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Ýïèäåìè÷åñêèå ìîäåëè

Îäíîé èç ïîïóëÿðíûõ èíôåêöèîííûõ ìîäåëåé ÿâëÿåòñÿ SIRC, â êîòî-
ðîé íàñåëåíèå äåëèòñÿ íà ÷åòûðå ÷àñòè â çàâèñèìîñòè îò ñòàòóñà: âîñ-
ïðèèì÷èâûå ê çàáîëåâàíèþ S (susceptible), çàðàæ¼ííûå I (infected),
âûçäîðîâåâøèå R (recovered) è ñ ïåðåêðåñòíûì èììóíèòåòîì C (cross-
immune). Â [1] ñôîðìóëèðîâàíà çàäà÷à ìèíèìèçàöèè êâàäðàòè÷íîãî
êðèòåðèÿ êà÷åñòâà íà òðàåêòîðèÿõ íåëèíåéíîé ìîäåëè SIRC c ïåðå-
ìåííûìè ñîñòîÿíèÿ S, I, R, C. Òàì æå ðàññìàòðèâàåòñÿ ëèíåàðèçî-
âàííàÿ ìîäåëü SIRC íà áåñêîíå÷íîì ïðîìåæóòêå. Ïðè ýòîì îïòè-
ìàëüíîå óïðàâëåíèå íàõîäèòñÿ â ôîðìå îáðàòíîé ñâÿçè ñ ïîìîùüþ
ðåøåíèÿ àëãåáðàè÷åñêîãî ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè.

[1] Di Giamberardino P., Iacoviello D. A linear quadratic regulator for
nonlinear SIRC epidemic model // 2019 23rd International Conference
on System Theory, Control and Computing (ICSTCC).�Sinaia, 2019.�
P. 733�738.
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"Äåøåâîå"óïðàâëåíèå

Âàæíîå çíà÷åíèå â òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ èìåþò çàäà÷è ñ
òàê íàçûâàåìûìè "äåø¼âûìè"óïðàâëåíèÿìè, ÷èñëåííîå ðåøåíèå êî-
òîðûõ çàòðóäíåíî. Àñèìïòîòè÷åñêîå ðåøåíèå ëèíåéíî-êâàäðàòè÷íûõ
çàäà÷ òàêîãî òèïà ïîñòðîåíî â [2]. Ñëó÷àé, êîãäà íå âñå óïðàâëåíèÿ
ÿâëÿþòñÿ äåø¼âûìè, èçó÷åí â [3].

[2] O'Malley Jr. R. E., Jameson A. Singular perturbations and singular
arcs-Part I // IEEE Trans. Automatic Control. 1975. V. AC-20, No. 2.
P. 218�226.
[3] Êóðèíà Ã. À. Îá îäíîé âûðîæäåííîé çàäà÷å îïòèìàëüíîãî óïðàâ-
ëåíèÿ è ñèíãóëÿðíûõ âîçìóùåíèÿõ // Äîêë. ÀÍ ÑÑÑÐ. 1977. Ò. 237,
No. 3. C. 517�520.
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Ëèíåàðèçîâàííàÿ ìîäåëü

Â îòëè÷èå îò [1], ðàññìàòðèâàåòñÿ çàäà÷à íà êîíå÷íîì èíòåðâàëå,
çàêëþ÷àþùàÿñÿ â ìèíèìèçàöèè ôóíêöèîíàëà

1
2

∫ t1

t0
(w1x1(t)2 + 2w1x1(t)Se + w2x2(t)2+

2w2x2(t)Ie + ε2(u1(t)2 + u2(t)2))dt (1)
íà òðàåêòîðèÿõ ëèíåàðèçîâàííîé ìîäåëè SIRC

dx(t)/dt = Ax(t) + Bu(t), (2)
ãäå

x(t) = (x1(t), x2(t), x3(t), x4(t))T =
(S(t) − Se , I(t) − Ie , R(t) − Re , C(t) − C e)T , (3)

Se , Ie , Re , C e - ðåøåíèå ñèñòåìû

µ(1 − S) − βSI + γC = 0, βSI + νβCI − (µ + α)I = 0,
(1 − ν)βCI + αI − (µ + δ)R = 0, δR − βCI − (µ + γ)C = 0,

(4)

îáåñïå÷èâàþùåå ïîëíóþ óïðàâëÿåìîñòü ëèíåàðèçîâàííîé ìîäåëè,
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A =


−µ − βI −βS 0 γ

βI βS + νβC − µ − α 0 νβI
0 (1 − ν)βC + α −µ − δ (1 − ν)βI
0 −βC δ −βI − µ − γ

,

B =
(

−ρ1S 0 ρ1S 0
0 −ρ2I ρ2I 0

)T

ïðè S = Se , I = Ie , C = C e ,

u(t) = (u1(t), u2(t))T ,

ε > 0 -ìàëûé ïàðàìåòð.
Çíà÷åíèÿ âñåõ ïàðàìåòðîâ îáúÿñíÿþòñÿ â [1].
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Ãðàôèêè îïòèìàëüíûõ òðàåêòîðèé (Python)

Çíà÷åíèÿ ïàðàìåòðîâ èç ïðàêòèêè [1]: ε2 = 0.001, µ = 1/75, γ =
1/2, α = 73, δ = 1, ν = 0.078, β = 146, S0 = 0.88, I0 = 0.02, R0 = C0 =
0.05, ρ1 = ρ2 = 2, w1 = w2 = 0.1, Se = 0.47788, Ie = 0.0021407, Re =
0.23520, C e = 0.28479.
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Ãðàôèêè îïòèìàëüíûõ óïðàâëåíèé (Python)
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Ïðåîáðàçîâàíèå çàäà÷è

