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Â èíòåðâàëå 0 < x < 1 ðàññìîòðèì óðàâíåíèå

∂α
0xu(x) + λu(x) = f (x), (1)

ãäå n− 1 < α ⩽ n, n ∈ N, λ ∈ R,

∂α
sxu(x) = signn(x− s)Dα−n

sx u(n)(x), n− 1 < α ⩽ n, n ∈ N. (2)

� ïðîèçâîäíàÿ Ãåðàñèìîâà � Êàïóòî [1, ñ. 11. Íàõóøåâ À. Ì. 2003], [2, Íîâîæåíîâà Î. Ã. 2018],
Dα

sx îïåðàòîð äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ â ñìûñëå Ðèìàíà � Ëèóâèëëÿ ïîðÿäêà α

îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì [1, c. 9]:

Dα
sxu(x) =

sign(x− s)

Γ(−α)

x∫
s

u(t)dt

|x− t|α+1
, α < 0,

Dα
sxu(x) = u(x), α = 0,

Dα
sxu(x) = signn(x− s)

dn

dxn
Dα−n

sx u(x), n− 1 < α ⩽ n, n ∈ N,

Γ(z) � ãàììà-ôóíêöèÿ Ýéëåðà.

Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: ÔÈÇÌÀÒËÈÒ, 2003.

Íîâîæåíîâà Î. Ã. Áèîãðàôèÿ è íàó÷íûå òðóäû Àëåêñåÿ Íèêèôîðîâè÷à Ãåðàñèìîâà. Î ëèíåéíûõ îïåðàòîðàõ, óïðóãî-âÿçêîñòè, ýëåâòåðîçå è äðîáíûõ

ïðîèçâîäíûõ. Ì.: Ïåðî, 2018.
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Â ðàáîòå [3], J. H. Barrett ïîñòðîèë â òåðìèíàõ ôóíêöèè Ìèòòàã-Ëåôôëåðà ðåøåíèå íà÷àëüíîé
çàäà÷è äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà

Dα
axu(x) = λu(x) + v(x), a < x < b, (3)

lim
x→a

Dα−i
ax u(x) = bi, i = 1, 2, ....n, ãäå n− 1 < α ⩽ n, n ∈ N.

ãäå Dα
ax � îïåðàòîð äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ Ðèìàíà � Ëèóâèëëÿ. Ñ òå÷åíèåì

âðåìåíè òàêèå óðàâíåíèÿ ñòàëè íàçûâàòü óðàâíåíèåì Áàððåòòà [1, ñ. 98. Íàõóøåâ À. Ì. 2003],
[4, c. 137. Kilbas A. A., Srivastava H. M., Trujillo J. J. 2006], [5, c. 192. Gorenflo R., Kilbas A. A.,

Mainardi F., Rogosin S. V. 2014].

Barrett J. H. Di�erential equations of non-integer order //Canadian J. Math. 1954. Vol. 6, � 4. Pp. 529�541.

Kilbas A.A., Srivastava H.M., Trujillo J. J. Theory and applications of fractional di�erential equations // North-Holland Math. Stud., Elsevier,

Amsterdam. 2006. Vol. 204.

Goren�o R., Kilbas A.A., Mainardi F., Rogosin S.V. Mittag-Le�er Functions, Related Topics and Applications. Springer Publishing Company, Incorporated. 2014.
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Â ðàáîòàõ [6, Tamarkin J. 1928] è [7, Ñìîãîðæåâñêèé À. Ñ. 1940] èññëåäîâàíû çàäà÷è ñ îáîáùåí-
íûìè êðàåâûìè óñëîâèÿìè äëÿ ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Â ðàáîòå [9, c. 16.] Ì.À.Íàéìàðê ïðåäëîæèë çàäà÷ó îïðåäåëåíèè ôóíêöèè y óäîâëåòâîðÿ-
þùåå óñëîâèÿì

L(y) = 0, Uν(y) = 0, ν = 1, 2, ..., n,

ãäå L(y) � äèôôåðåíöèàëüíîå âûðàæåíèå n−ãî ïîðÿäêà, U1(y), U2(y), ..., Un(y) � ëèíåéíî íåçà-
âèñèìûå ëèíåéíûå íåïðåðûâíûå ôóíêöèîíàëû. Òàêèå çàäà÷è Ì.À.Íàéìàðê íàçûâàåò îáîáùåí-
íîé êðàåâîé çàäà÷åé. Â [8, ñ. 247. Êàìêå Ý. 1971] ïðèâîäÿòñÿ ðàçëè÷íûå âèäû îáîáùåíèÿ êðàåâûõ
óñëîâèé.

