1 + εm1µ2 + εx∗2 | · nx∗1

µx∗2 = εnµ1 + [x∗2 (1− x∗2 )− ay∗
2 − εm1]µ2 − εx∗2 | ·m1x

∗
2

(23)

µ =
∂λ1
∂m2

∣∣∣∣
m2=m1

, µi =
∂ϕ

(1)
i

∂m2

∣∣∣∣∣
m2=m1

, i = 1, 2 (24)

µ =
(nx∗1 −m1x

∗
2 ) εx

∗
2

nx∗21 +m1x∗22
(25)
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Ýâîëþöèîííî ñèíãóëÿðíàÿ ñòðàòåãèÿ

∂λ1
∂m2

∣∣∣∣
m2=m1

=
(nx∗1 −m1x

∗
2 ) εx

∗
2

nx∗21 +m1x∗22
(26)

Ñòðàòåãèÿ m1 = n � ýâîëþöèîííî ñèíãóëÿðíàÿ îòíîñèòåëüíî
ðàâíîâåñèÿ (x∗, x∗, y∗, y∗)
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Ýâîëþöèîííî ñòàáèëüíàÿ ñòðàòåãèÿ

Òåîðåìà

Ñòðàòåãèÿ m1 = 0 ÿâëÿåòñÿ ýâîëþöèîííî ñòàáèëüíîé ñòðàòåãèåé

îòíîñèòåëüíî ðàâíîâåñèÿ (0, x∗2 , y
∗
1 , y

∗
2 ), x

∗
2 > 0, y∗

1 + y∗
2 > 0 äëÿ

çíà÷åíèé m > 0, äëÿ êîòîðûõ ýòî ðàâíîâåñèå ÿâëÿåòñÿ

àñèìïòîòè÷åñêè óñòîé÷èâûì.

Äîêàçàòåëüñòâî.

λ1ϕ
(1)
1 = [x∗1 (1− x∗1 )− ay∗

1 − εn]ϕ
(1)
1 + εm2ϕ

(1)
2

λ1ϕ
(1)
2 = εnϕ

(1)
1 + [x∗2 (1− x∗2 )− ay∗

2 − εm2]ϕ
(1)
2

(27)

x2 [x2 (1− x2)− ay2]− ε (m1x2 − nx1) = 0 (28)

m1 = 0 =⇒ x∗2 (1− x∗2 )− ay∗
2 = 0 (29)

λ1 = − ay∗
1 ϕ

(1)
1

ϕ
(1)
1 + ϕ

(1)
2

< 0 (30)

y∗
1 (−d + bx∗1 − y∗

1 ) + εm (y∗
2 − y∗

1 ) = 0 (31)
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Ýâîëþöèîííî ïðèòÿãèâàþùèå ñòðàòåãèè

ẋi = fi (x1, . . . , xm, 0, . . . , 0, z1, . . . , zn; ξ) , i = 1, . . . ,m

żj = hj (x1, . . . , xm, 0, . . . , 0, z1, . . . , zn) , j = 1, . . . , n
(32)

σ2ψ
(2)
i =

m∑
j=1

∂gi (x
∗
1 (ξ) , . . . , x∗m (ξ) , 0, . . . , 0, z∗1 (ξ) , . . . , z∗n (ξ) ; η)

∂yj
ψ
(2)
j

(33)

Îïðåäåëåíèå

Ñòðàòåãèÿ ξ, ýâîëþöèîííî ñèíãóëÿðíàÿ îòíîñèòåëüíî ðàâíîâåñèÿ(
x∗1

(
ξ
)
, . . . , x∗m

(
ξ
)
, z∗1

(
ξ
)
, . . . , z∗n

(
ξ
))
, íàçûâàåòñÿ ýâîëþöèîííî

ïðèòÿãèâàþùåé (convergence stable strategy), åñëè ñóùåñòâóåò δ > 0,
òàêîå ÷òî

signσ2 =

{
−1, åñëè ξ < ξ < η < ξ + δ èëè ξ − δ < η < ξ < ξ,

1, åñëè ξ < η < ξ < ξ + δ èëè ξ − δ < ξ < η < ξ,

(34)
ãäå σ2 � ãëàâíîå ñîáñòâåííîå çíà÷åíèå çàäà÷è (33).
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Ýâîëþöèîííî ïðèòÿãèâàþùèå ñòðàòåãèè

σ2ψ
(2)
i =

m∑
j=1

∂gi (x
∗
1 (ξ) , . . . , x∗m (ξ) , 0, . . . , 0, z∗1 (ξ) , . . . , z∗n (ξ) ; η)

∂yj
ψ
(2)
j

(35)

signσ2 =

{
−1, åñëè ξ < ξ < η < ξ + δ èëè ξ − δ < η < ξ < ξ,

1, åñëè ξ < η < ξ < ξ + δ èëè ξ − δ < ξ < η < ξ,

(36)

∂ ∂σ2

∂η

∣∣∣
η=ξ

∂ξ

∣∣∣∣∣∣∣
ξ=ξ

< 0 (37)

Ýâîëþöèîííî ñèíãóëÿðíàÿ ñòðàòåãèÿ ξ:

∂σ2
∂η

∣∣∣∣
η=ξ=ξ

= 0 (38)
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Êîãäà ñòðàòåãèÿ m1 = n ÿâëÿåòñÿ ýâîëþöèîííî

ïðèòÿãèâàþùåé?