Ïîñëå çàìåíû ïåðåìåííûõ

y1(t) = x1(t) + x2(t) + x3(t), y2(t) = x4(t),
y3(t) = −x1(t)/(ρ1Se), y4(t) = −x2(t)/(ρ2Ie) + x4(t) (5)

â ïðåîáðàçîâàííîì óðàâíåíèè ñîñòîÿíèÿ ïåðåä óïðàâëåíèåì áóäåò
ñòîÿòü ìàòðèöà

B̃ = (0, I2)T ,

ãäå 0 - íóëåâàÿ, à I2 - åäèíè÷íàÿ ìàòðèöû âòîðîãî ïîðÿäêà.
Èç ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà ñëåäóåò, ÷òî îïòèìàëüíîå óïðàâ-
ëåíèå â ïðåîáðàçîâàííîé çàäà÷å èìååò âèä

u(t) = B̃T φ(t)/ε2, (6)

ãäå φ(t) = (φ1(t), φ2(t), φ3(t), φ4(t))T - ñîïðÿæåííàÿ ïåðåìåííàÿ.
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Äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à â êðèòè÷åñêîì ñëó÷àå

Ââîäÿ îáîçíà÷åíèÿ

z1(t) = (y1(t), y2(t))T , z2(t) = (y3(t), y4(t))T ,
ζ1(t) = (φ1(t), φ2(t))T , ζ2(t) = (φ3(t), φ4(t))T ,

(7)

äâóõòî÷å÷íóþ êðàåâóþ çàäà÷ó, âûòåêàþùóþ èç ïðèíöèïà ìàêñèìó-
ìà Ïîíòðÿãèíà, ìîæíî çàïèñàòü â âèäå

dz1/dt = A11z1 + A12z2, z1(t0) = z0
1 ,

ε2dz2/dt = ε2A21z1 + ε2A22z2 + ζ2, z2(t0) = z0
2 ,

dζ1/dt = W11z1 + W12z2 − AT
11ζ1 − AT

21ζ2 + b1, ζ1(t1) = 0,

dζ2/dt = W12z1 + W22z2 − AT
12ζ1 − AT

22ζ2 + b2, ζ2(t1) = 0.

(8)
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Àñèìïòîòè÷åñêîå ðåøåíèå

Ïîñëåäíÿÿ ñèñòåìà ÿâëÿåòñÿ ñèíãóëÿðíî âîçìóùåííîé â êðèòè÷å-
ñêîì ñëó÷àå, òàê êàê áûñòðàÿ ïåðåìåííàÿ z2(t) íå ìîæåò áûòü îäíî-
çíà÷íî îïðåäåëåíà èç âûðîæäåííîãî óðàâíåíèÿ äëÿ ýòîé ïåðåìåííîé
ïðè ε = 0 (ñì. [4]). Ó÷èòûâàÿ âèä êîýôôèöèåíòîâ, íåòðóäíî óñòàíî-
âèòü, ÷òî èìååò ìåñòî ñëó÷àé 1 â òåðìèíîëîãèè [2].

[4] Âàñèëüåâà À. Á., Áóòóçîâ Â. Ô.Ñèíãóëÿðíî âîçìóùåííûå óðàâíå-
íèÿ â êðèòè÷åñêèõ ñëó÷àÿõ.�Ì.: ÌÃÓ, 1978.�Ñ. 108.
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Äëÿ ïîëó÷åííîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è ïîñòðîåíà àñèìïòîòè-
êà ðåøåíèÿ âèäà

v(t, ε) =
∑∞

j=0 εj(v̄j(t) + Πjv(τ) + Qjv(σ)), (9)

ãäå v = (zT
1 , zT

2 , ζT
1 , ζT

2 )T , τ = (t−t0)/ε, σ = (t−t1)/ε, Πjv(τ) è Qjv(σ)
ÿâëÿþòñÿ ïîãðàíè÷íûìè ôóíêöèÿìè, çíà÷åíèÿ êîòîðûõ ñóùåñòâåí-
íû òîëüêî â îêðåñòíîñòÿõ òî÷åê t = t0 è t = t1 ñîîòâåòñòâåííî.

Ïîñëåäîâàòåëüíîñòü îïðåäåëåíèÿ ïåðâûõ ÷ëåíîâ àñèìïòîòèêè ñëå-
äóþùàÿ: ζ̄20(t) = ζ̄21(t) = 0, Π0z1(τ) = Π0ζ1(τ) = Π0ζ2(τ) = 0,
Q0z1(σ) = Q0ζ1(σ) = Q0ζ2(σ) = 0, z̄10(t0), ζ̄10(t1), Q1ζ2(σ) = Q0z2(σ) =
Q1z1(σ) = 0, (z̄10(t), ζ̄10(t)), z̄20(t), ζ̄22(t), Π0z2(τ), Π1ζ2(τ), Π1z1(τ),
Π1ζ1(τ), z̄11(t0), Q1ζ1(σ) = 0, ζ̄11(t1) = 0, (z̄11(t), ζ̄11(t)), z̄21(t), Π1z2(τ),
Π2ζ2(τ), Q2ζ2(σ), Q1z2(σ).

Íàéäåííûå çíà÷åíèÿ ïîçâîëÿþò çàïèñàòü àñèìïòîòèêó îïòèìàëüíîãî
óïðàâëåíèÿ èñõîäíîé çàäà÷è â âèäå

u(t) = Π1ζ2(τ)/ε + ζ̄22(t) + Π2ζ2(τ) + Q2ζ2(σ) + O(ε). (10)
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Ãëàâíûé ÷ëåí ðåãóëÿðíîãî ðÿäà äëÿ y1(t)
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Ãëàâíûé ÷ëåí ðåãóëÿðíîãî ðÿäà äëÿ u1(t)
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ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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