Tamarkin J. Some general problems of the theory of ordinary linear di�erential equations and expansion of an arbitrary function in series of fundamental functions//

Mathematische Zeitschrift. 1928. Vol. 27. Pp. 1�54.

Ñìîãîðæåâñêèé À.Ñ. Ôóíêöèè Ãðèíà ëèíåéíûõ äèôôåðåíöèàëüíûõ ñèñòåì â îáëàñòè îäíîãî èçìåðåíèÿ //Ìàòåì. ñá. 1940. Ò. 49. � 1. C. 179�196.

Íàéìàðê Ì.À. Ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû. Ì.:Íàóêà, 1969.

Êàìêå Ý. Ñïðàâî÷íèê ïî îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì //Ïåð. ñ íåì. - 4-å èçä., èñïð. Ì.: Íàóêà: Ãë. ðåä. ôèç-ìàò. ëèò., 1971.
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Çàäà÷à Íàéìàðêà äëÿ óðàâíåíèÿ

∂α
0xu(x) + λu(x) = f (x), (1)

ñôîðìóëèðîâàíà è ðåøåíà â ðàáîòå [13, Ãàäçîâà Ë. Õ 2023].

Â ðàáîòå [14, Ãàäçîâà Ë. Õ 2024] äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îïåðàòî-
ðîì äðîáíîãî äèñêðåòíî ðàñïðåäåë¼ííîãî äèôôåðåíöèðîâàíèÿ èññëåäîâàíà çàäà÷à Íàéìàðêà.

Ìåòîäîì ôóíêöèè Ãðèíà ïîëó÷åíî ïðåäñòàâëåíèå ðåøåíèÿ äëÿ óðàâíåíèÿ (1), ïðè 1 < α ⩽ 2,

â ðàáîòå [15, Ãàäçîâà Ë. Õ 2022].

Ãàäçîâà Ë.Õ. Çàäà÷à Íàéìàðêà äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà //Ìàòåì. çàìåòêè 2023. Ò. 114. � 2. C. 195�202.

Ãàäçîâà Ë.Õ. Çàäà÷à Íàéìàðêà äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îïåðàòîðîì äðîáíîãî äèñêðåòíî ðàñïðåäåëåííîãî äèôôåðåíöèðîâà-

íèÿ //Äèôôåðåíö. óðàâíåíèÿ. 2024. Ò. 60. � 11. Ñ. 1452-1459.

Ãàäçîâà Ë.Õ. Îáîáù¼ííàÿ êðàåâàÿ çàäà÷à äëÿ îáûêíîâåííîãî äèôôåðåíöèàë óðàâíåíèÿ äðîáíîãî ïîðÿäêàì // ×åëÿá. ôèç.-ìàòåì. æóðí. 2022. Ò. 7. � 1.

C. 20�29.
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Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ

∂α
0xu(x) + λu(x) = f (x) (1)

íàçîâåì ôóíêöèþ u = u(x) èç êëàññà ACn−1[0, 1] (èìåþùóþ àáñîëþòíî íåïðåðûâíûå ïðîèçâîä-
íûå äî ïîðÿäêà n − 1 íà îòðåçêå [0, 1]) è óäîâëåòâîðÿþùóþ ýòîìó óðàâíåíèþ âî âñåõ òî÷êàõ
èíòåðâàëà (0, 1).

Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1) â èíòåðâàëå (0, 1), óäîâëåòâîðÿþùåå

óñëîâèÿì

ℓ[u] = b, (4)

ãäå b = (b1, b2, · · · , bn)T � çàäàííûé âåêòîð ñòîëáåö, bk ∈ R, b = (b1, b2, · · · , bn)T � çàäàííûé

âåêòîð ñòîëáåö, bk ∈ R, ℓ = (ℓ1, ℓ2, · · · , ℓn)T � âåêòîð ñòîëáåö, ýëåìåíòû êîòîðîãî ëèíåéíûå

ôóíêöèîíàëû, ñ îáëàñòüþ îïðåäåëåíèÿ D(ℓk) ⊂ ACn−1[0, 1], k = 1, n.
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Ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ

∂α
0xu(x) + λu(x) = f (x) (1)

(ñì. íàïðèìåð [10, Ïñõó À. Â. 2005]) èìååò âèä

u(x) =

x∫
0

f (t)Wα(x− t)dt +W(x)u, (5)

ãäå W(x) = (Wn(x),Wn−1(x), ...,W1(x)) , u =
(
u(0), u′(0), · · · , u(n−1)(0)

)T
,

Wµ(x) =

{
xµ−1Eα,µ(−λxα), åñëè x > 0,

0, åñëè x ⩽ 0.
, (6)

Eδ,µ(z) =
∞∑
j=0

zj

Γ(δj+µ) � ôóíêöèÿ Ìèòòàã�Ëåôôëåðà (ñì, íàïðèìåð, [4, Kilbas A. A., Srivastava H.M.,

Trujillo J. J. 2006.], [10, Ïñõó À. Â. 2005.])

Ïñõó À.Â. Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà. Ì.: Íàóêà, 2005.

Kilbas A.A., Srivastava H.M., Trujillo J. J. Theory and applications of fractional di�erential equations // North-Holland Math. Stud., Elsevier,

Amsterdam. 2006. Vol. 204.
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Ëåììà. Ïóñòü ∂i

∂xi
K(x, t) ∈ C([0, 1] × [0, 1]), i = 0, 1, ..., p, ℓ� ëèíåéíûé îãðàíè÷åííûé ôóíê-

öèîíàë â ïðîñòðàíñòâå Cp[0, 1]. Òîãäà ñïðàâåäëèâî ñîîòíîøåíèå

ℓ

 1∫
0

K(x, t)dt

 =

1∫
0

ℓ[K(x, t)]dt. (7)

Çàìåòèì, ÷òî â ôîðìóëå (7) ôóíêöèîíàë ℓ ïðèìåíÿåòñÿ ê K(x, t), êàê ôóíêöèÿ ïåðåìåííîé x.

Äîêàçàòåëüñòâî. Â ñèëó óñëîâèé íàëîæåííûõ íà K(x, t) ìîæåì çàïèñàòü
[11, c. 222. Íàòàíñîí È. Ï. 1974]

1∫
0

K(x, t)dt = lim
m→∞

1

m

m∑
i=0

K

(
x,

i

m

)
.

Ïðè÷åì K(x, i
m) ∈ Cp[0, 1] äëÿ ëþáîãî i è ℓ[K(x, t)], êàê ôóíêöèÿ ïåðåìåííîé t, ÿâëÿåòñÿ íåïðå-

ðûâíîé íà îòðåçêå [0, 1], ïîýòîìó [12, c. 124. Êîëìîãîðîâ À. Í., Ôîìèí Ñ. Â. 1976]

ℓ

 1∫
0

K(x, t)dt

 = ℓ

[
lim

m→∞

m∑
i=0

K

(
x,

i

m

)
1

m

]
= lim

m→∞
ℓ

[
m∑
i=0

K

(
x,

i

m

)
1

m

]
=

= lim
m→∞

m∑
i=0

ℓ

[
K

(
x,

i

m

)]
1

m
=

1∫
0

ℓ[K(x, t)]dt.

Íàòàíñîí È.Ï. Òåîðèÿ ôóíêöèé âåùåñòâåííîé ïåðåìåííîé. Ì.: Íàóêà, 1974.