µ =
∂λ1
∂m2

∣∣∣∣
m2=m1

=
(nx∗1 −m1x

∗
2 ) εx

∗
2

nx∗21 +m1x∗22
(39)

∂µ

∂m1

∣∣∣∣
m1=n

= ε

n

(
∂x∗

1

∂m1

∣∣∣
m1=n

− ∂x∗
2

∂m1

∣∣∣
m1=n

)
− x∗

2nx∗
< 0 (40)

x∗(1− x∗)− ay∗ = 0

−d + bx∗ − y∗ = 0
(41)
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Êîãäà ñòðàòåãèÿ m1 = n ÿâëÿåòñÿ ýâîëþöèîííî

ïðèòÿãèâàþùåé?

x∗1 [x∗1 (1− x∗1 )− ay∗
1 ] + ε (m1x

∗
2 − nx∗1 ) = 0

x∗2 [x∗2 (1− x∗2 )− ay∗
2 ]− ε (m1x

∗
2 − nx∗1 ) = 0

y∗
1 (−d + bx∗1 − y∗

1 ) + εm (y∗
2 − y∗

1 ) = 0

y∗
2 (−d + bx∗2 − y∗

2 )− εm (y∗
2 − y∗

1 ) = 0

(42)

(−y∗ − εm)
∂y∗

1

∂m1

∣∣∣∣
m1=n

+ εm
∂y∗

2

∂m1

∣∣∣∣
m1=n

+ by∗ ∂x∗1
∂m1

∣∣∣∣
m1=n

= 0

εm
∂y∗

1

∂m1

∣∣∣∣
m1=n

+ (−y∗ − εm)
∂y∗

2

∂m1

∣∣∣∣
m1=n

+ by∗ ∂x∗2
∂m1

∣∣∣∣
m1=n

= 0

− ax∗
∂y∗

1

∂m1

∣∣∣∣
m1=n

+ [x∗ (1− 2x∗)− εn]
∂x∗1
∂m1

∣∣∣∣
m1=n

+ εn
∂x∗2
∂m1

∣∣∣∣
m1=n

= −εx∗2

− ax∗
∂y∗

2

∂m1

∣∣∣∣
m1=n

+ εn
∂x∗1
∂m1

∣∣∣∣
m1=n

+ [x∗ (1− 2x∗)− εn]
∂x∗2
∂m1

∣∣∣∣
m1=n

= εx∗2

(43)
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Êîãäà ñòðàòåãèÿ m1 = n ÿâëÿåòñÿ ýâîëþöèîííî

ïðèòÿãèâàþùåé?

sign
∂µ

∂m1

∣∣∣∣
m1=n

= −signF1F2, µ =
∂λ1
∂m2

∣∣∣∣
m2=m1

(44)

F1 = (y∗ + 2εm) [x∗ (2x∗ − 1) + 2εn] + abx∗y∗ > 0

F2 = (y∗ + 2εm) (2x∗ − 1) + aby∗ (45)

ẋ1 = x1 [x1 (1− x1)− ay1] + ε (m1x2 − nx1)

ẋ2 = x2 [x2 (1− x2)− ay2]− ε (m1x2 − nx1)

ẏ1 = y1 [−d + bx1 − y1] + εm (y2 − y1)

ẏ2 = y2 [−d + bx2 − y2]− εm (y2 − y1)

(46)

Òåîðåìà

Ïðè x∗ ≥ 1
2 ñòðàòåãèÿ m1 = n, ýâîëþöèîííî ñèíãóëÿðíàÿ

îòíîñèòåëüíî ðàâíîâåñèÿ (x∗, x∗, y∗, y∗), ÿâëÿåòñÿ ýâîëþöèîííî

ïðèòÿãèâàþùåé.

Åïèôàíîâ À.Â.,
Çåëåí÷óê Ï.À. ÞÔÓ

Ìàòåìàòè÷åñêàÿ ìîäåëü ýâîëþöèè ãðóïïèðîâàíèÿ
æèâîòíûõ 11.10.2025 16 / 22



Êîãäà ñòðàòåãèÿ m1 = n ÿâëÿåòñÿ ýâîëþöèîííî

ïðèòÿãèâàþùåé?

ẋ1 = x1 [x1 (1− x1)− ay1] + ε (m1x2 − nx1)

ẋ2 = x2 [x2 (1− x2)− ay2]− ε (m1x2 − nx1)

ẏ1 = y1 [−d + bx1 − y1] + εm (y2 − y1)

ẏ2 = y2 [−d + bx2 − y2]− εm (y2 − y1)

(47)

Òåîðåìà

Ïðè d < 2ab−1
4a ñóùåñòâóåò

m∗ =
B (B + ab) [2d − b (B − ab + 1)]

4ε [1 + 2a (2d − b)]
> 0, (48)

ãäå B =
√
(ab − 1)2 + 4ad , òàêîå ÷òî ñòðàòåãèÿ m1 = n, ýâîëþöèîííî

ñèíãóëÿðíàÿ îòíîñèòåëüíî ðàâíîâåñèÿ (x∗, x∗, y∗, y∗), ÿâëÿåòñÿ
ýâîëþöèîííî ïðèòÿãèâàþùåé òîãäà è òîëüêî òîãäà, êîãäà m < m∗.

Åïèôàíîâ À.Â.,
Çåëåí÷óê Ï.À. ÞÔÓ

Ìàòåìàòè÷åñêàÿ ìîäåëü ýâîëþöèè ãðóïïèðîâàíèÿ
æèâîòíûõ 11.10.2025 17 / 22



Êîãäà ñòðàòåãèÿ m1 = n ÿâëÿåòñÿ ýâîëþöèîííî

ïðèòÿãèâàþùåé?

Òåîðåìà

Ïðè d < 2ab−1
4a ñóùåñòâóåò

m∗ =
B (B + ab) [2d − b (B − ab + 1)]

4ε [1 + 2a (2d − b)]
> 0, (49)

ãäå B =
√
(ab − 1)2 + 4ad , òàêîå ÷òî ñòðàòåãèÿ m1 = n, ýâîëþöèîííî

ñèíãóëÿðíàÿ îòíîñèòåëüíî ðàâíîâåñèÿ (x∗, x∗, y∗, y∗), ÿâëÿåòñÿ
ýâîëþöèîííî ïðèòÿãèâàþùåé òîãäà è òîëüêî òîãäà, êîãäà m < m∗.

a = 2, b = 1, d = 0, 3, ε = 1 =⇒ m∗ ≈ 0, 72 (50)

F2 = (y∗ + 2εm) (2x∗ − 1) + aby∗ > 0 (51)

x∗ =
1− ab +

√
(ab − 1)2 + 4ad

2
, y∗ =

x∗ (1− x∗)

a
(52)
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Êîãäà ñòðàòåãèÿ m1 = n ÿâëÿåòñÿ ýâîëþöèîííî

ïðèòÿãèâàþùåé?

a = 2, b = 1, d = 0, 3, ε = 1 =⇒ m∗ ≈ 0, 72
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Ðèñ.: Ãðàôèê èíâàçèè ìóòàíòà ïðè a=2; b=1; d=0,3; m=0,7; n=1;

m1=1,02; m2=1,01; ε=1
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Êîãäà ñòðàòåãèÿ m1 = n ÿâëÿåòñÿ ýâîëþöèîííî

ïðèòÿãèâàþùåé?

a = 2, b = 1, d = 0, 3, ε = 1 =⇒ m∗ ≈ 0, 72
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Ðèñ.: Ãðàôèê èíâàçèè ìóòàíòà ïðè a=2; b=1; d=0,3; m=0,74; n=1;

m1=1,01; m2=1,02; ε=1
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Âûâîäû

ẋ1 = x1 [x1 (1− x1)− ay1] + ε (m1x2 − nx1)

ẋ2 = x2 [x2 (1− x2)− ay2]− ε (m1x2 − nx1)

ẏ1 = y1 (−d + bx1 − y1) + εm (y2 − y1)

ẏ2 = y2 (−d + bx2 − y2)− εm (y2 − y1)

(53)

Íàéäåíû óñëîâèÿ, ïðè êîòîðûõ ñòðàòåãèÿ m1 = n ÿâëÿåòñÿ
ýâîëþöèîííî ïðèòÿãèâàþùåé

Ïîëó÷åíî, ÷òî ýâîëþöèÿ ìîæåò âåñòè ê ãðóïïèðîâàíèþ îñîáåé
äàæå êîãäà íà÷àëüíàÿ ìèãðàöèÿ áëèçêà ê ñèììåòðè÷íîé
(äèôôóçèè)

Íàéäåíî, ÷òî ñòðàòåãèÿ m1 = 0 ïðè îïðåäåë¼ííûõ óñëîâèÿõ
ÿâëÿåòñÿ ýâîëþöèîííî ñòàáèëüíîé

Èññëåäîâàíèå ïðîâåäåíî ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî
íàó÷íîãî ôîíäà, ãðàíò � 25-21-00419.
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