ÊîëìîãîðîâÀ.Í., ÔîìèíÑ.Â. Ýëåìåíòû òåîðèè ôóíêöèé è ôóíêöèîíàëüíîãî àíàëèçà. Ì.: Íàóêà, 1976.
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Òåîðåìà. Ïóñòü n ⩾ 2, D(ℓk) = Cn−2[0, 1], k = 1, n, ôóíêöèÿ f (x) ∈ C(0, 1) ïðåäñòàâèìà â

âèäå

f (x) = Dα−n
0x g(x), g(x) ∈ L(0, 1), (8)

è âûïîëíÿåòñÿ óñëîâèå

detA ̸= 0, (9)

ãäå A =
∣∣∣∣∣∣ℓi[Wj(x)]

∣∣∣∣∣∣ � êâàäðàòíàÿ ìàòðèöà, i, j = 1, n.

Òîãäà, ïðè âûïîëíåíèè óñëîâèÿ (9), ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå ðåøåíèå çàäà÷è

(4) äëÿ óðàâíåíèÿ (1), îïðåäåëÿåìîå ðàâåíñòâîì

u(x) =

1∫
0

f (t)G(x, t)dt +W(x)A−1b, (10)

ãäå

G(x, t) = Wα(x− t)−W(x)A−1ℓ[Wα(x− t)].

9



Ôóíêöèåé Ãðèíà çàäà÷è (4) äëÿ óðàâíåíèÿ (1) íàçîâåì ôóíêöèþ

G(x, t) = Wα(x− t)−W(x)A−1ℓ[Wα(x− t)],

îáëàäàþùàÿ ñâîéñòâàìè 1-4.

Ñâîéñòâî 1. Ôóíêöèÿ G(x, t) íåïðåðûâíà äëÿ âñåõ çíà÷åíèé x è t èç îòðåçêà [0, 1].

Ñâîéñòâî 2. G(x, t) óäîâëåòâîðÿåò ñîîòíîøåíèþ

lim
δ→0

[
Dα−1

1t G(x, t)
∣∣∣
t=x−δ

−Dα−1
1t G(x, t)

∣∣∣
t=x+δ

]
= 1.

Ñâîéñòâî 3. Ôóíêöèÿ G(x, t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

Dα
1tG(x, t) + λG(x, t) = 0.

Ñâîéñòâî 4. Ôóíêöèÿ G(x, t) óäîâëåòâîðÿåò óñëîâèÿì

ℓ[G(x, t)] = 0, Dα−l
1t G(x, t)

∣∣∣
t=0

= 0, Dα−l
1t G(x, t)

∣∣∣
t=1

= 0, l = 1, n.

10



Ñëó÷àé íàðóøåíèÿ óñëîâèÿ ðàçðåøèìîñòè

Ïîêàæåì, ÷òî åñëè óñëîâèå ðàçðåøèìîñòè (9) íàðóøàåòñÿ, òî ðåøåíèå îäíîðîäíîé çàäà÷è,
âîîáùå ãîâîðÿ, íååäèíñòâåííî. Áîëåå òî÷íî, îäíîðîäíàÿ çàäà÷à, â ýòîì ñëó÷àå, èìååò íåòðèâè-
àëüíîå ðåøåíèå.
Ðàññìîòðèì ôóíêöèþ

ũ(x) = W(x)C,

ãäå W(x)− îïðåäåëÿåòñÿ ðàâåíñòâîì (6), C = (C1, C2, · · · , Cn)
T � ïðîèçâîëüíûå ïîñòîÿííûå.

Èç (5) ñëåäóåò, ÷òî ôóíêöèÿ ũ(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

∂α
0xũ(x) + λũ(x) = 0. (11)

Òàê êàê detA = 0, íàéäåòñÿ òàêîé íåíóëåâîé âåêòîð C̃, ÷òî

ℓ [ũ(x)] = ℓ [W(x)] C̃ = AC̃ = 0.

Òàêèì îáðàçîì ïîêàçàíî, ÷òî ôóíêöèÿ

ũ(x) = W(x)C̃

ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîãî óðàâíåíèÿ (1) è óäîâëåòâîðÿåò íóëåâûì óñëîâèÿì

ℓ [ũ(x)] = 0.
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